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ABSTRACT
Multi-degree of freedom piezoelectric actuators are strongly needed for industrial applications, especially when manipulating a large and
heavy mirror or lens in an optical system. A novel three-degree-of-freedom piezoelectric actuator, which is driven by two pairs of piezo-
stack actuator with spatial compliant mechanisms designed to guide the motion and preload the piezo-stack actuators, is herein proposed.
The structure and working principle of the proposed actuator are illustrated and its kinematic characteristic is analyzed. The stiffness of the
spatial compliant mechanisms is modeled, and the dynamic characteristics are analyzed, Finite Element method is utilized to validate the
correctness of the stiffness modeling and the free vibration analysis of the proposed actuator. A prototype actuator is fabricated and its output
performances have been tested. Working space of X ranging from −7.1 to 5.6 μm, Y ranging from −6.2 to 8.2 μm and Z ranging from −2.3 to
2.1 μm, displacement resolutions of 15/16/21 nm along X-/Y-/Z-axis and average velocities of 52.3, 82.8 and 29.5 μm/s along X-axis, Y-axis,
and Z-axis with carrying load up to 2 kg and driving frequency of 500 Hz have been achieved by the prototype actuator. The method of
waveform generating for the proposed actuator has been developed with the inverse hysteresis compensation, and test results indicate that
the positioning accuracy of the prototype actuator in the open loop has been improved from 0.94 to 0.23 μm for a circular trajectory tracking,
from 0.48 to 0.29 μmm for an elliptical trajectory tracking, and from 0.61 to 0.32 μm for a rectangular trajectory tracking with the compensated
waveform of driving voltage.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0114030

I. INTRODUCTION

Piezoelectric actuators, with advantages of high accuracy, fast
response, and high stiffness, are widely used in scientific research
and industrial applications, such as precision manufacturing1–4

and metrology,5,6 precision positioning7–9 and scanning, micro-
scopic,10–12 lithography devices, and semiconductor processes.13–17

According to design and functionality, the piezoelectric actu-
ators are classified as traditional actuators, piezoelectric stepping
actuators, and multi-degree of freedom actuators.18 The traditional
actuators are usually referred to as simple piezo-driving compo-
nents, including piezo-patch actuators, piezo-stack actuators, piezo-
tube actuators, and piezo-amplified actuators, most of which have
already been commercialized and can be easily bought in the mar-
ket with small working range, simple construction, low driving, and
controlling cost. For example, many different types of piezo-stack

actuators working in longitudinal mode or shearing mode have been
used as the driving components in lots of inchworm-type linear
and rotary motors in papers,19–26 with only one degree of elon-
gating or shearing freedom, the piezo-stack actuators can push a
shaft or a mover forward or backward with simple driving signals.
The piezoelectric stepping actuators, usually referred to as highly
integrated piezoelectric motors, have been developed mainly for a
large range of precision motion with different operating modes15

and they usually utilize traditional actuators as the core-driving
source. As commercialized piezoelectric motors using the clamp-
ing and feeding actuation mode,27 the PiezoWalk Actuators28 have
been developed by Physik Instrumente and Piezo LEG Actuators29

have been developed by PiezoMotor, these two highly integrated
bidirectional piezoelectric motors can continuously move with long
working range and high resolution, making them widely used in
Lithography and Semiconductor technology.30,31
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With the requirements of large stroke multi-degree motion
with high accuracy, multi-degree of freedom (MDOF) piezoelectric
actuators are strongly needed for industrial applications. Multi-
degree of freedom motion can be usually achieved through serial
or parallel configuration of the traditional piezoelectric actuators or
the piezoelectric stepping actuator or both.32–34 A lot of commer-
cialized products and research have been conducted on the realiza-
tion of multi-degree motion of piezoelectric actuators for different
specific applications35–38 and many MODF piezoelectric actuators
have been developed but with little consideration of high accuracy,
high-carrying capability, high stiffness, and compact size along with
multi-degree of freedom motion at the same time. For example, PI
has developed an MDOF piezoelectric actuator (PICA P-153) with
three translational motions28 through the serial configuration of
multiple piezo-stack actuators working in a longitudinal and shear-
ing mode, which shows the perfect performance of compact size
and high accuracy, but has relatively low transversal stiffness and
is very easy to break when working with transversal static or iner-
tial force. Piezoelectric actuator products have been developed with
translational and rotational motions to actuate a fast steering mirror
with high resolution,28,39 but these products do show not enough
high-carrying capability and can only manipulate mirrors with rela-
tive small diameter and less weight. Particularly when manipulating
a larger and heavier lens/mirror in a Lithographic projection lens
or a Three-Mirror off axis optical system, multiple MDOF piezo-
electric actuators with high accuracy, high-carrying capability, high
longitudinal and transversal stiffness, and compact size are needed
to actuate the Movable part through the friction Contact Points in
a design configuration as shown in Fig. 1, using the clamping and
feeding actuation mode, a lens/mirror can then be manipulated with
large working range and high positioning accuracy to move along
with the Movable part in plane XY.

Thus, in this paper, an MDOF piezoelectric actuator with
three degrees of freedom, has been designed, analyzed, fabricated,
and tested. The emphasis of this paper is focused firstly on the
structural design and analysis to realize MDOF motions, high stiff-
ness, high-carrying capability, and compact size and secondly on
the investigation of the method to improve its trajectory tracking

performance. The paper is organized as follows: the structure of the
three-degree-of-freedom piezoelectric actuator is designed and its
kinematic characteristics are analyzed in Sec. II. The stiffness of the
proposed actuator is modeled, and the dynamic characteristics of
the proposed actuator are analyzed in Sec. III. The output perfor-
mances and trajectory tracking performances of the prototype actu-
ator are tested and evaluated in Sec. IV. The conclusions are given
in Sec. V.

II. STRUCTURAL DESIGN AND KINEMATIC ANALYSIS
The structure and working principle of the three-degree-of-

freedom piezoelectric actuator are shown in Fig. 2. Two pairs of
piezo-stack actuators abbreviated to PA1 ∼PA4 in Figs. 2(a) and
2(b) are parallelly aligned along X and Y axes with the same dis-
tance to the center axis and actuated separately to drive the Mover.
Aluminium-oxide balls are bonded to the top of the piezo-stack
actuators to provide a single contact point between the Mover
and PA1/PA2/PA3/PA4. The four piezo-stack actuators are bonded
to the stator at the bottom and pre-loaded by multiple Belleville
Springs (SRBN5.2, MISUMI, JAPAN) through the flexible rod and
the Mover to improve its dynamic operating performance.

The outer ring of an annular plate is fixed to the stator by Plate
mountings, and the inner ring of the annular plate is fixed to the
Mover by the flexible rod. The annular plate and the flexible rod are
parallelly connected to guide the Mover to translate in z direction,
with which guidance the Mover can also rotate around ox/oy axes.
The end-effector contacting directly with the Movable Part at the
Contact Point (CP) as shown in Fig. 1 is mounted on the Mover and
can translate and rotate along with the Mover, the CP will translate
along Z-axis while the Mover moves in z direction and will translate
along X-/Y-axis when the Mover rotates around ox/oy axes, which
indicates that the proposed actuator has three translational degrees
of freedom.

The proposed actuator has the following advantages with the
above structural design configuration: (a) Four piezo-stack actua-
tors are designed parallelly to drive the end-effector, which serves
as a friction element at the Contact Point to move with three totally

FIG. 1. Configuration of manipulating a
large and heavy mirror.
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FIG. 2. Configuration of the three-
degree-of-freedom piezoelectric Actua-
tor. (a) Front cross-section view. (b) Top
view. (c) Schematic diagram of transla-
tion along z-axis. (d) Schematic diagram
of rotation around x-axis/y-axis.

decoupled translational degrees of freedom. (b) An annular plate
firstly parallelly connecting with a flexible rod in space and then seri-
ally connecting with several commercialized Belleville Springs are
designed to guide the motion and preload the piezo-stack actuators,
the preload force can be adjusted through screwing or unscrew-
ing the Mounting nut to balance with the carrying load, which can
improve the carrying capability of the proposed actuator. (c) High
longitudinal stiffness has been achieved through the parallel configu-
ration of four piezo-stack actuators and high transversal stiffness has
been ensured by the large radial stiffness of the annular plate. (d) The
proposed actuator has a compact size and any piezo-stack actuator
with an outer diameter of less than 6 mm and total length less than
20 mm can be packaged within this structure configuration without
changing the outline size (ϕ33 mm × 35 mm) of the proposed actu-
ator, and the longer the piezo-stack actuators are packaged within,
the larger working ranges can be achieved.

To simplify the kinematic analysis, the three-degree-of-
freedom actuator is simplified to the model illustrated in Figs. 1(c)
and 1(d). For a piezo-stack actuator, the relationship between its
output displacement and input driving voltage without considering
hysteresis and creep effects is listed18,40 as follows:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

δzi(t) = nΔld33Ui(t)
0 ≤ Ui(t) ≤ Umax

i = 1, 2, 3, 4,

(1)

where δzi(t) and U i(t) are the output displacement and input driv-
ing voltage of PAi, Umax is the maximum driving voltage for piezo-
stack piezoelectric actuator, Δl is the thickness of one piezo-stack
layer, n is number of piezo-stack layers in PAi(i = 1, 2, 3, 4), d33 is the
piezoelectric constant expressed with m/V or Coulomb/Newton.40

For actuating the proposed three-degree-of-freedom piezo-
electric actuator in open loop, the relationship between the
displacements of the CP along the X/Y/Z axes and the driv-
ing voltages of four piezo-stack actuators should be derived. In
Fig. 2, the location of the vertex (Point V) of the end-effector
when Ui = U

2 is chosen as the origin of Coordinate O–XYZ,
and the locations of the CP labeled as P1 ∼ P4 between the
Mover and PA1 ∼ PA4 are P1(0, Dp

2 , 0), P2(0, −Dp
2 , 0), P3(−Dp

2 , 0, 0),
P4(Dp

2 , 0, 0), respectively. When PA1 ∼ PA4 are actuated, the loca-
tions of P1 ∼ P4 move to P1(0, Dp

2 , δz1(t)), P2(0, −Dp
2 , δz2(t)),

P3(−Dp
2 , 0, δz3(t)), P4(Dp

2 , 0, δz4(t)) and the movement attitude of
the Mover in Coordinate o–xyz can be calculated by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z(t) = δz1(t) + δz2(t)
2

≡ δz3(t) + δz4(t)
2

θx(t) =
δz1(t) − δz2(t)

Dp

θy(t) =
δz3(t) − δz4(t)

Dp

, (2)
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where z(t) is the displacement of the Mover along z axes and
θx(t)/θy(t) is the rotation angle of the Mover around ox/oy axes.
To keep the Mover moving steadily during the actuating of PA1
∼ PA4, the sum of δz1(t) and δz2(t) should be kept identically equal
to the sum of δz3(t) and δz4(t) as illustrated in Eq. (2).

The end-effector moves along with the Mover and the displace-
ments of the CP with the Movable Part in Coordinate O–XYZ can be
calculated as follows according to the basic geometrical relationship,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

XCP(t) = L × θy(t)
YCP(t) = −L × θx(t)
ZCP(t) = z(t) − L × [1 − cos θx(t) × cos θy(t)]

, (3)

where P(t) = [XCP(t), YCP(t), ZCP(t)]T is the displacement vec-
tor of the CP in Coordinate O–XYZ, L is length of the end-
effector, which is equal to the distance from O to o and
always keeps constant. A vector of driving voltage is defined as
U = [U1(t), U2(t), U3(t), U4(t)]T and it is assumed that a control
vector Q(t) = [q1(t), q2(t), q3(t)]T is defined as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

q1(t)
q2(t)
q3(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 0

1 −1 0 0

0 0 1 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δz1(t)
δz2(t)
δz3(t)
δz4(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇔ Q(t) = Tz−q ×U(t),

(4)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

q1(t)
q2(t)
q3(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

nΔld33 −nΔld33 0 0

nΔld33 −nΔld33 0 0

0 0 nΔld33 −nΔld33

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δU1(t)
δU2(t)
δU3(t)
δU4(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇔ Q(t) = Tu−z ×U(t), (5)

where U i(t) has been defined in Eq. (1), matrix Tz−q defines
the transformation between the control vector and displacement
vector of the CP and matrix Tu−z defines the transformation
between the control vector and driving voltage of PA1 ∼ PA4. Con-
sidering that θx(t) and θy(t) are both sufficiently small, which
means that cos θx(t) × cos θy(t) ≈ 1, then the displacement Vector
P(t) = [XCP(t), YCP(t), ZCP(t)]T can be derived from Eqs. (1)–(5)
as follows:

P(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 L

0 −L 0

1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

0 0

0
1

Dp
0

0 0
1

Dp

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×Q(t)⇔ P(t)

= Jm−p × Jq−m ×Q(t), (6)

where Jq−m is the transformation matrix from the control vector to
the movement attitude of the Mover and Jm−p is the transformation
matrix from the movement attitude to the displacement vector of the
CP, the diagonal transformation matrix indicates that the Mover has
decoupled movement attitude for z(t), θx(t) and θy(t), and the CP
has three decoupled translational degrees of freedom along X, Y and
Z axes.

III. STIFFNESS MODELING AND DYNAMIC ANALYSIS
To analyze the dynamic characteristics of the proposed actua-

tor, the stiffness of the spatial compliant mechanism is analytically
modeled using the compliance matrix method41–44 firstly, and then
the natural frequencies of the three-degree-of-freedom actuator
are derived with Lagrange’̂ s equations,45 the accuracy of model-
ing and analysis is validated by finite element analysis method
finally.

According to elastic beam theory, the static characteristics
of multi-axis flexure hinges can be described by the compli-
ance matrix,46 and the compliance matrix of a parallel flexure
mechanism is

Cp = (
n

∑
i=1
([Adi]Cpi[Adi]T)−1)

−1

, (7)

where Adi = [ Ri 0

T̂iRi Ri
] is the coordinate transformation matrix from

a local element i to the global system; Ri is a 3 × 3 rotation

matrix, T̂i =
⎡⎢⎢⎢⎢⎣

0 −zi yi

zi 0 −xi

−yi xi 0

⎤⎥⎥⎥⎥⎦
is skew-symmetric matrix defined by a

translation vector Ti = [xiyizi].
The proposed actuator is driven by four piezo-stack actuator

PA1 ∼ PA4, which are guided and preloaded with an annular plate,
a flexible, rod and multiple Belleville Springs. The annular plate is
parallelly connected with the flexible rod in space and then serially
connected with the Belleville Springs in Z direction. Then, the com-
pliance matrix of the guiding mechanism composed by the annular
plate and the flexible rod in the global actuator coordinate o–xyz in
Fig. 2 can be calculated by

Cguiding = (([Adplate]Cplate[Adplate]T)−1

+ ([Adrod]Crod[Adrod]T)−1)
−1

, (8)

where Cplate and Crod are the compliance matrix of the annular
plate and the flexible rod, respectively, in the local element coor-
dinate frame, [Adplate] and [Adrod] are the so-called 6 × 6 adjoint
transformation matrix of the annular plate and the flexible rod.43,44

For the annular plate with outer ring fixed and inner ring con-
nected to a movable body, the local element coordinate Op–xpypzp

originates at the center of the plate as sketched in Fig. 3, the compli-
ance matrix of the annular plate is calculated as follows by dividing
the plate into multiple identical sheet flexures43,44 with bases fixed on
the circumference of the outer ring and the movable body parallelly
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FIG. 3. Diagram of annular plate divided
into multiple sheet flexures.

FIG. 4. Two types of basic flexible
beams. (a) Sheet flexure; (b) flexible rod.

connected at the origin of coordinate Op–xpypzp as shown in Figs. 3
and 4(a),

Cplate =
⎛
⎝

N

∑
j=1
([Adsheet−j]Csheet−j[Adsheet−j]T)−1⎞

⎠

−1

, (9)

where Csheet–j is the compliance matrix of the jth sheet flexure in local
element coordinate frame and Adsheet–j is the transformation matrix
of the jth sheet flexure from the coordinate Op–xpypzp to its local

element coordinate frame, N is the total number of sheet flexures
into which the annular plate is divided as shown in Fig. 3.

Then, the calculation of the compliance matrix of the guiding
mechanism composed by the annular plate and the flexible rod can
be turned into the calculation of the compliance matrices of a com-
monly used sheet flexure and a flexible rod, which have been already
derived in papers.43,44 For convenience, the compliance matrix of the
sheet flexure of which the local element coordinate Os–xsyszs locates
at the free end of the beam in Fig. 4(a) is listed as follows:

T = [Cs] ×W⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δxs

δys

δzs

θxs

θys

θzs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

l3
s

3EIzs

0 0 0 0 − l2
s

2EIzs

0
ls

EA
0 0 0 0

0 0
l3
s

3EIxs

l2
s

2EIxs

0 0

0 0
l2
s

2EIxs

ls
2EIxs

0 0

0 0 0 0
ls

Gβzs

0

− l2
s

2EIzs

0 0 0 0 − ls
EIzs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Fxs

Fys

Fzs

Mxs

Mys

Mzs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (10)

where A = ts × ws is the area of the rectangular cross-section, Ixs =
tsw3

s
12 and Izs =

t3
s ws
12 are the area moment, E is the Young’s modulus, G = E

2(1+v)
is the shear modulus and v is the Passion’s ratio. β = 12( 1

3 − 0.21 ts
ws
(1 − 1

12(
ts
ws
)4)) is the ratio of torsion constant over the moment of inertia

for a rectangular cross-section.47 The compliance matrix of the flexible rod with its local element coordinate Or–xryrzr locating at the free end
of the beam in Fig. 4(b) is listed as follows:
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T = [Crod] ×W⇔

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δxr

δyr

δzr

θxr

θyr

θzr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

64l3
r

3πEd4
r

0 0 0 0 − 32l2
r

πEd4
r

0
4lr

πEd2
r

0 0 0 0

0 0
64l3

r

3πEd4
r

32l2
r

πEd4
r

0 0

0 0
32l2

r

πEd4
r

64lr
πEd4

r
0 0

0 0 0 0
32lr

πGd4
r

0

− 32l2
r

πEd4
r

0 0 0 0
64lr

πEd4
r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Fxr

Fyr

Fzr

Mxr

Mxr

Mzr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (11)

T = (δ; θ) is the deformation twist and W = (F; M) is the load
wrench in Eqs. (10) and (11).

The calculating accuracy of the compliance matrix of the annu-
lar plate by dividing it into multiple identical sheet flexures depends
heavily on the division number N, so the relationship between
the calculating accuracy and the division number of basic sheet
flexure is studied firstly considering specific structural parameters
in Table I.

By substituting the compliance matrix of the sheet flexure Cs
into Eq. (9) with specific parameters and transformation matrices
listed in Table I, the compliance matrix of the annular plate Cplate can
be derived as a 6 × 6 matrix with Cplate( j, j) on its diagonal. Then,
the relationship between the division number N and the compli-
ance values of Cplate( j, j) when j = 3, 4, 5, which correspond to the
three degrees of freedom of the Mover, was studied with the struc-
tural parameters in Table I and shown in Fig. 5. Concluding from
Fig. 5, the compliance values of Cplate( j, j) when j = 3, 4, 5 tend to be
convergent when the division number N is greater than 250. Then,

N = 300 was chosen to approximately calculate the compliance
matrix Cplate of the annular plate.

By substituting the compliance matrix of the annular plate
Cplate when N = 300 and the compliance matrix of the flexible plate
described in Eq. (11) with specific parameters and transformation
matrix listed in Table I and considering the serially connected rela-
tionship in the Z direction between the guiding mechanism and
the Belleville Springs, the compliance matrix Cguiding of the guiding
mechanism for the proposed actuator can be calculated out and the
stiffness with respect to the three degrees of freedom of the proposed
actuator can be obtained as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Kz =
1

Cguiding(3, 3) + 1
Kpre

Kθx =
1

Cguiding(4, 4)
Kθy =

1
Cguiding(4, 4)

, (12)

TABLE I. Structural parameters and corresponding transformation matrix.

Flexure type Annular plate Sheet flexure Flexible rod

Structural parameters Name Symbol Value/m Name Symbol Value/m Name Symbol Value/m

Inner r_inner 0.002 Thickness ts
π×(r_inner+r_outer)

N Length lr 0.018
radius of sheet j

Outer r_outer 0.015 Width ws = t_plate 0.0003 Diameter dr 0.0012
radius of sheet j

Thickness t_plate 0.0003 Orientation θj
360×j

N
of sheet j

Young’s modulus E = 2.0 × 1011,Passion’s ratio ν = 0.29

Transformation matrix Rplate =
⎡⎢⎢⎢⎢⎣

1 0 0

0 1 0

0 1 0

⎤⎥⎥⎥⎥⎦
Rsheet−j = R(zp, θj) =

⎡⎢⎢⎢⎢⎣

cos θj − sin θj 0

sin θj cos θj 0

0 0 1

⎤⎥⎥⎥⎥⎦
Rrod = R(X, 90○) =

⎡⎢⎢⎢⎢⎣

0 1 0

1 0 0

0 0 1

⎤⎥⎥⎥⎥⎦
Tplate = [0 0 0] Tsheet−j = [−r_inner × cos θj −r_inner × sin θj 0] Trod = [0 0 −0.0015]
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FIG. 5. Calculating of Compliance value with the increasing of division number.

where Cguiding( j, j)( j = 1, 2, . . . , 6) are the elements on the diagonal
of the calculated Cguiding, Kz is the stiffness when the Mover moves
in z direction, Kpre is the stiffness of the Belleville Springs as shown
in Fig. 1, Kθx/Kθy is the stiffness when the Mover rotates around the
ox/oy axes.

When describing the free vibrations of the three-degree-of-
freedom actuator, the movement attitude variables A = [A1, A2,
A3] = [z, θx, θy] of the Mover are chosen as the generalized coor-
dinates. Since compliant mechanisms are used in the proposed
actuator, there are no frictions in the structure, and thus the damp-
ing is neglected in the following analysis. As shown in Figs. 1(c) and
1(d), neglecting the tiny gravitational potential energy change, the
potential energy of the actuator can be calculated by

V = 1
2

Kzz2 + 1
2

Kθx θ2
x +

1
2

Kθy θ2
y , (13)

and the Kinetic energy of the Mover can be calculated by

T = 1
2

mż 2 + 1
2

Jxθ̇x
2 + 1

2
Jyθ̇y

2, (14)

where m is the mass of the Mover, Jx and Jx are moments of inertia
of the Mover.

Substitute the kinetic and potential energy into Lagrange’s
equations as follows when there are no non-conservative forces,

d
dt

∂T
∂Ȧi
− ∂T
∂Ai
+ ∂V
∂Ai
= 0. (15)

The dynamic equations of the actuator can be derived as
follows:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

m 0 0

0 Jx 0

0 0 Jy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z̈

θ̈x

θ̈y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Kz 0 0

0 Kθx 0

0 0 Kθy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z

θx

θy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0

⇔M ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z̈

θ̈x

θ̈y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+K ×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z

θx

θy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0 (16)

Then, according to the characteristic equation

∣K −Mλ2
i ∣ = 0. (17)

The first three natural frequencies of the proposed actuator can
be calculated by

f i =
λi

2π
, (18)

where i = 1, 2, 3 in Eqs. (15)–(18).
The first three natural frequencies of the proposed actua-

tor were also calculated with finite element analysis (FEA) in
ANSYS/Workbench, the FEA results are shown in Fig. 6 and
compared with the analytical results as listed in Table II.

FIG. 6. FEA Modal. (a) Mode of θx ; (b) Mode of θy ; and (c) Mode of z.
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TABLE II. Comparison of Modal results with specific parameters.

MODAL Analytical Result FEA result Difference (%) Mover parameter

First-order mode/Hz 649.05 664.16 2.33 m = 5.692 × 10−3 kg
Second-order mode/Hz 649.05 664.29 2.35 Jx = 4.96 × 10−7 kg m2

Third-order mode/Hz 3328.29 3491.10 4.89 Jy = 4.9696 × 10−7 kg m2

The differences between the analytical and FEA modal results
are less than 5%, which validates the correctness and accuracy of the
stiffness modeling and the free vibration analysis for the proposed
actuator.

IV. EXPERIMENT RESULT
A. Experiment platform configuration

A prototype of the proposed three-degree-of-freedom actua-
tor is fabricated and tested as shown in Fig. 7. A signal generator
developed with Labview in computer generates four-channel driving
voltage of 0 ∼ 10 V through a Digital-to-Analogue card (NI-6154,

National Instruments Corp., Germany). The four-channel voltage
signals are amplified by a commercial Amplifier (TD250, Piezo-
Drive, Canada) and finally applied to actuate the prototype actuator.
Three capacitive sensors (CSH05, Micro-Epsilon, Germany) are
used to measure the attitude of the stator when the Mover is fixed to
the mounting connector, since it would be more difficult to directly
measure the displacement of the CP on its end-effector, which is
removed in the prototype actuator in Fig. 7. The displacement values
of the capacitive sensors are electronically processed by a signal con-
ditioner (capaNCDT 6500, Micro-Epsilon, Germany) and sampled
through an Analogue-to-Digital card (PCI-9524, ADLINK TECH-
NOLOGY, INC.) with 1000 Hz sampling frequency, the sampling

FIG. 7. Experimental platform configuration.
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FIG. 8. Working space test of the prototype actuator. (a) Driving voltage; (b) tested working space.

data are then processed programmatically with Matlab in Computer.
The prototype actuator and the capacitive sensors are fixed on a
vibration isolation platform (VC-D) through the mounting con-
nector, and the temperature in the laboratory is controlled within
22 ± 0.5 ○C.

The relationship between the attitude of the Mover and the
displacement changes of the sensors can be calculated as follows
according to basic geometry correlation in coordinate O–XYZ,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

z

θx

θy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−zstator

−θx−stator

−θy−stator

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
3
−1

3
−1

3

0
√

3
3r

−
√

3
3r

2
3r

− 1
3r

− 1
3r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ΔS1

ΔS2

ΔS3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (19)

where ΔS1, ΔS2, and ΔS3 are the displacement changes of Sensor
1 ∼ Sensor 3, r = 5 mm is the distance from the center axis of the

sensor to the center axis of the proposed actuator and
⎡⎢⎢⎢⎢⎣

zstator

θx−stator

θy−stator

⎤⎥⎥⎥⎥⎦
is

the attitude of the stator. Then, the displacement of the prototype
actuator, which is concerned in this paper, can be calculated out by
substituting Eq. (19) into Eq. (3).

B. Output performance evaluation
The output performances of the prototype actuator, includ-

ing working space, translational displacement resolutions, motion
speed, and carrying capability, were tested, respectively.

First, the working space of the prototype actuator was tested. A
total of 170 representative points, seemingly contained within the

FIG. 9. Resolution test of the prototype actuator. (a) Resolution test of X direction; (b) Resolution test of Y direction; and (c) Resolution test of Z direction.
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space of two opposing tetragonal pyramid in Fig. 8(b), are veri-
fied to be reachable with corresponding driving voltage as shown in
Fig. 8(a). The tested working space with X range of −7.1 ∼ 5.6 μm,
Y range of −6.2 ∼ 8.2 μm and Z range of −2.3 ∼ 2.1 μm is asymmet-
rical and has some deviations compared with the desired working
space within the blue dashed line in Fig. 8(b), which are probably
caused by hysteresis effect and assembling errors of four piezo-stack
actuators.

Second, driving signals of stepping voltage were applied to the
prototype actuator to test the resolutions of displacement. The incre-
ment of stepping voltage is 0.15 V and the driving frequency is 5 Hz,
which equals to the inverse of the time interval of the stepping volt-
age. The displacement resolutions along X-axis, Y-axis, and Z-axis
were measured and filtered with a moving-average filter as shown
in Fig. 9. The results show that displacement resolutions of 15 nm

along X-axis, 16 nm along Y-axis and 21 nm along Z-axis have been
achieved by the prototype actuator.

Third, the motion speed and carrying capability were tested
to investigate the relationship between the output average velocity
and the driving frequency under different load conditions, Standard
weights of 0.5 ∼ 2 Kg were utilized to add load through load trans-
mission mechanism as shown in Fig. 10(d), the weights are bonded
with one end of a stainless steel shaft, the shaft is guided by a linear
bearing, which is bonded with the Sensor Holder, the other end of
the shaft are then pressed to a stainless steel hemisphere, which is
bonded with the proposed actuator to provide a single contact point
with the shaft, then the output velocities corresponding to the three
degrees of the proposed actuator were tested under different load
conditions and different driving frequencies. The test results indicate
that the average velocities of the prototype actuator along X-axis,

FIG. 10. Velocity test of the prototype actuator. (a) Velocity test of X direction; (b) velocity test of Y direction; (c) velocity test of Z direction; and (d) platform of load capacity
test.
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Y-axis, and Z-axis increase linearly with the increasing driving fre-
quency under fixed load conditions as shown in Figs. 10(a)–10(c),
respectively, and with the increment of the applied load, the aver-
age velocities along X-axis, Y-axis, and Z-axis decrease to different
level under fixed driving frequency. Compared with the zero-load
condition, the average velocities reduce by about 36% along X-axis,
about 12% along Y-axis, and about 2% along Z-axis under 2 Kg
load condition, and the different reduction percentages are caused
probably by alignment errors of the piezo-stack actuators and modal
differences along different working axis. The test results also indi-
cate that with a carrying load up to 2 kg and driving frequency of
500 Hz, average velocities of 52.3 μm/s along X-axis, 82.8 μm/s along
Y-axis and 29.5 μm/s along Z-axis have been achieved by the
proposed actuator.

C. Waveform generating with hysteresis
compensation

To be further used to drive a large and heavy mirror as shown
in Fig. 1 with the clamping and feeding mode, trajectory tracking
performance of the proposed actuator was investigated. The method
of generating the waveform of driving voltage for a desired trajec-
tory has been developed with inverse hysteresis compensation, and
the positioning accuracy has been improved observably in different
trajectory tracking of the prototype actuator.

The output displacements of PA1 ∼ PA4 (PTH1500525051,
PANT, China) with input driving voltage range of 0 ∼75 VDC
were measured, respectively, by a capacitive sensor (CSH05, Micro-
Epsilon, Germany) before assembling into the prototype actuator,
PA1 ∼ PA4 perform different hysteresis characteristics as shown in

FIG. 11. Waveform generating with Hysteresis compensation. (a) Hysteresis curves of PA1 ∼ PA4; (b) Algorithm diagram of waveform generating.
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Fig. 11(a). The waveform of driving voltage was planned in advance
according to the derived kinematic relationship between the four-
channel input driving voltage and the output displacements of the
proposed actuator in Part II of this paper, and the detailed algorithm
is shown in Fig. 11(b) and illustrated as follows:

Step 1: A desired trajectory within the working space of the pro-
totype actuator is expressed by a parameterized equation in polar
coordinates.

Step 2–Step 4: The coordinates of the series of points rep-
resenting the desired trajectory are transformed into the output
displacements of the four piezo-stack actuators by the inverse of
matrix Jm−p derived in Eq. (6), the inverse of matrix Jq−m derived
in Eq. (6) and the inverse of matrix Tz−q derived in Eq. (4).

Step 5: The output displacements are transformed into the
corresponding uncompensated waveform of input driving voltage
for the proposed actuator by the inverse of matrix Tu−z, which is
derived in Eq. (5) and maps the linear relationship between the out-
put displacements and driving voltage of four piezo-stack actuators
without consideration of hysteresis effect. By replacing Tu−z with the
corresponding tested inverse hysteresis relationship of PA1 ∼ −PA4,
the compensated waveform of driving voltage can be achieved to
actuate the proposed actuator with higher positioning accuracy for
the desired trajectory.

The planned uncompensated and compensated waveform of
driving voltage are then loaded into the signal generator and ampli-
fied by an amplifier as illustrated in Fig. 7 to actuate the prototype
actuator in an open loop.

Various types of trajectory tracking have been tested and evalu-
ated. While evaluating the trajectory tracking performance, the posi-
tion errors between two points Pi,desired = [Xi,desired, Y i,desired, Zi,desired]
and Pi,tested = [Xi,tested, Y i,tested, Zi,tested] in coordinate O–XYZ are
defined as follows:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ΔXi = Xi,tested − Xi,desired

ΔYi = Yi,tested − Yi,desired

ΔZi = Zi,tested − Zi,desired

. (20)

Distance error between these two points is defined as follows:

di,XYZ =
√

ΔXi
2 + ΔYi

2 + ΔYi
2, (21)

where i = 1, 2, 3, . . . , M and M is the total number of points utilized
to represent a desired trajectory. The position error and the dis-
tance error are utilized to evaluate the positioning accuracy of the
prototype actuator in open-loop control mode.

FIG. 12. Circular trajectory tracking in plane XY. (a) The waveform of driving voltage; (b) 3D view of circular trajectory tracking; (c) top view of circular trajectory tracking; (d)
test result of distance error; and (e) test result of position errors.
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First, a circular trajectory tracking in plane XY has been
planned and tested as shown in Fig. 12. With the waveform of
input driving voltage for PA1 ∼ PA4 shown in Fig. 12(a), the
prototype actuator can be controlled in open loop to track the cir-
cular trajectory in plane XY as shown in Figs. 12(b) and 12(c).
The expected circular trajectory is represented by 100 points, the
distance error and the position errors of the tested uncompen-
sated and compensated trajectory tracking are shown in Figs. 12(d)
and 12(e). Compared with the root-mean-square (rms) value of the
distance error of the uncompensated circular trajectory tracking,
the rms value of distance error of the compensated circular trajec-
tory tracking falls from 0.94 to 0.23 μm, which indicates that the
positioning accuracy of the prototype actuator has been observably
improved.

The test results also show that most of the decrease of dis-
tance error comes from the decreases of the position errors ΔX
and ΔY . The position error of ΔZ originating from the rotation of
Theta-X and Theta-Y has not been considered in this paper and
the compensation of ΔZ will also improve the positioning accu-
racy of the actuator in this circular trajectory tracking, which will
be investigated in the future study.

Second, an elliptical trajectory tracking in plane XZ has been
planned and tested as shown in Fig. 13. With the waveform of
input driving voltage for PA1 ∼ −PA4 in Fig. 13(a), the prototype

actuator can be controlled in open loop to track the elliptical tra-
jectory in plane XZ as shown in Figs. 13(b) and 13(c). The desired
elliptical trajectory is represented by 100 points, the distance error
and the position errors of tested uncompensated and compensated
trajectory tracking are shown in Figs. 13(d) and 13(e). Compared
with the rms value of distance errors of the uncompensated ellipti-
cal trajectory, the rms value of distance errors of the compensated
elliptical trajectory falls from 0.48 to 0.29 μm, which comes from
the decreases of position errors of ΔX, ΔY and ΔZ. With compen-
sated waveform of driving voltage, the positioning accuracy has also
been improved for the elliptical trajectory tracking of the prototype
actuator.

Third, an rectangular trajectory tracking in space has been
planned and tested as shown in Fig. 14. With the waveform of input
driving voltage for PA1 ∼ PA4 in Fig. 14(a), the prototype actuator
can be controlled in open loop to track the rectangular trajectory
as shown in Fig. 14(b). The desired rectangular trajectory is rep-
resented by 180 points, the distance error and the position errors
of tested uncompensated and compensated trajectory tracking are
shown in Figs. 14(c) and 14(d). Compared with rms value of distance
error of the uncompensated rectangular trajectory tracking, the rms
value of distance error of the compensated rectangular trajectory
tracking falls from 0.61 to 0.32μm, which comes from the decreases
of position errors of ΔX, ΔY , and ΔZ as shown in Fig. 14(d). The

FIG. 13. Elliptical trajectory tracking in plane XZ. (a) The waveform of driving voltage; (b) 3D view of elliptical trajectory tracking; (c) Top view of elliptical trajectory tracking;
(d) Test result of distance error; and (e) Test result of position errors.
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FIG. 14. Rectangular trajectory tracking in space. (a) The waveform of driving voltage; (b) 3D view of rectangular trajectory tracking; (c) Test result of distance error; and (d)
test result of position errors.

positioning accuracy has been improved in the rectangular trajectory
tracking of the prototype actuator.

The above tested results of trajectory tracking validate that
with the inverse hysteresis compensation, the prototype actuator
can be controlled in open loop to track different trajectories with
positioning accuracy of sub-micrometer level, which established a
foundation for the proposed three-degree-of-freedom piezoelectric
actuator to be utilized to manipulate a large and heavy lens/mirror
in the future investigation.

V. CONCLUSIONS
A novel three-degree-of-freedom piezoelectric actuator is

designed, analyzed, fabricated, and tested. The structure and work-
ing principle of the proposed actuator are illustrated and its
kinematic characteristics are analyzed. The stiffness of the spatial
compliant mechanism is modeled, and the dynamic characteristics

are analyzed, minor difference between the analytical and FEA
modal result validate the correctness and accuracy of the modeling
and the free vibration analysis for the proposed actuator. The output
performances, including working space, displacement resolutions,
motion speed, and carrying capability of the prototype actuator,
have been tested, tested results show that the prototype actuator per-
forms working space with X ranging from −7.1 to 5.6 μm, Y ranging
from −6.2 to 8.2 μm and Z ranging from −2.3 to 2.1 μm, displace-
ment resolutions of 15 nm along X-axis, 16 nm along Y-axis and
21 nm along Z-axis, and average velocities of 52.3 μm/s along X-axis,
82.8 μm/s along Y-axis and 29.5 μm/s along Z-axis with a carry-
ing load up to 2 kg and driving frequency of 500 Hz. The method
of waveform generating for the proposed actuator has been devel-
oped with the inverse hysteresis compensation, and the positioning
accuracy of the prototype actuator has been improved from 0.94 to
0.23 μm for the circular trajectory tracking, from 0.48 to 0.29 μm for
the elliptical trajectory tracking, and from 0.61 to 0.32 μm for the
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rectangular trajectory with the compensated waveform of driving
voltage, which establish a great foundation for the proposed actu-
ator to be utilized to manipulate a large and heavy mirror/lens in the
future study.
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