Neural Computing and Applications (2023) 35:20423-20440
https://doi.org/10.1007/500521-023-08797-2

ORIGINAL ARTICLE q

Check for
updates

Adaptive practical predefined-time neural tracking control for multi-
joint uncertain robotic manipulators with input saturation

Huayang Sai'? - Zhenbang Xu' @ : Enyang Zhang'?

Received: 13 December 2022/ Accepted: 28 June 2023 /Published online: 21 July 2023
© The Author(s), under exclusive licence to Springer-Verlag London Ltd., part of Springer Nature 2023

Abstract

Predefined-time stability contributes to constraining the tracking time of robotic manipulators, but the stringent judgment
conditions restrict its practical application. This paper studies an adaptive practical predefined-time neural control
scheme for uncertain multi-joint robotic manipulators with input saturation. First, a practical predefined-time stability
criterion is established to ensure the closed-loop stability of uncertain systems. Then, the unknown robotic dynamic model
can be approximated by radial basis function neural networks. Meanwhile, the input saturation of the robotic manipulator is
compensated by introducing an adaptive term. Based on the constructed stability criterion, the proposed controller is
proved to guarantee that the tracking error of the system converges to a small neighborhood of the origin within a
predefined time and is independent of the initial state. Finally, the effectiveness of the proposed control scheme is
emphasized by numerical simulations and experiments of a two-joint and a nine-joint robotic manipulator, respectively.

Keywords Predefined-time control - Multi-joint robotic manipulator - Adaptive control - Input saturation -
Neural network

1 Introduction

Achieving fast, high-precision tracking control of robotic
manipulators has always been a fundamental research goal
for mechanical robots. With the rapid development of the
computational power, the dynamic model of a robotic
manipulator can be approximated by relying on fuzzy/
neural adaptive technologies [1-3], which allows
researchers to focus more on the study of special properties
in robotic manipulator tracking control, such as the con-
vergence time of tracking errors.
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In the last decade and more, as one of the key perfor-
mance indicators for each control system that requires a
timely response, the research on the settling time of
tracking errors has never stopped. Since Haimo et al. [4]
proposed a finite-time controller to replace the traditional
method of asymptotic regulation, a large number of finite-
time control schemes have emerged to ensure that the
tracking error converges to the origin in a finite time [5].
Among them, terminal sliding mode control (TSMC) [6] is
a typical finite-time control method, and many relevant
control algorithms have been derived from the TSMC, such
as the fast TSMC [7] and the nonsingular fast TSMC [8].
However, with the increasing requirements of robotic
manipulators in tracking control, the problem of the set-
tling time of finite-time control depending on the initial
state of the system has concerned scholars. This problem
was not solved until Polyakov [9] proposed a fixed-time
stability concept and rigorously proved that the upper
bound for the settling time of the tracking error in this
framework depends only on the control parameters and is
irrelevant to initial states. Subsequently, Zuo [10, 11]
presented several significant lemmas in the fixed-time
theory, which contributed to the development of fixed-time
control and its application in robotic manipulators and
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multi-agent systems [12-16]. However, the fixed-time
stability criterion is stringent in applications, especially
considering controlled objects with unknown system
parameters. Therefore, Ba et al. [17] and Wang et al. [18]
proposed a practical fixed-time stability criterion to relax
the requirement of proving fixed-time stability. The prac-
tical fixed-time stability criterion allows the fuzzy logic
systems and the neural network (NN) to approximate
unknown parameters of the controlled object while ensur-
ing the practical fixed-time stability of the closed-loop
system [19, 20].

Despite the previous progress in fixed-time control
studies, the relationship between the tuning gains and the
upper bound for the settling time is not explicit; hence,
finding the control parameters to guarantee a desired
maximum settling time is challenging. To address this
problem, the concept of predefined-time stability was cre-
atively proposed in [21]. In contrast to the case of finite-
time and fixed-time stability, a system that satisfies pre-
defined-time stability allows explicitly setting upper
bounds on the convergence time in the design of the con-
troller. As a result, the predefined-time stability concept
has the potential to guarantee a strict hierarchy of tasks in
trajectory tracking for robotic manipulators and avoid
conflicts between decoupled task constraints. As a
promising and valuable concept, the notion of predefined-
time stability has gained extensive interest in the tracking
control of robotic manipulators [22-24]. In particular, for
highly flexible and redundant robotic manipulators capable
of performing complex tasks in enclosed and unstructured
workspaces containing obstacles [25, 26], it is crucial to
ensure trajectory tracking errors converge in a pre-specified
time for the successful execution of the task. It is worth
noting that the dynamic parameters are required to be
known a priori in the predefined-time controller, but
building an accurate dynamic model of a multi-joint
manipulator is not easy. Therefore, most predefined-time
control schemes only consider the simulation of two-linked
robotic manipulators [22, 23, 27], which is still a sub-
stantial challenge for the practical application of multi-
joint manipulators. Although the approximation of the
dynamic model of a robotic manipulator using NNs has
been proposed early in [28], the proof of predefined-time
stability requires a more stringent stability criterion com-
pared to fixed-time stability [21, 29, 30], which prevents
the combination of predefined-time control with these
intelligent control techniques. In recent work, a practical
predefined-time criterion was described in [31], but its
settling-time bound violated the principle of being deter-
mined by only a control parameter. Moreover, a definition
of practical prescribed-time stability was given in [32]
relying on a segmentation function with exponential,
whose judgment condition is complex and has the risk of
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exponential explosions. Therefore, up to now, establishing
a suitable practical predefined-time stability criterion to
deal with unknown systems is still a challenging issue.

To guarantee fast convergence of the tracking error,
predefined-time controllers always require large initial
control torques [33], which tend to lead to actuator satu-
ration in the tracking control of robotic manipulators. In the
framework of finite-time or fixed-time stability, some anti-
windup solutions for robotic systems have been proposed
in [34-36]. These approaches to deal with the input satu-
ration include ignoring control saturation and adding
compensation terms to minimize the adverse effects of
input saturation on the system [34], and correcting incon-
sistencies between the input and controller states due to
input saturation [35, 36]. However, to the best of our
knowledge, there are no results about the input saturation
in predefined-time control schemes due to the difficulty in
mathematical analysis despite its importance in robotic
manipulators.

Driven by the practical requirements of tracking control
for multi-joint robotic manipulators with time constraints
and inspired by previous discussions, we investigate a
novel adaptive practical predefined-time neural tracking
control scheme for uncertain multi-joint robotic manipu-
lators with considering the input saturation. The contribu-
tions of this paper can be summarized as follows:

1. Based on the predefined-time convergent algorithm in
[29], a novel practical predefined-time stability criterion is
constructed, which relaxes the stringent proof conditions
for the existence of predefined-time stability, thus paving
the way for the application of adaptive techniques and
intelligent control algorithms to the predefined-time control
theory.

2. Most predefined-time controllers require a large ini-
tial control torque, ignoring the actuator saturation in the
tracking control of the robotic manipulator [22, 30, 37].
This study constructs an adaptive auxiliary term through
the relationship between the control input and the con-
troller state, thus ensuring the practical predefined-time
stability of the system with the actuator saturation.

3. Combined with the NN technique, the prior require-
ment of dynamic parameters is avoided so that the pro-
posed control scheme has more robust applicability in
multi-joint robotic manipulators. Most of the existing
predefined-time controllers have only been simulated or
experimentally investigated on two- or three-joint robotic
manipulators [22, 23, 27, 38]. This paper presents the first
simulation and experimental study of predefined-time
control algorithms on a robotic manipulator with nine
joints, and the tracking accuracy of the manipulator end-
effector is also investigated and analyzed.

The rest of the paper is organized as follows. Section 2
outlines the problem formulation and provides some
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preliminaries. The main work is presented in Sect. 3. To
illustrate the effectiveness of the theoretical results,
Sects. 4 and 5, respectively, introduce two simulation
examples and an experiment conducted on a two-joint and
a nine-joint robotic manipulator. In Sect. 6, a comparison
between the control scheme in this paper and those in
previous studies is presented. Finally, Sect. 7 provides the
conclusions drawn from this study.

2 Problem formulation and preliminaries
2.1 Preliminaries

Consider an autonomous dynamical system
X = f(x;p),x(0) = xo, (1)

where x € R" denotes the system state, p € R’ stands for
the system parameters. The function f : R" — R" is non-
linear and continuous, and the initial condition of this
system is xo = x(0).

Definition 1 The origin of system (1) is said to be prac-
tically predefined-time stable, if for any initial state xo,
there is a constant 6 > 0 and a predefined settling time 7,
such that ||x(7)|| < 9, for all # > T, and T, is an arbitrarily
selected control constant 7, := T,(p) > 0.

Remark 1 As described in [17, 18, 39], the concept of
“practically“ in Definition 1 implies that the tracking error
converges to the set of residuals of the origin. That is, the
origin of (1) is said to be predefined-time stable if any
solution x(#,x0) of system (1) reaches the origin within a
predefined time 7, [21].

Definition 2 [40] With a constant a > 0, the gamma
function is defined as

I'(a) = /000 1 Vexp(—1)dr. (2)

Lemma 1 [29] Consider a continuous radially unbounded
Sfunction V : R" — R satisfies

V(x) < =2 (V7 () + V() (3)
for x € R"\{0} and constants satisfy
o, f,p,q,k>0,kp<l,kg>1. Let p be the parameter
vector p = [ f p q k| € R® of (1). Then, the origin x = 0
of system (1) is predefined-time stable with the settling
time 7., and 7 is a function of p that can be written as

T (2)" “

"0 =S - B

1=k kg—1 .
where m, =-—F and m, :qup are calculated positive

q-p
parameters.

Lemma 2 Consider a continuous radially unbounded
Sfunction V : R" — R satisfies

ww<——@wwya%mww+n, (5)

for x € R"\{0} and constants satisfy
a,f>0,0<¢p, p<l,g>1,0<n<oco. Let p be the
parameter vector p = [o? Bpaq (;S}TE R3 of (1), and 7 can
be calculated by

fp) = e ) ()™ ©
“plg—p) \B)
where m, :;%Z and my :ﬁ are calculated positive

parameters. Then, the trajectory of system (1) is practically
predefined-time stable with the settling time 7, and the
residual set of the solution of system (1) is given by

xe {V(x)<min{ (1”¢§—;)i, (1”(15%)}} (7)

Proof Considering a constant 0 < ¢ <1, (55) can be writ-
ten as

V<—¢%EW@%%1—@%ﬁW@%~%ﬂWﬂ+m
(8)

and

V<—%mﬂ@—¢%ﬁwuwwl—w%ﬁwuww.
9)

1
Case 1.IfV > (#i))' and considering 7 > 0,0< ¢ <1,

it has n — (1 — (b)}lo’cvp < 0. Then, (8) can yield

V< leo_cc]ﬁVp(x)

C

— Vi) <

_ - (10)
V) V()
Let oo = &¢, f = ¢, and (10) can be written as
V< —Tlcoch(x)—%ﬁVq(x). (11)

If k=1,0<p<l,q>1 in (4), we can have y(p) = 7(p)
with T'(1) = 1. Therefore, (11) can be written as (3) with
O0<p<l,g>1 in (5). Then, according to Lemma 1, it
shows that the solution of system (1) is practically
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predefined-time stable with the settling time 7, and con-
verges to the compact set

xe {V(x)<<ﬁ%)$}. (12)

nT,
Case2.IfV > <ﬁ7(17¢)

ithas n — (1 — (j))%BVq < 0. Then, (9) can yield

1
)q and considering 7 > 0, 0<¢p <1,

. 7o 7o
V< ——aV’(x) — = ppVix) <
V() — Vi)

— AV () = - FOV(2).

(&

(13)

Similarly, let o = &¢, f = B¢ and combine with T'(1) = 1,
(13) can also be written as (11). Then, it shows that the
solution of system (1) is practically predefined-time
stable with the settling time 7, and converge to the com-
pact set

xe {V(x)<<ﬁ%)é}. (14)

According to case 1 and case 2, Lemma 2 can be proved. [

Remark 2 1f # =0, Lemma 2 can be considered as a
special case of k = 1 in Lemma 1. It is obtained from (7)
that the solution of the system (1) reaches the origin within
a predefined time if # = 0.
Lemma 3 [41] For any ¥ € R and ¢ > 0, it has

192

JEre (13

0< -

Lemma 4 [11] For any &,&,5,---,&, = 0, it has

fo} (Zfl) Jfor 0<r <1, (16)
i=1 i=1

Zé{ > n“<z @) ,for 1 <r<oo. (17)
i=1 i=1

Lemma 5 [42] For any real variables x, y and the constant
1 (i=1,2,3), it has

l3|x|t1+12 + %) 137%|y|11+t2' (18)

xll l2< 1
el < s
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2.2 Dynamic model

Consider a general n-degree of freedom (DOF) rigid
robotic manipulator, whose dynamic model can be written
as [43]

M(q)g+ C(q,4)4 + G(q) +ta =1, (19)

where ¢, ¢, ¢ denote the position, velocity, and acceleration
vector of the robotic manipulator, respectively. M(q) €
R™" is the symmetric and positive-definite matrix,
C(q,q) € R™" is the centrifugal-Coriolis matrix, and
G(q) € R" is the Cartesian gravitational. T € R" is the
vector of control inputs, and 7, € R" is a vector of
unknown but bounded disturbances. For ease of presenta-
tion, M, C,G are used in this paper to denote

M(q),C(q,q),G(q), respectively.

Assumption 1 The vector of external disturbances 7, is
unknown but bounded and satisfies
|tai| < d; (i=1,2,---,n), where d; is an unknown posi-
tive constant.

Assumption 2 The desired trajectory ¢4(z) and its
derivatives ¢, (r) (i = 1,2) are known and bounded.

The external disturbance in robotic systems is primarily
caused by frictional forces, which are usually bounded in
real-world systems. As such, it is reasonable to assume that
the external disturbance term || is also bounded. Addi-
tionally, a known and bounded desired trajectory and
velocity serve as the foundation for tracking control, as an
unreasonable tracking trajectory would result from a lack
of such information. These assumptions are commonly
employed in dynamic control of robotic manipulators, as
seen in previous works such as [19, 44, 45].

Considering the actuator saturation caused by the large
torque of the predefined-time controller, the designed
control input t(r) € R" is affected by the saturation non-
linearity and can be expressed as

M(‘Ei([)) = { |Ti([)‘ Z Tmaxi

|Ti(t)‘<fmaxi

sign(;(1)) Tmaxi,
Ti(t)7

where 7Tn.x; represents the maximum control torque
allowed for joint i.

(20)

2.3 Neural network

Applying the powerful concept of predefined-time stability
requires an exact knowledge of the controlled system.
However, dynamic parameters in (19) are often challenging
to measure accurately, especially for multi-joint robotic
systems. To address this concern, a brief review of the
radial basis function NN approximation of the unknown
continuous function is considered.
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The following radial basis function NN is utilized to
approximate the unknown continuous function: h,, =
WT‘P(Z), where Z € Q, C R! is the input vector; W =
[Wi,wa, - 7wb]Te R’ is the weight vector with the node
number b > 1. Y(Z) = [Y,(2),¥,(Z), -, ¥,(Z)] € R is
the basis function vector and ¥;(Z) is chosen as ;,(Z) =
exp(—(Z — 0)"(Zz - 0,)/@?),i=1,2,---,b, where 0;
[0, Hi,}T is the center of the receptive field and @; is
the width of the Gaussian function.

Lemma 6 [46] For an arbitrary continuous function h(Z)

defined on a compact set Q; C R, there exists NN such
that

hZ)=wWTY(Z)+A(Z),VZ € @, C R, (21)
where W* is the ideal weight vector and A(Z) is the

approximation error. The ideal weight vector W* is an
artificial quantity required for analytical purposes which is

WeR? | zeq,
that |4(Z)| < 9, and ¢ > 0.

defined as W* := arg min { sup |h(Z) — WTT(Z)|}, such

This paper aims to establish a control signal 7 for each
joint of an uncertain multi-joint robotic system under
actuator saturation so that the tracking error of the robotic
joints can converge to a small neighborhood of the origin
within a predefined time.

3 Controller design and stability analysis

In the design of the predefined-time controller, the dynamic
parameters of the robotic manipulator are unknown, and
the actuator saturation is considered. Then, it is rigorously
demonstrated that the proposed controller can be incorpo-
rated within the framework of the practical predefined-time
stability.

3.1 Predefined-time controller design

Before the controller design, we consider one of the joints
of the robotic manipulator. According to (19), for a robotic
manipulator with n joints, the control torque of the ith joint
can be expressed as

T =Mug, + - -+ Mg, + - - + Mg,
+Cigy + -+ Cag; + -+ (22)
+ Cing, + Gi + 4,

where M;;, M;;, M;,, and C;;, C;;, C;, denote the first, ith and
nth elements of the ith row of matrices M and C; G; and 14

denote the ith elements of vectors G and 1,; ¢, ¢;, T; denote
the acceleration, velocity and torque of joint i.

Then, the acceleration of the joint i can be obtained from
(22) as

G = — My~ (Mag,
o+ Miagioy + Mia Gy + - + Ming,
+Cigy + -+ Cig; + -
+ Cindiy + Gi) + My 't — My ' 1.
(23)

For convenience, and considering input saturation, the
inverse dynamic equation for the ith joint of the robotic
manipulator can be expressed as

)51 = X2
{x’z =f(x) +b(x)u(z) +d 24)

where x1,x,T€R denote qi,4;, T flx) =
My "(MuGy, + -+ Mi1Gioy + Mi1Gigy +ooot
Mg, + Cingy + -+

+Ciig; + -+ + Cingy + Gi),b(x) = My ", and
d=—M; "7y Combining with Assumption 1, we rea-

sonably assume that d satisfies |d| < d, where d is an
unknown positive constant. Then, the controller for the ith
joint will be developed in (25-37).

First, define the position tracking error as

s1 = X| — Ya, (25)

where y,; denotes the desired trajectory of joint i. Then, an
intermediate variable ¢, is designed as

£ = _i (26)
Vaa+ 8

where /; is a small constant satisfying /; > 0. fl is an
intermediate variable, which can be expressed as

g = Tlckl Is1 'sign(s1 ) + Ti (27)

where k; and c; are two positive gain constants.
Combined with Lemma 2, the predefined-time parame-
ter v is defined as

o T(mp)T(mg) (o\™
T adlq —p) (ﬁ) ’ )

where p, g, ¢ are defined positive constants, which satisfy
0<p,¢p<1,q > 1. Meanwhile, m,, my, o, § can be derived

. 3
o= m1n{24kmin, r }

where

_g—1
97 g-p

_1-p
q=p’

ﬂ = min{2cmin,2r2 — %p%rg},

from m,
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0<p<(2)?%r1,72 >0, and kmin and cpin will be defined
later.

Then, the radial basis function is used to approximate
the following function

F(Z) = f(x) + [b(x) = u(z) = & = WTP(2) + A(2),
(29)

where Z = [x},x, Y, ¥, 3] - Since the dynamic model of
the robotic manipulator depends on the states of all joints,
x} € R" denotes a row vector with respect to all joint
positions, ie., Xy =1[q1,92, - Q). Similarly,
xh, Vs ¥y ¥y € R denote the vectors of all joint velocities,
desired positions, desired velocities and desired accelera-
tions, respectively. According to the description in
Sect. 2.3, we have |4(Z)] < J, and J > 0. Additionally,
since the ideal weight W* is unknown, ¢ is utilized to
denote o = ||W*||*. Then, using 6 to represent the estimate
of g, and it is constructed by the following adaptive law

——r16— i F26'3, (30)

where 4 > 0,a > 0, r,r, are positive parameters defined
in (28), and s, denotes an error variable that will be given
in (35).

Furthermore, considering the input saturation, the satu-
rated control torque can be approximated by

u(t) = g(v) +<(v), 31)

where g(t) denotes a smooth function used to approximate
the saturated torque, and ¢(7) is the bounded approximation
error. Referring to [47], g(t) can be chosen as

T e"-’/"v’max _ eif/fmax
= Tmax

et/tmax - @7/ Tmax '

8(7) = Tmax X tanh(

Tmax
(32)
and the bounded approximation error ¢(7) satisfying
|c(0)] = [u(r) = 8(7)| < Tmax (1 —tanh(1)) = 4. (33)

To compensate for the saturated controller, an auxiliary
variable 1 is calculated by the following adaptive law

i=—n+(gr)—1). (34)

Then, based on the designed intermediate variable £; and
auxiliary variable #, the error variable s, can be defined as

so=x— & — 1. (35)

Finally, the input torque is calculated by
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NEEETY (6)
558 + 155

where I, > 0. The intermediate variable &, is expressed as

T=—

— 1 l .
& = kalsaffsign(s2)

DA s1(1 = Ya)

+ T. 28, + 252 +s1+n+ 5 (37)
G5, Py
s

2a

where k; and ¢, are positive gain constants. Then, with
ki, cy defined in (27), kmin and cpin in (28) can be denoted
as kmin = min{k;, k> } and cpin = min{cy,cz}.

Based on the design of the controller mentioned above,
the block diagram on the implementation of the proposed
control scheme can be shown in Fig. 1. Different from the
existing robotic controllers, the proposed control
scheme can provide independent control torque for each
joint of the robotic manipulator, which avoids complex
matrix operations. Meanwhile, for multi-joint robotic
manipulators, only several joints of the manipulator are
required to be controlled in some tasks; thus, the proposed
control scheme contributes to reducing the computational
burden of the controller.

3.2 Stability analysis

The conclusion of the proposed controller regarding con-
vergence analysis is summarized in Theorem 1.

Theorem 1 For any joint of a multi-joint uncertain robotic
manipulator, the position tracking error of the joint can
converge to a small neighborhood near the origin within
the predefined time T, based on the control scheme in (25-
37).

Proof Consider a Lyapunov function candidate as follows:

1~2

1 1
V=cst+-55 +6, (38)

271272 T
where ¢ = 0 — 6 denotes the estimation error of ¢. Take
the derivative of V with respect to time yields

. 1 _.
V = 5181 + $28, — —64. (39)
A
According to (24), (25) and (35), we have
S1=X1 =Y =8+ +1—Yg (40)

Then, combined with (34), s, can be written as
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« Controller for joint i z Neural network
E “*'l:yd; Position error |1 | Intermediate variable —> RBENN v
i Eq. (25) Egs. (26), (27) » Eq. (2D
J 8
£, | Intermediate - Weight l— !
L‘ Cor]gtrol(;(;r)que <« variable 7 estimation 55 L2y
& Eq. (37) Eq.(30) [€—
A
82T T2
52 | Error variable [€—
Eq.(35 |

I |Saturated compensation " (v) sy

| & Approximation value Auxiliary variable [T {

: . Eq. (32) Eq. (34) ;

H Z ]

Fig. 1 Control flowchart of the proposed control scheme

§p = — & — 1 = f(x) + b(x)u()

+d—¢& +n—glt)+

(41)

By substituting (29), (40) and (41) into (38), one has

; N
V=si(s2+ & +n—Y,) — 799

52 (f() + b(Ju() +d = & + 11— () +)

=518 + 518 + 51 — 815 + $2F(Z)

+s(u(t)+d+n—g(t)+1) —%&3.

(42)

Based on (26), (27) and combined with Lemma 3, it has

s1é =~

3
=l — lk1|S1|2 —

T,

s&
Vg + 8

51 (%kl |s1 |%sign(s1) +

v
fC]S?.
T,

<L —sié =1—

v o3
TC clsl)

Similarly, based on (36) and Lemma 3, it has

)
5552

V& + 8

ST = —

<

L —$26,.

(43)

(44)

With the aid of Young’s inequality, and considering (29),
|4(Z)| < 6,6 = |W*||*,a > 0, s,F(Z) can yield

w Ty
$3F(Z) = s;WTW 4 5,4(Z) < %2 a+ |s2]o
29Ty 1 1 T “3)
05, 2 2 2
<—=—+= = =0
o +2a +2s2+2
Next, with (43) and (45), (42) can lead to
29T
; Y 3y . oY
V<siso+ 1 — Ekl Is1]> — FCCIST + 510 — 814 +722a2
1 1
=+ 5(12 =+ 55‘%
1 2 1 ~ X
—1—55 +s(u(t)+d+n—gt)+1)— ad
(46)
Combining  (31), (44), and considering that

|d| < d,|s(7)| < 4, we have

2(u(r) +d +n—g(t) +7) = sa2(s(r) +d+n+7)

(22 + Jz) + 5T + 528

(22 + JZ) + b — 528 + 5o
(47)
Then, substituting (37) and (47) into (46) leads to
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1% <s150 + 1) — le1|s1|%

Va4 o1, 1, o3Py
_Eclsl+sln—s1yd+§s2+§6 +227
L, 1rHn, =2 2 v 2

t34 +§(A +d)+s2+lz—f_k2|sz|

Y
— TCCQS§ — ES% — 51852

. 63Ty
—52’7—S1(’7—)’d)—7+~9271

1_:

7 ¢
b 30 47 3Y 4

= —Fck1|S1|2 —Eclsl —Tck2|S2|2 —FCCZSZ

= 2T
os;V'°Y 1.

B 7106+A1,

(48)

where A; =1, + 1 +1 (a2 Ny N 52).
The next step is to simplify the expression of V in (48).
With the adaptive law in (30), one has

1_. 63P'Y  yr_.
-00=—>—5————00
A 2a? TC A (49)
LIPS
T.}?
Substituting (49) into (48) can lead to
V g%(—]ﬂ |S] |% — C]S? — k2|S2|% — 0253 —|—r7166'
“ (50)
+7§ 567) + A.

Considering  kmi, = min{k, k2 }, ¢min = min{cy, ¢z}, (50)
can be written as

3 3
. 3 1 4 1 4
vgziﬁkmin{<2s%> +<2s%) }
4y 1,)°
— 7 Cmin =S
T. 27!
1,\? (51)
+ 552

+%%%
Yo
+Tcp66 +/11

Based on ¢ = 0 — 4, we have
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vn o LA S A
——00 < — - -0,
.27 "o 7% T a’ (52)
Y1 o..x Vo
= =66 <—=——=0
T. }? T. )? (53)
(67 —36%6 +306° — ).
Then, substituting (52) and (53) into (51) yields
1,0\ [1,)\
. 3 9
V<—2Z%Ckmin{(55%> +<§S§> }
4 1.\ [/1,\°
—?fcm{(?f) +(2%) }
VN, VT, Vg
A A O (54)
3y 5 3y 4
—?CFU (o2 +f?0— o

Bl

,lr_zg“,lr i&z
T, ;2 7. '\2)

3
Y 1~2 4

e — A
—|—Tcr1<2/10> +44

Using Lemma 5, the following inequality can be derived as

1L\ 3\°

V ) VARA ) Y

LA < - e 55

7. (2@“) 21,2 Tar" (4) : 53)

Y13 3y 5 5 Y o4

Ineps g2 BUEREPR 56

7.2% ST.277 Tr 2 (56)
4

ﬂﬂ P < 9y P‘r2&4 3 n 0_4, (57)

Tc 12 4Tc /12 4Tc )u2p4

where p is a defined constant satisfying 0 <p < (%)l
Combining with (55)-(57), (54) can be further written as

4 1.\ /1,\°
— F/cmm{ <§ v%) + <§ v%) }
¢ (58)

3
Yo, v (3 Yoy
T +4Tcrl( ) + 7
3 n

4
4—TC/12p4O- +/11

Let
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3
VARA R 3N, vy 3y
Ay =1 - 2ot
2 ZTC )\.O- +4Tc n (4’> +12Tc /126 +4Tc )L2p40-
+ A4
and considering o= min{Z%kmin, T }a B=

min{ZCmm, 2r, — %pgrz} in (28), (58) can be simplified as
V< Y 1 2_|_1 2 %_,_ 1 H\*
<—=ofl=zs7+=s — &
T. |[\2°1 " 272 2.
2y (/1 1.\ /1 .,\°
-7 [(ES“??) +(z7)

With Lemma 4, the Lyapunov function V satisfies the
following inequalities

+ As.

vig(Leyle %+ 1 % (60)
S\t T2 2) '
and
1, 1,\* /1 .,\°
V2<2[<2s%+2s§> +(2/102> ] (61)
Then, substituting (60) and (61) into (59) yields
; VoA Y o

Owing to the conditions of Lemma 2 and the definition of
V, it can be concluded from (62) that

2 1
Ay T\? Ay T.\?
|s1] < min 2%( 2 —') ,2%<—2—) V> T
1 —¢ay 1—¢py

(63)

With 0<¢ <1, it shows that the tracking error can con-
verge to a neighborhood near the origin within the settling
time 7, by choosing appropriate parameters. This com-
pletes our proof. [J

To avoid system singularities, the intermediate variable

&, in (37) can be modified to

_ " 1. 3
& :Tickz\szﬁs]gn(sz) + Tlcczsg + Esz

s1(n — yq)sign(s2)

s+ 64
1 N (64
6P

+ =

2a?

where s is a small positive constant.

Remark 3 Although the practical predefined-time stability
can be guaranteed under actuator saturation, it does not

mean that the control torque can be increased indefinitely.
Theoretically, the control inputs cannot be saturated for
long periods, as it could lead to system instability or even
damage. As shown during the proof, more severe torque
saturation implies larger steady-state tracking errors.
Therefore, control parameters should be reasonably chosen
in practical applications of robotic manipulators to avoid
actuator saturation.

Remark 4 The proposed controller contains several con-
trol parameters that should be carefully selected based on
the following principles. First, p,q, ¢, p are used to cal-
culate the control parameter y, and they can be selected as
p=0749=12,¢=0.95 p=0.5, which is generally not
required to be tuned. Then, for the other control parame-
ters, the larger 4, k;, ¢; (i = 1,2) and smaller a,]; (i = 1,2)
contribute to a better tracking performance, but lead to a
larger control torque. Therefore, when tuning these control
parameters, a trade-off should be made between the control
input and the control performance. Generally, c;,a, A can
be chosen as ¢; = 1.7,a =2,4= 0.1, and k;, [; should be
chosen by trial-and-error for a good tracking performance.

4 Numerical simulation

In this section, we present the application of the proposed
control scheme to two robotic manipulators, one with two
joints and the other with nine joints. The dynamic models
of these manipulators are unknown, and we utilize them to
showcase the effectiveness of the control approach.

4.1 Simulation and comparison of a two-joint
robotic manipulator

A two-joint robotic manipulator is employed to demon-
strate the efficacy of the proposed control algorithm and its
superiority over other existing control algorithms. The
robotic model is consistent with that in [15]. The dynamic
model parameters of the robotic manipulator are set as [} =
1 m,/, =0.8 m, m;y =05kg,m =15kg [, =1 =
5 kg -m2, where l;,m; and [; are the length, mass, and
inertia of link i, with i = 1,2. g = 9.81 m/s? denotes the
acceleration of gravity. The nominal values of l(l),lg are
defined as 1 =15 =0.9 m, and the nominal values of
m(f,mg are m(l) = 0.6 kg, mg = 1.8 kg, and the nominal
values of 19,19 are 1Y =19 =5 kg - m?. The maximum
permissible input control torque for each joint of the
robotic manipulator is 300 Nm.

This study compares six existing control algorithms,
comprising four model-free algorithms and two algorithms
based on dynamical models. The four model-free control
algorithms  include  the  proportion  integration
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differentiation (PID), the adaptive radial basis function
neural network (ARBFNN) in [48], the adaptive fuzzy
backstepping tracking control (AFBTC) in [49], and the
direct adaptive fuzzy control (DAFC) in [50]. Two control
algorithms based on the system dynamic model are the
second-order predefined-time sliding mode control
(SOPSMC) in [30], and the singularity-free fixed-time
sliding mode control (SFSMC) in [51]. In these controllers
used for comparison, the control parameters of the PID
controller are optimized using the PID module in Simulink,
while the control parameters of the other controllers are
chosen according to the corresponding references. The
parameters of the proposed controller are chosen as p =
07, ¢g=12,¢6=095p=05k =20,kp = 15a=
27C1 = () = 1.7,]1 = 12 = 001,

rn=r,=.=0.1,T. = 4,1(0) = 6(0) = 0. Moreover, the
NN contains eleven nodes with the center 0; evenly spaced
in [— 4, 4] and the width @w; = 6.

The desired trajectory of each joint is set as
qa = 1.25 — (7/5) exp(—t) + (7/20) exp(—4t). The initial
conditions are ¢1(0) = 0,¢>(0) = 0.4,4,(0) = ¢,(0) = 0.
The numerical simulation is conducted using the Simulink
of MATLAB R2020a, with a fundamental step size of
5x 1073 s.

The simulation results are displayed in Figs. 2, 3, 4, 5.
As can be observed from the joint position tracking tra-
jectories and tracking error results in Figs. 2 and 3, all of
the control algorithms successfully achieve tracking of the
desired trajectory. Among the algorithms, the proposed
control algorithm, DAFC, SOPSMC, and SFSMC demon-
strate high tracking accuracy, but the DAFC exhibits sig-
nificant overshoot during the tracking process, as
demonstrated by the tracking error in Fig. 3. The SOPSMC
and SFSMC display slightly more accurate tracking error

— — — - Desired ARBFNN AFBTC ------ SOPSMC
s Proposed PID DAFC - — —- SFSMC
£
=
.2
205
(=¥
/
0
0 1 2 3 4 5 6 7 8 9 10
Time (s)
1.5
E
=
S
z
(=¥

4 5 6 7 8 9 10
Time (s)

Fig. 2 Tracking trajectories and reference signals
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Fig. 4 Tracking trajectory of manipulator end-effector in workspace

of the manipulator end-effector in the workspace, as
demonstrated by the tracking trajectory in Fig. 4. However,
it is important to note that both the SOPSMC and SFSMC
schemes require knowledge of the dynamic model of the
robotic manipulator, and their control performance is
highly dependent on the accuracy of the dynamic model,
making them impractical in real-world applications. In
contrast, the proposed control scheme demonstrates effec-
tive tracking error convergence within the prescribed time
T. =4 s as shown in Fig. 5, despite the input torque sat-
uration observed in both the proposed and PID controllers.

The performance of the proposed control scheme is
further analyzed in Figs. 2, 6, 8. Figure 6 displays the
square of the estimated NNs’ ideal weights norm, while
Fig. 7 demonstrates the norm of the Gaussian function. The
dynamical model of the robotic manipulator is defined by
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Fig. 7 Norm of the Gaussian function

fi =M(q)g + C(gq,4)d + G(gq), and its approximation by
NNs is denoted by fy,- As shown in Fig. 8, the proposed
control scheme’s NNs can perform a fast and accurate
approximation of the dynamic model.

— Ideal fY

—— Estimation of fY

nd
S
S

20H .
ot
20t .

-40y p) 7 6 3 10
Time (s)

Estimation error

. 8 Approximation values and error of the dynamic model

I
(=]

It is worth emphasizing that the proposed control
scheme offers a powerful tool for achieving practical pre-
defined-time stability in the field of robotics, as it addresses
a major limitation of existing control algorithms. Specifi-
cally, the novel control approach does not require prior
knowledge of the dynamic model of the robotic system,
which represents a substantial advantage over existing
predefined-time control methods. Furthermore, the pro-
posed scheme ensures practical predefined-time stability,
even in the presence of actuator saturation, which is a
property that is not possessed by the aforementioned con-
trol algorithms. While the PID, ARBFNN, AFBTC and
DAFC algorithms not require a priori knowledge of the
model of the robotic manipulator, they are unable to pro-
vide an upper bound on the convergence time. Moreover,
although SOPSMC and SFSMC can guarantee that the
tracking error converges within a specified time, they
require a known model of the system dynamics, rendering
their performance invalid once the system becomes
saturated.

Moreover, we examined the tracking performance of the
proposed control scheme in response to variations in the
load on the robotic manipulator. At ¢ > 5 s, we modified
the mass of link 2 from m, = 1.5 kg to 3 kg. The tracking
error of the robotic joints is presented in Fig. 9. The results
reveal that the tracking error of the proposed control
scheme experiences a brief fluctuation and swiftly con-
verges to almost zero. On the other hand, the tracking error
of the SOPSMC scheme changes considerably, indicating
its ineffective compensation for changes in robotic loads.
Furthermore, the AFBTC scheme exhibits the lowest
tracking accuracy when the load on the robotic manipulator
varies. The PID and ARBFNN approaches require a more
extended period to restore the tracking error to an accuracy
comparable to that before the load alteration.
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Proposed PID DAFC -——-SFSMC
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Fig. 9 Joint position tracking error with variable loads

4.2 Simulation of a nine-joint redundant robotic
manipulator

As shown in Fig. 10, the controlled objective is a robotic
manipulator with nine vertically crossed joints, and the
joint positions, velocities, and desired joint positions and
velocities are used as inputs to the controller. The robotic
model is imported into Simscape and the automatically
generated dynamic parameters as the actual parameters,
which are only used to calculate the states of the joints and

Controller
r — — "

| | ‘
| \
Joint 7
| |
Joint 6 3
0 0, OO
‘ Joint 5
Y contonr s »
Joint 4 i
| A
| ‘ Joint 3
| \
Joint 2
|
L — — 4 ==/ |
q, 9 *

Fig. 10 Schematic of the nine-joint rigid robotic manipulator

9-DOF robotic manipulator
29

"
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not for the controller. The maximum allowed input torque
is assumed to be 338 Nm for joints 1 and 2, 238 Nm for
joints 3 and 4, 135 Nm for joints 5 and 6, and 69 Nm for
joints 7, 8, and 9. Meanwhile, the gravity parameter of the
robotic manipulator is set to g = 9.8 m/s?. The robotic
manipulator shown in Fig. 2 is the initial pose, and the
initial position and velocity of each joint are set to zero. To
facilitate the presentation of simulation results, the desired
trajectory of each joint is set to
ga = — %+ exp(—t) — texp(—4t). The parameters of the
controller are chosen as p=0.7,q=12,¢ =0.95p =
0.5,](1 = 20,]{2 = 5,(1 = 2,6‘1 =C) = 1.7, 11 = lz =r =
A =0.1,r,=2,T. =8,n7(0) =0,6(0) = 10. The parame-
ters associated with the NN are the same as those in
Sect. 4.1. The numerical simulation is conducted using the
Simscape of MATLAB R2020a, with a fundamental step
size of 5 x 1073 s.

The numerical simulation results are shown in Figs. 4,
11, 13. Figures 11 and 12 show the tracking trajectory and
tracking error of each joint, respectively. It can be seen that
all joints can quickly and accurately track the desired tra-
jectory, and the tracking error converges to a neighborhood
near zero within 4 s. The input torque of each joint in
Fig. 13 shows that the control torques of joints 2, 4, 7 and 9
are saturated within 1 s but can still ensure the practical
predefined-time stability of the tracking error, which is
consistent with the description in Theorem 1. Moreover,
the control torque has a significant chattering before 1.5 s,
which is mainly due to NNs approximating the dynamic
model of the robotic manipulator.

With the forward kinematic and joint angles of the
robotic manipulator, the desired trajectory and the actual
trajectory of the manipulator end-effector varying with
time in the workspace can be calculated. As shown in
Fig. 14, it shows that the manipulator end-effector has an
accurate tracking of the desired trajectory after 1 s. Fig-
ure 15 shows the tracking errors of the position and attitude
of the manipulator end-effector, indicating that the pro-
posed controller can ensure good tracking performance for
the manipulator end-effector. Therefore, combined with the
inverse kinematics of the manipulator, the proposed control
scheme can be used for the manipulator end-effector to
accurately track the desired trajectory in the workspace
within a predefined time.

5 Experiments results

In this section, the experimental results are used to
demonstrate the effectiveness of the proposed control
scheme based on a self-developed nine-joint redundant
manipulator. The experimental system is shown in Fig. 16.
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Fig. 12 Joint position tracking error

The nine-joint manipulator used in this experiment is
consistent with the structure of the model used in the
simulation, and each joint motor is equipped with a rotary
encoder to measure the joint angle, and the joint velocity is
obtained by differential calculation of the joint angle. The
control system of the robotic manipulator is developed
based on TwinCAT3, which supports PLC, C++ and
MATLAB/Simulink for algorithm design and implemen-
tation. Then, the communication with the lower computer
can be realized by EtherCAT, and the specific control
instructions are sent to the motion controller at the time
step of 5 x 1073 s. To obtain the tracking trajectory of the
manipulator end-effector, an optical tracking measurement
device (Aicon-Movelnspect-XR8) is used to provide posi-
tion and attitude measurement for the manipulator end-
effector, which allowed for more accurate acquisition of
the actual position of the manipulator end-effector in the

Time (s)

Fig. 13 Joint input torque

Desired trajectory
Actual trajectory

Fig. 14 Tracking trajectory of manipulator end-effector in workspace

working space than those obtained solely through joint
position calculations.

Considering the possible damage to the robotic manip-
ulator and illustrating the effectiveness of the proposed
controller, the input torque range of joints 1 and 2 is
bounded to 120 Nm. The maximum torque allowed by
other joints is constrained to the maximum torque of the
motor output, which is consistent with the setting in
Sect. 4.2. The initial joint angle of the robotic manipulator
is set to go = [0,25°,0,25°,0,25°,0, 25°,0]T, and the ini-
tial velocity is zero. The desired joint trajectory is set to

qai = 0.01 +0.15sin(%1)(i = 1,3,5,7,9),  qu2 = qas =
001 +Zn  +0.0sin(51),  qas = qas = 0.01 + 257

—0.1sin (% t). The control parameters are set to
I; =0.01(i=1,2),T. = 10, and other control parameters

are consistent with those in the simulation.
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Fig. 15 The three-axis position
and attitude errors of the end-
effector. a The position tracking
error. b The attitude tracking
error

Fig. 16 The experimental system for a nine-joint robotic manipulator

Fig. 17 Tracking trajectory and
error of the robotic manipulator.
a Tracking trajectories of joints
1,3,5,7,9 and reference signal.
b Tracking trajectories of joints
2, 4 and reference signal.

¢ Tracking trajectories of joints
6, 8 and reference signal. d Joint
position tracking error

@ Springer

0 T e e e e e = e
W
3 x10% /
i 4
-0.05} 2t /1
o A==
2
6 7 8
0.1 4
-------- x
S
-0.15 z |1
0 2 4 6 8 10
Time (s)
(a)

The Controlle
for Manipulator §
[ 7

Position (degree)

Position (degree)

0.2
------ X
0.1} s s e
—_ Ul z
N
IS
£.0.1 (1711 1 S .
/M oF — g
oo 0011 —
A 00—
T2 4 6 8 10
Time (s)
(b)

The experimental results are presented in Figs. 17, 18,
19. Figure 17 shows that each joint has a good tracking
performance for the desired trajectory, and the tracking
error converges to a neighborhood near zero with a steady-
state error of less than 0.2° within 6 s. Meanwhile, a
transient saturation of the input torque of joint 2 is
observed at the initial time. The three-axis position and
attitude errors of the end-effector are shown in Fig. 19, and
the maximum three-axis position and attitude errors are
[0.0132 m, 0.0156 m, 0.0127 m] and [2.5559°, 0.6861°,
1.1480°], respectively. From Fig. 19, the maximum error in

attitude tracking occurs during the initial tracking, which is

caused by the chattering at the initial time. Considering the

10 - : r
™\ /N [——4q 7/ \ /N —
[\ /N q, 30F 4 ) ;/ \ | _flz 1
S5k \ . —_— A . / \ f \ q,
/ \ / ol Bogk ! / S EEETAL
/ \ / \|— _39 P '/ \‘1 f \‘3
0f \ / =] Z26f \,_\ // \
\ ‘ \ f/ g { \‘ !
/ \ g 241 \ / \ /
5t \ / [ - / ‘ /
\ / \ / 2f \‘ / [
/ \/ \/ \ /
-10 A A N " M 20 : NS NJ
0 20 40 60 8 100 120 0 20 40 60 80 100 120
Time (s) Time (s)
(@) (®)
- . < .
30 VAR [\
/1 A
28 +—\ H—\ -
/ \ / \| 2
26} / \ / {2
\ ! | / et
244, (/ i / ' g
."‘._ ;" "\ / """ qo a
22 \ / \ A — —q; N
20L N AN/ k1 | RO I et
0 20 40 60 80 100 120 60 80 100 120
Time (s) Time (s)
(c) (@



Neural Computing and Applications (2023) 35:20423-20440

20437

100y T
] Ty =======-
Ts
] .7'8
E .
z NEPPRRPPPPONT
o Py,
=
=
o
=
80 100 120

Time (s)

Fig. 18 Joint input torque

measurement error and the properties of the nine-joint
manipulator, it can be concluded that the proposed control
scheme has a good control performance in the tracking
control of a multi-joint robotic manipulator.

After analyzing the simulation and experimental results
presented above, it can be concluded that despite the pro-
posed control scheme’s complexity, it still exhibits good
real-time performance and satisfies the trajectory tracking
control requirements for robotic systems.

6 Comparison with the existing results

In comparison with the existing finite-time control
schemes, fixed-time control schemes and predefined-time
control schemes, the novelty of the proposed control
scheme is highlighted as follows.

(1) In contrast to existing finite-time control schemes
[6-8, 52], the proposed control scheme offers a settling-
time bound that depends solely on an adjustable control
parameter. This feature allows the determination of an a
priori tunable parameter that serves as an upper bound for

the settling time, regardless of the initial error of the
robotic joints. This predefined-time stability is valuable for
tasks with severe constraints on the settling time of the
robotic manipulator, such as the grasping task of a space
robotic manipulator [53] or scenarios where the initial state
of the system is not available.

(2) The existing fixed-time control schemes proposed in
[10-16] ensure that the upper bound for the settling time
satisfies a complex function constructed from the control
parameters, which makes the tuning of the settling-time
bound complicated and unintuitive in practical applica-
tions. Moreover, the upper bound for the settling time tends
to significantly overestimate the least upper one in the
fixed-time controllers. Although some fixed-time control
schemes have combined NN techniques to make them
applicable to more complex systems, the above problems
cannot be solved [17, 19, 20, 54]. Different from these
fixed-time control schemes, the proposed controller ensures
that the settling-time bound in the robotic system depends
only on the settling time 7, and is much less conservative.
This means that the upper bound for the settling time of the
proposed control scheme is easier to set and more
reasonable.

(3) Most of the existing predefined-time control schemes
are designed based on system models, such as the prede-
fined-time controllers for robotic manipulators in
[22, 23, 27, 38]. However, the dynamic model of the multi-
joint manipulator is quite complicated; thus, the above
controllers have only been simulated or experimentally
validated by a 2-DOF or 3-DOF robotic manipulator. The
proposed practical predefined-time stability criterion
allows us to apply the NN technique to approximate the
dynamic model of an unknown system, which makes it
easier to be applied to multi-joint robotic manipulators.
Meanwhile, the saturation of actuators in predefined-time
control is considered, which has important practical
implications for the safety of the manipulator control.

Finally, Table 1 categorizes eleven cases based on the
convergence time of the system, dependence on the robotic
dynamic model, and consideration of system saturation,

Fig. 19 The three-axis position 0.015 T - 7 2
and attitude errors of the end- 0.01 J i Y T ’7 x
effector. a The position tracking ’ th / Y A : 1f ')_}
. . I \ i .7 K ~ Z
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Table 1 Comparisons among different trajectory tracking schemes for robotic manipulators

System stability Whether the upper =~ Whether the upper bound Whether the upper bound Whether to request ~Whether
bound on the on the settling time is on the settling time dynamic models for actuator
settling time can be  independent of the initial depends on a control robotic saturation is
estimated? state? parameter? manipulators? considered?

This Predefined-time  Yes Yes Yes No Yes
paper  stable

Paper  Asymptotically No No No Yes No
[55] stable

Paper  Asymptotically No No No No No
[56] stable

Paper  Asymptotically No No No No Yes
[57] stable

Paper  Finite-time Yes No No Yes No
[52] stable

Paper  Finite-time Yes No No No No
[58] stable

Paper  Finite-time Yes No No No Yes
[59] stable

Paper  Fixed-time Yes Yes No Yes No
[15] stable

Paper  Fixed-time Yes Yes No No No
[20] stable

Paper  Fixed-time Yes Yes No No Yes
[19] stable

Paper  Predefined-time Yes Yes Yes Yes No

[23] stable

with representative works given for each. In practical
applications of robotic manipulators, control engineering
faces challenges regarding system models, unknown dis-
turbances, and control input feasibility. However, the
proposed control scheme circumvents these issues by not
requiring a priori knowledge of the model and distur-
bances, nor concerns itself with excessive control inputs.
As such, it proves to be a feasible control scheme for
practical applications of robotic manipulators.

7 Conclusion

In this work, an adaptive practical predefined-time neural
control scheme is designed for multi-joint manipulators
with unknown dynamic parameters. Since the system
uncertainty invalidates the predefined-time stability crite-
rion, a novel practical predefined-time stability criterion is
developed. The requirement for mechanical dynamic
parameters is avoided by the neural network technique,
while an adaptive term is used to compensate for the
adverse effects on the control effect due to actuator satu-
ration. Then, the practical predefined-time stability of the

@ Springer

robotic system is rigorously demonstrated based on the
established stability criterion. The tracking error can con-
verge to a small neighborhood near the origin within a
predefined time, and the upper bound for the settling time
is independent of the initial state of the system. The
numerical simulation and experimental results of robotic
manipulators emphasize the feasibility and reliability of the
proposed control scheme, indicating the application
potential of the predefined-time control theory in the con-
trol of the multi-joint robotic manipulator.

In future work, we aim to develop control algorithms
with predefined-time stability for hyper-redundant or con-
tinuum manipulators and improve the estimation of settling
time for robotic manipulators, as the current upper bound is
always overestimated.
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