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Phase retrieval is crucial in phase-shifting interferometry
and other phase measurement techniques. However, in noisy
wrapped phase maps with high steepness, discontinuities
arise and cause phase unwrapping errors. To solve this prob-
lem, this Letter presents a phase retrieval method based on
a simulated wrapped phase. By establishing the correspon-
dence between the simulated and measured interferograms,
the difference in wrapped phases between them can be
obtained. The difference in wrapped phase map, which has
sparse and wide interference fringes, has a higher reliability
of phase unwrapping. The proposed method not only pos-
sesses high phase retrieval accuracy but it also simplifies the
processing of interferograms. Furthermore, the layout of all
interferometric systems, the parameters of optical compo-
nents, and the model of the measured object are known, so
the proposed method can be used as a reference for phase
retrieval. © 2023 Optica Publishing Group

https://doi.org/10.1364/OL.476543

Phase-shifting interferometry [1], which has the advantages
being fast and non-contact and having high precision and reso-
lution and a well-defined traceability to the definition of meter
[2], is widely used for measuring displacement [3,4], detecting
optical elements [5,6], measuring the surface deformation of
objects [7,8], etc.

Phase retrieval [9] is a wavefront-sensing method that uses
a series of intensity measurements to reconstruct the wavefront
[5]. Phase retrieval, which determines the accuracy and even the
reliability of measurement results, is crucial in phase-shifting
interferometry. Phase retrieval often includes two processes: cal-
culating the wrapped phase and phase unwrapping. In general,
the principal (wrapped) phase is often calculated with the arct-
angent and the values are restricted to the interval (−π, π]. 2D
phase unwrapping is used to restore the true phase values using
the assumption that the unwrapped phase map is a continuous
surface.

In high-reliability wrapped maps, correct phase unwrapping
is easy to implement. However, in noisy wrapped phase maps
with high steepness, discontinuities arise when the fringes are
not sampled at a sufficiently high spatial frequency or the surface
to be measured contains holes or cracks. These discontinu-
ity sources can easily cause phase unwrapping errors. Existing
research has mainly focused on the process of phase unwrapping,
and many effective unwrapping methods have been proposed.
These methods can be grouped into four major categories [10]:
path-following methods [11–13] have high accuracy, a slow
speed, and error diffusion; minimum-norm methods [14–17] are
fast, but sometimes the precision is not very high; filtering-based
methods [18–21] do both the phase unwrapping and filtering at
the same time, but the algorithms are relatively complex and
the speeds are relatively low; and deep-learning-based methods
[22–25] have an overwhelming robustness, but they require a
large amount of data to train the models, which are complex.

The reliability of wrapped phases is the basis of and key to
phase retrieval. Simply improving the unwrapping algorithm
is only a common way to obtain satisfactory results. Another
way to obtain better unwrapping results is to enhance the reli-
ability of the wrapped phases. As far as we know, there is
no research on obtaining high-reliability wrapped phases with
sparse interference fringes by using a simulated phase.

In this Letter, we introduce the use of a simulated wrapped
phase in phase retrieval. By establishing pixel-level correspon-
dence between the simulated and measured interferograms, the
difference in wrapped phase between them can be obtained.
There are two advantages for calculating the difference in
wrapped phases. First, the reliability of the unwrapped phase
is enhanced. On the one hand, the fewer the fringe number, the
simpler the unwrapping process and the higher the reliability.
The simulated and the measured phases are relatively similar,
and the subtraction phase difference between them are small;
thus, the fringe number of the whole wrapped-phase map is
decreased. On the other hand, the processing accuracy is pro-
portional to the width of the interference fringe [26]. The fringes
become wider after subtraction (the essence of this phenomenon
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is that the measured interferogram contains shape error while
the simulated interferogram does not; the wide fringes after
subtraction mainly refer to the shape error), and the accuracy
of phase unwrapping is improved. Second, simulated phases
are often used as measurement data in the relevant compara-
tive measurement processes [27], the relative phase information
(shape error) for the measured surface can be directly obtained,
and the interferogram’s processing flow is simplified.

The proposed method mainly includes the following four
steps:

(1) According to the parameters of the measured surface,
the simulated interferogram and wrapped phases can be
obtained by ray tracing.

(2) The relationship between the simulated interferogram and
the collected interferogram is established by image matching
algorithms.

(3) The difference between the measured phase value and the
simulated phase value is calculated. A new wrapped phase
map can be harvested. Because the new wrapped phase
changes slowly, the fringe density decreases significantly,
which improves the reliability of phase unwrapping.

(4) Phase unwrapping. The existing 2D phase-unwrapping
method is adopted to calculate the unwrapped phase.

Each step is now described in detail in the following.
Simulate the interferogram and wrapped phase of the

measured surface. The theoretical model (equation) of the
measured surface is known. First, the measured surface is dis-
cretized uniformly into (H+ 1)× (W+ 1) grid points along the
height and width directions, where H and W are positive inte-
gers. Any grid point is denoted as G(h, w) where h= 0, 1, . . . ,
H and w= 0, 1, . . . , W. The parameters of the interferometer
are known. Then, with a ray-tracing method, every grid point is
traced to get a corresponding image point on the detector, and
all the image points form the profile of an interferogram. Last,
for every image point, we calculate the optical path difference
between two optical paths and transform it into a phase differ-
ence. After the ray tracing has been put into practice for all grid
points, an accurately simulated interferogram can be obtained.
The optical path difference of any point G(h, w) on the measured
surface can be denoted as{︃

∆LO(h, w) = LO(h, w) − LOmin

∆LR(h, w) = LR(h, w) − LRmin,
(1)

where ∆LO(h, w) and LO(h, w) are the relative and traced opti-
cal path differences in the object path; LOmin is the minimum of
LO(h, w). ∆LR(h, w) and LR(h, w) are the relative and traced opti-
cal path differences in the reference path; LRmin is the minimum
of LR(h, w). The relative optical path differences of the object
arm and the reference arm can be calculated as

∆Ls(h, w) = ∆LO(h, w) − ∆LR(h, w). (2)

Reference [28] takes the gear-tooth surface as the real object
and puts forward a method of simulating the interferogram. The
wrapped phase can be expressed as

∆φs(h, w) =
2π
λ

× (
∆Ls(h, w)
λ

−

⟨︃
∆Ls(h, w)
λ

⟩︃
−
λ

2
), (3)

where ⟨⟩ is the symbol for rounding, and λ is the wavelength of
the laser.

Match the simulated interferogram and the captured
interferogram. As the conditions of the actual measurement
and the simulation calculation are different, the scale and rota-
tion angle between the captured interferogram and the simulated
interferogram are inconsistent. In order to establish a point-to-
point mapping relationship between the simulated and measured
interferograms, it is necessary to match the interferograms. The
boundaries of the measured interferogram are used as a refer-
ence while changing the coordinates of the simulated points on
the simulated interferogram to make the simulated and meas-
ured interferograms match. In this research, we found that a rigid
matching method should be adopted. If (x, y) is the coordinate
of a simulated point after matching and (x0, y0) is the coordinate
of a simulated point before matching, the mathematical model
of the matching process is as follows:(︃

x
y

)︃
= s ·

(︃
cos θ − sin θ
sin θ cos θ

)︃
·

(︃
x0

y0

)︃
+

(︃
tx
ty

)︃
, (4)

where s is the zoom factor; θ is the rotation angle; (tx, ty)T is
the translation amount. The iterative closest point with bounded
scale (ICPBS) algorithm [29] is used to precisely obtain the
optimal values of s, θ, and (tx, ty)T. The minimization of the
sum of the squares of the distances between the simulated and
measured feature point sets is used to evaluate how good the
matching is. Reference [29] gives more details about the ICPBS
algorithm and how to obtain the optimal values of s, θ, and
(tx, ty)T.

Calculate the difference between the measured and the
simulated phase values. The measured wrapped-phase value
∆φm(h, w) can be calculated by

∆φm(h, w) = − arctan

N∑︁
i=1

Imi(h, w) sin δi
N∑︁

i=1
Imi(h, w) cos δi

, (5)

where Imi(h, w) is the intensity of pixel (h, w) on the ith inter-
ferogram. δi with i =0, 1, . . . , N−1 is the phase step generated
to obtain N interferograms; an N× 3 system is then formed
that can be solved when N ≥ 3. The simulated wrapped phase
∆φs(h, w) can be calculated by Eq. (3). The difference between
the measured and the simulated phases can be written as

∆φ(h, w) = |∆φm(h, w) − ∆φs(h, w)| − π. (6)

Phase unwrapping. The fringe density becomes sparse upon
subtracting the simulated wrapped phases from the measured
ones. The difficulty of phase unwrapping is reduced, and
the accuracy is improved. The existing 2D phase-unwrapping
method is adopted to calculate the unwrapped phase.

Some experiments have been carried out to prove the cor-
rectness of the proposed phase retrieval method. A set of
interferograms of a gear-tooth flank are captured based on a
modified Mach–Zehnder interferometer. The interferometer is
introduced in [30]. The first frame of the captured interfero-
grams is shown in Fig. 1(a). The wrapped phase map of the
interferograms can be calculated by Eq. (5). The result is shown
in Fig. 1(c).

The simulation method for a gear-tooth flank’s interferogram
is introduced in [28]. The simulated interferogram is shown
in Fig. 1(b); the simulated wrapped-phase map is generated
by Eq. (3) and the results are shown in Fig. 1(d). Then, the
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Fig. 1. Interferograms and processing: (a) interferogram; (b)
wrapped phase map; (c) simulated interferogram; (d) simulated
wrapped phase map before matching; (e) simulated wrapped phase
map after matching; (f) wrapped phase map after subtraction.

introduced matching method is used to ensure correspondence
between the simulated and measured interferograms. The simu-
lated wrapped-phase map after matching is shown in Fig. 1(e).
Based on Eq. (6), the difference in wrapped phase map is shown
in Fig. 1(f). Comparing Figs. 1(c) and 1(f), we find that the den-
sity of fringes is significantly decreased. With the help of the
proposed method, the wrapped phase map with dense fringes can
be transformed into a wrapped phase map with sparse fringes.

The pseudocorrelation (PSD) and phase derivative variance
(PDV) values were calculated to evaluate the phase reliability in
[26], and are proportional to the phase reliability. The PSD and
PDV values can be expressed as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

PSD(x, y) = 1
k2

√︄
(

x+k/2∑︁
i=x−k/2

y+k/2∑︁
j=y−k/2

cos φi,j)

2

+ (
x+k/2∑︁

i=x−k/2

y+k/2∑︁
j=y−k/2

sin φi,j)

2

PDV(x, y) = − 1
k2 (

√︄
x+k/2∑︁

i=x−k/2

y+k/2∑︁
j=y−k/2

(∆x
i,j − ∆

x
k,k)

2
+

√︄
x+k/2∑︁

i=x−k/2

y+k/2∑︁
j=y−k/2

(∆
y
i,j − ∆

y
k,k)

2

),

(7)
where φi,j is the wrapped phase at coordinate (i, j) of the wrapped
phase map; k is the size of a kernel matrix whose center point is
(x, y);∆x

i,j and∆y
i,j are the partial derivatives of the wrapped phase

in the x and y directions, respectively; and ∆x
k,k and ∆y

k,k are the
average values in the k × k window. The PSD and PDV values
of the captured interferograms should be as large as possible
to improve processing accuracy [26] because the phase errors
and random noises increase significantly in regions with dense
fringes. The PSD and PDV in Figs. 1(c) and 1(f) were calculated
and the results are shown in Fig. 2, with k= 7 in the calculations.
From Fig. 2, we find that the PSD and PDV values increase
significantly in regions with dense fringes (the top left corner
and bottom right corner), indicating that the proposed phase
retrieval method has larger PSD and PDV values and better
phase performance.

Quality guide phase unwrapping (QGPU) methods are power-
ful noise-immune algorithms for the correct phase unwrapping
of noisy phase maps [31]. An existing QGPU method is applied
to prove the correctness of the proposed phase retrieval method,
and the results are shown in Fig. 3. For a fair comparison,

Fig. 2. Comparison of PSD and PDV: (a) PSD of traditional
method; (b) PSD of proposed method; (c) PDV of traditional
method; (d) PDV of proposed method.

Fig. 3. Phase unwrapping results: (a) traditional method; (b) pro-
posed method; (c) difference between the traditional and proposed
methods.

Fig. 4. Phase unwrapping results (discontinuities are in the black
rectangular regions): (a) row 90; (b) row 160.

the corresponding simulation phase value is subtracted from
the result of the traditional method. Figure 3(a) shows the
unwrapped phase values obtained by the traditional method.
Figure 3(b) shows the unwrapped phase values obtained by the
proposed method. Figure 3(c) shows the difference between the
two methods. The values in Fig. 3(c) are almost all zero, indi-
cating that the results of the two methods are consistent, which
proves the correctness of the proposed method.

In order to more clearly compare the proposed method and the
traditional method, the unwrapped phases of rows 90 and 160
in Figs. 3(a) and 3(b) were chosen, and the results are shown in
Fig. 4. The blue curve represents the results of the traditional
method and the red curve represents the results of the pro-
posed method, respectively. Figure 4 shows that the traditional
method has discontinuities (the black rectangular regions), but
the phase continuity of the proposed method is obviously better.
The residues are an important evaluation indicator in branch-
cut phase unwrapping (BCPU) and QGPU. The residues of the
unwrapped phases from Figs. 1(c) and 1(f) were calculated, and
the results are shown in Fig. 5. Figure 5 shows that the number of
residues in the proposed method is obviously less than that in the
traditional method, and that QGPU is better than BCPU in this
experiment. Although the same unwrapping method is used, the
proposed algorithm can reduce the discontinuities. This proves
that the proposed phase retrieval method has better accuracy.
Moreover, the phase values obtained by the proposed method

Fig. 5. Residues of the branch cut phase unwrapping (BCPU) and
the quality guide phase unwrapping (QGPU).



214 Vol. 48, No. 2 / 15 January 2023 / Optics Letters Letter

are just the form error of the measured surface, which surely
simplifies the calculation process.

This Letter proposes a phase retrieval method for phase-
shifting interferometry. Different from other algorithms, the
proposed method reduces the fringe density of the wrapped
phase map and the difficulty of phase unwrapping, improving
the phase retrieval accuracy. Moreover, the interferogram’s pro-
cessing flow is simplified by using the proposed method in the
relevant comparative measurement processes which use the sim-
ulated phases as measurement data. This research indicates that
the simulated wrapped phase can optimize phase retrieval in
phase-shifting interferometry.

Furthermore, the layout of all interferometric systems, the
parameters of optical components, and the model of the meas-
ured object are known. The simulated wrapped phases can be
obtained, and the method proposed in this Letter can be used as
a reference for phase retrieval.

The proposed method also has limitations; for instance, the
measured surface is discontinuous so the phase change of its
interferogram is more abrupt, and there are situations where
simulated phases cannot be obtained.
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