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Abstract

Huayang Sai, Zhenbang Xu, Jingkai Cui

In this article, a nonconservative prede�ned-time sliding mode control (SMC) scheme and an
adaptive practical prede�ned-time SMC scheme are proposed for trajectory tracking of
uncertain robotic manipulators. The nonconservative prede�ned-time SMCer can achieve
strong prede�ned-time stability of a class of second-order systems without dynamic
uncertainties and disturbances. Nonetheless, even in the dynamic uncertainties and
disturbances, we show that the studied scheme provides a nonconservative upper bound of
settling time. Moreover, considering the unknown coupling uncertainty of the robotic system,
adaptive laws are proposed to estimate the upper bound of the coupling uncertainty. Based
on the proposed practical prede�ned-time stability criterion, the designed adaptive practical
prede�ned-time SMCer is shown that the tracking error of the system can converge to a
neighborhood of the origin within a prede�ned time, and the proposed controller weakens
the chattering and no prior knowledge of the upper bound of the system uncertainty is
required. Several simulation examples are conducted to show the feasibility of the proposed
controller, especially evaluating the robustness and the nonconservative settling time.

1 INTRODUCTION
Tracking control of robotic manipulators has always been a challenging topic, aiming at higher
tracking accuracy, faster tracking rate, stronger robustness, and anti-interference performance.
Among various advanced control methods, sliding mode control (SMC) has attracted scholars'
extensive attention due to its ability to withstand bounded external interference and strong
robustness.  The main point of SMC is to drive and maintain the system state on a stable sliding
manifold designed a priori in the state space.  To achieve the �nite-time convergence, �nite-time
SMC provides an e�ective solution for the tracking control of the robotic manipulators, due to its
fast transient response and high-precision position tracking performance.
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In spite of that, the convergence time of �nite-time SMC is an unbound function related to the
initial states of the system. Therefore, the application of �nite-time SMC is constrained when the
initial states of the system are unknown or di�cult to obtain. To settle this problem, the �xed-
time control technology was developed,  which can guarantee a bounded settling time
independent of initial states. Several mathematical theories on �xed-time stability have been
analyzed  and corresponding techniques for �xed-time SMC have been proposed.  These
concepts have gained widespread attention in the control of robotic manipulators' trajectory
tracking, with numerous studies con�rming their e�ectiveness.

Compared with �nite-time SMC, �xed-time SMC has a remarkable advantage in the settling time
of the system, but it is often complex to determine the direct relationship between the control
parameters and the settling time. To address this issue, a more advanced concept called
prede�ned-time control was proposed,  which provides advanced stability features for the
controlled system, such that, the upper bound for settling time of the system can be easily
ascertained by tuning parameters, thus providing high determinacy on the system behavior. In
some recent works,  the prede�ned-time control was utilized in combination with the SMC
method to improve the robustness for �rst-order systems, but these controllers only consider
the prede�ned-time stability in the reaching phase. Furthermore, some works  made an
attempted to extend the prede�ned-time stability to second-order dynamic systems, even high-
order systems.  In the work of Sánchez-Torres et al.  and Aldana-López et al.,  the
prede�ned-time SMCers for the second-order system can guarantee the prede�ned-time
convergence of the reaching phase and the sliding phase, but their upper bounds of settling time
are often too conservative. For the robotic system with strict time constraints, the convergence
time of its trajectory tracking is designed in advance to avoid con�icts between decoupled task
constraints. In recent studies,  some prede�ned-time controllers were designed for robotic
systems. The controller in the work of Obregon-Flores et al.  for redundant manipulators
required the acceleration of joints, and the controller in the work of Munoz-Vazquez et al.  only
achieved the prede�ned-time convergence in the reaching phase. For these control schemes, too
conservative settling-time parameters can result in premature convergence of the system state,
which means a waste of system energy consumption and may result in saturation of the
actuator. In the works of Pal et al.  and Gómez-Gutiérrez et al.,  the settling-time conservation
was investigated, but the convergence was an exponentially growing for negative state initial
values,  and the external disturbances of the system were not considered.

In addition, considering the uncertainty in the second-order system, all the above-mentioned
prede�ned-time SMC schemes  assumed a priori knowledge of the upper bound of the
system uncertainty. Obtaining the exact value of the coupling uncertainty poses a challenge in
practical applications due to the robotic manipulator's structural complexity and external
disturbances. Overcompensating for the uncertainty leads to chattering, which can harm control
over the manipulation. Neural networks or fuzzy controls are used to deal with unknown robotic
dynamics. However, they require a substantial number of gain parameters, which need
adjustment and impose a heavy computational burden on the controller.  Despite the
application of adaptive techniques to �nite-time or �xed-time control to resolve the identi�ed
issues,  the current prede�ned-time stability criterion's strictness prevents it from satisfying
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its prerequisites in conjunction with adaptive techniques. Thus, further research is necessary to
address the prede�ned-time stability criterion for addressing the challenges posed by systems
with uncertain parameters.

The article focuses on the problem that the upper bound of the settling time is too conservative
and the upper bound of the coupling uncertainty is di�cult to obtain in the prede�ned-time SMC
for robotic manipulators. To tackle these challenges, we concentrate on developing an adaptive
prede�ned-time SMC scheme. Our control scheme is based on recent research results on a
second-order SMCer with prede�ned-time convergence in the work of Sánchez-Torres et al.  and
the settling time estimate of a class of �xed-time stable systems in the work of Aldana-López et
al.  Their theoretical frameworks allow us to propose a more nonconservative prede�ned-time
SMC scheme for second-order systems, which can guarantee strong prede�ned-time stability
without considering disturbances. To highlight our contributions, we will compare the results of
some second-order prede�ned-time control schemes in recent years.  Furthermore, a
practical prede�ned-time stability criterion and adaptive laws for the proposed prede�ned-time
SMCer are proposed to guarantee the practical prede�ned-time stability of the system and to
estimate the upper bound of the coupling uncertainty. To illustrate the robustness of our
approach in the tracking control of the robotic manipulator, di�erent external disturbances and
manipulator structures are simulated, and the numerical simulation results verify the advantages
of the proposed control scheme in terms of nonconservative and chattering suppression.

The paper will proceed as follows: we present problem formulation and preliminaries in
Section 2. Section 5 details the proposed control scheme. Simulation results of various robotic
manipulator designs subjected to external disturbances are presented in Section 9. We proceed
to compare our approach with other existing SMC schemes in Section 12 and end by
summarizing some closing remarks in Section 13.
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2 PRELIMINARIES
2.1 Prede�ned-time stable systems
Consider the following autonomous dynamical system

where 𝑥 ∈ ℝ𝑛 denotes the system state, and the vector 𝜌 ∈ ℝ𝑏 is the constant parameters of
system (1). The function 𝑓 :ℝ𝑛 → ℝ𝑛 stands for a nonlinear function, with 𝑓0; 𝜌 = 0. The initial
condition of this system is 𝑥0 = 𝑥0 ∈ ℝ𝑛.

De�nition 1. (�xed-time stability[ ]) If the origin of system (1) is globally �nite-time stable and the
settling-time function 𝑇:ℝ𝑛 → ℝ+ ∪ 0 is bounded, then the system (1) is �xed-time stable.

De�nition 2. (settling-time set[ ]) If the origin is �xed-time stable for the system (1), then the set
of all the bounds of the settling-time function can be de�ned as
𝒯 = 𝑇max ∈ ℝ+ : 𝑇𝑥0 ⩽ 𝑇max, ∀𝑥0 ∈ ℝ𝑛.

�̇� = 𝑓𝑥, 𝜌, (1)
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(i)

(ii)

(i)

(ii)

(iii)

Remark 1. The above de�nitions show that the settling time of the �nite-time stable system
depends on its initial state, and the settling time bound of the �xed-time stable system is a
constant. However, in some engineering applications, such as state forecasting, trajectory
tracking, etc., the states of the system (1) can reach the origin within the settling time 𝑇𝑐 ∈ 𝒯. The
settling time is expected to be de�ned bring forward as a function of the system parameters
𝑇𝑐 = 𝑇𝑐𝜌. In this case, this demand motivates the de�nition of prede�ned-time stability.

De�nition 3. (prede�ned-time stability[ ]) For the system vector 𝜌 and a prede�ned-time constant
𝑇𝑐: = 𝑇𝑐𝜌 > 0, the origin of system (1) is noted as

If the system (1) is �xed-time stable and the settling-time function 𝑇:ℝ𝑛 → ℝ is such that
𝑇𝑥0 ⩽ 𝑇𝑐 , ∀𝑥0 ∈ ℝ𝑛, the system (1) is globally weakly prede�ned-time stable, and 𝑇𝑐 is the weak
prede�ned time.

If the system (1) is �xed-time stable and the settling-time function 𝑇 :ℝ𝑛 → ℝ is such that
sup𝑥0 ∈ ℝ𝑛𝑇𝑥0 = 𝑇𝑐, the system (1) is globally strongly prede�ned-time stable, and 𝑇𝑐 is the

strong prede�ned time.

The following theorems describe a class of Lyapunov-like conditions for characterizing
prede�ned-time stability.

Lemma 1. (see the works of Sánchez-Torres et al.[ ]) Consider a continuous radially unbounded
function 𝑉 :ℝ𝑛 → ℝ that satis�es

𝑉𝑥 = 0 if and only if 𝑥 = 0.

𝑉𝑥 ⩾ 0 and,

any solution 𝑥𝑡 of (1) satis�es

for 𝑥 ∈ ℝ𝑛 ∖ {0} and constants 𝑇𝑐: = 𝑇𝑐𝜌 > 0,𝛼 > 0,𝛽 > 0, 𝑝 > 0, 𝑞 > 0 such that 0 < 𝛽𝑞 < 1. Γ ·  is
the gamma function.

In this case, the origin of system (1) is called prede�ned-time stable and 𝑇𝑐 is a prede�ned time.

Lemma 2. (see the work of Aldana-López[ ]) If there is a continuous positive de�nite radially
unbounded function 𝑉 :ℝ𝑛 → ℝ that satis�es

for 𝑥 ∈ ℝ𝑛 ∖ {0} and constants satisfy 𝛼,𝛽, 𝑝, 𝑞, 𝜈 > 0, 𝜈𝑝 < 1, 𝜈𝑞 > 1. Let 𝜌 be the parameter vector
𝜌 = 𝛼 𝛽 𝑝 𝑞 𝜈𝑇 ∈ ℝ5 of (3). Then, the origin 𝑥 = 0 of system (3) is prede�ned-time stable with the
prede�ned time 𝑇𝑐 and the settling-time function satis�es 𝑇𝑓 = 𝛾𝜌, where 𝛾𝜌 is de�ned as

13

18, 39

�̇�𝑥 ⩽ −
𝛼
𝛽𝑞−1
𝑝 Γ1−𝛽𝑞

𝑝

𝑝𝑇𝑐
exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞 (2)

19

�̇�𝑥 ⩽ −
𝛾
𝑇𝑐

𝛼𝑉𝑥𝑝 + 𝛽𝑉𝑥𝑞𝜈, (3)
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where 𝑚𝑝 = 1−𝜈𝑝
𝑞−𝑝

 and 𝑚𝑞 =
𝜈𝑞−1
𝑞−𝑝

 are calculated positive parameters.

Remark 2. If the equality holds in (2) or (3), it has 𝑇𝑥0 = 𝑇𝑐 as 𝑥0 →∞. Consequently, from
De�nition 3 (ii), the system (1) is strongly prede�ned-time stable with a strong prede�ned time 𝑇𝑐.

Lemma 3. If there is a continuous radially unbounded function 𝑉:ℝ𝑛 → ℝ satis�es

for 𝑥 ∈ ℝ𝑛 ∖ {0} and constants satisfy 𝑇𝑐 , 𝛼, 𝛽, 𝑝, 𝑞, 𝜂 > 0 and 0 < 𝛽𝑞 < 1. Then, the origin of system (1)
is practically prede�ned-time stable with the prede�ned time 𝑇𝑐

1−𝜙
, where 0 < 𝜙 < 1 is a de�ned positive

constant, and the residual set of the solution of system (1) is given by

The proof of Lemma 3 is given in “Appendix A”.

Remark 3. The concept of “practically” in Lemma 3 implies that the tracking error can converge
to the set of residuals of the origin. According to (3) and (5), let 𝑣 = 1, then the prede�ned-time
stability can be regarded as a special case of the practical prede�ned-time stability with 𝜂 = 0,
while the range of the solution of system (1) converges to zero.

2.2 Dynamic model of robotic manipulators
Consider a general n-degrees-of-freedom (DOF) rigid robotic manipulator, whose dynamic model
can be written as

where 𝑞, �̇�, �̈� represent the position, velocity, and acceleration vector of the robotic manipulator,
respectively. 𝑀𝑞 ∈ ℝ𝑛 × 𝑛 is the symmetric and positive-de�nite matrix, 𝐶𝑞, �̇� ∈ ℝ𝑛 × 𝑛 is the
centrifugal-Coriolis matrix, and 𝐺𝑞 ∈ ℝ𝑛 is the Cartesian gravitational term. 𝜏 ∈ ℝ𝑛 is the joint
torque vector, and 𝜏𝑑 ∈ ℝ𝑛 is a vector of unknown but bounded external disturbance.

To track the trajectory and velocity of the robotic manipulator, the position and velocity tracking
errors are denoted as

where 𝑞𝑑 ∈ ℝ𝑛 and �̇�𝑑 ∈ ℝ𝑛 denote the desired trajectory and desired velocity, respectively. It is
reasonable to postulate that the dynamics of the robotic manipulator have the following
properties in this paper.

𝛾𝜌 =
Γ𝑚𝑝Γ𝑚𝑞

𝛼𝑘Γ𝑘𝑞−𝑝
𝛼
𝛽
𝑚𝑝

, (4)

�̇�𝑥 ⩽ −
𝛼
𝛽𝑞−1
𝑝 Γ1−𝛽𝑞

𝑝

𝑝𝑇𝑐
exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞 + 𝜂 (5)

𝑥 ∈ 𝑉𝑥 ⩽
𝜂

𝜙𝜉𝛼

1
𝑝 + 𝛽𝑞 . (6)

𝑀𝑞�̈� + 𝐶𝑞, �̇��̇� + 𝐺𝑞 = 𝜏 + 𝜏𝑑, (7)

휀1 = 𝑞𝑑−𝑞, 휀2 = �̇�𝑑−�̇�, (8)
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Property 1. Generally, the matrices 𝑀𝑞,𝐶𝑞, �̇� and 𝐺𝑞 can be written as

where 𝑀0𝑞, 𝐶0𝑞, �̇�, and 𝐺0𝑞 are the nominal parts of the model parameters, and 𝛥𝑀𝑞,𝛥𝐶𝑞, �̇�, and
𝛥𝐺𝑞 represent the system uncertainties.

Property 2. According to the dynamic model and Property 1, (7) can be written as

where 𝜌 ∈ ℝ𝑛 denotes the coupling uncertainty vector of dynamic model, and 𝜌 can be written as

40

𝑀𝑞 = 𝑀0𝑞 + 𝛥𝑀𝑞,
𝐶𝑞, �̇� = 𝐶0𝑞, �̇� + 𝛥𝐶𝑞, �̇�,
𝐺𝑞 = 𝐺0𝑞 + 𝛥𝐺𝑞,

(9)

37

𝑀0𝑞�̈� + 𝐶0𝑞, �̇��̇� + 𝐺0𝑞 = 𝜏 + 𝜌, (10)

𝜌 = 𝜏𝑑−𝛥𝑀𝑞�̈�−𝛥𝐶𝑞, �̇��̇�−𝛥𝐺𝑞 . (11)

3 CONTROL DESIGN
3.1 Prede�ned-time control of uncertain second-order systems
Consider a second-order system in regular from with a bounded disturbance as

where 𝑥 = 𝑥1 , 𝑥2𝑇 ∈ ℝ2 denotes the system state, 𝑢 ∈ ℝ is the control input, and 𝛥 ∈ ℝ is a
bounded disturbance that satis�es |𝛥 | ⩽ 𝛿 with 𝛿 ∈ ℝ+.

Theorem 1. With 𝛼1 , 𝛽1 > 0, 1 < 𝑝1 < 2, 𝑞1 > 2, a sliding mode variable is selected as

where 𝛾1 ,𝑚𝑝,𝑚𝑞 are some constants satisfying 𝛾1 =
Γ𝑚𝑝Γ𝑚𝑞

𝛼1

1
2Γ12𝑞1−𝑝1

𝛼1
𝛽1

𝑚𝑝 , 𝑚𝑝 =
2−𝑝1

2𝑞1−𝑝1
, 𝑚𝑞 =

𝑞1−2
2𝑞1−𝑝1

, and

�𝑥�
𝑟
= | 𝑥 |𝑟 sign𝑥 with 𝑟 ∈ ℝ+. Then, the prede�ned-time sliding mode surface is represented as

Using (13) and (14), the prede�ned-time controller for system (12) is constructed as

�̇�1 = 𝑥2 ,
�̇�2 = 𝑢+ 𝛥, (12)

𝑠𝑎 = �𝑥2�
2
+
2𝛾1

2

𝑇𝑐1
2 𝛼1�𝑥1�

𝑝1 + 𝛽1�𝑥1�
𝑞1 , (13)

𝑠 = 𝑥2 + �𝑠𝑎�
1
2 . (14)

𝑢 =
|𝑥2 |

𝛾2
2𝛽2𝑞2−1

exp
𝛼2
2𝑝2

| 𝑠 |2𝑝2 �𝑠�
2𝛽2𝑞2−3−

𝛾1
2

2𝑇𝑐1
𝛼1𝑝1 | 𝑥1 |𝑝1−1 + 𝛽1𝑞1 | 𝑥1 |𝑞1−1 𝑥2

|𝑠𝑎 |
1
2 + | 𝑥2|

− 𝛾2
2𝛽2𝑞2−1

exp 𝛼2
2𝑝2

| 𝑠 |2𝑝2 �𝑠�
2𝛽2𝑞2−3−𝑘sign𝑠,

(15)



2024/4/30 18:57 Nonconservative adaptive practical predefined‐time sliding mode tracking of uncertain robotic manipulators - Sai - 2023 - Inter…

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/doi/10.1002/rnc.6930 7/42

where 𝛾2 = 𝛼2

𝛽2𝑞2−2
𝑝2 Γ

2−𝛽2𝑞2
𝑝2

/ 𝑝2𝑇𝑐2, 𝛼2 , 𝛽2 , 𝑝2 , 𝑞2 > 0 such that 32 < 𝛽2𝑞2 < 2. 𝑇𝑐1 and 𝑇𝑐2 represent

the upper bounds for the settling time of the system (12) in the sliding phase and the reaching phase,
respectively. 𝑘 is a constant that satis�es 𝑘 ⩾ 𝛿, which is used to suppress disturbance 𝛥. In particular,
if 𝑥1 = 𝑥2 = 0, then 𝑢 = 0. The system (12) closed by control input (15) is globally prede�ned-time
stable with a prede�ned time 𝑇𝑐 = 𝑇𝑐1 + 𝑇𝑐2 despite the disturbance 𝛥.

Proof. The stability analysis of the proposed second-order prede�ned-time SMC can be divided
into the reaching phase and the sliding phase.

Reaching phase: The time-derivative of the sliding mode surface 𝑠 in (14) is

To facilitate the proof, de�ne the variables 𝑎 and 𝜂 respectively, which can be expressed as

𝑎 =
𝛾1
2

2𝑇𝑐1
2 𝛼1𝑝1 | 𝑥1 |𝑝1−1 + 𝛽1𝑞1 | 𝑥1 |𝑞1−1 𝑥2, 𝜂 = 𝛾2

2𝛽2𝑞2−1
exp 𝛼2

2𝑝2
| 𝑠 |2𝑝2 �𝑠�

2𝛽2𝑞2−3. Then, substituting

(15) into (16) leads to

Consider a Lyapunov function candidate as 𝑉1 = 1
2
𝑠2. Then, for 𝑠 ≠ 0, the �rst time di�erential of

𝑉1 yields

According to 𝑘 ⩾ 𝛿 ⩾ | 𝛥|, (18) can be reduced to

�̇� = 𝑢 + 𝛥 +
|𝑥2 | 𝑢 + 𝛥 +

𝛾1
2

2𝑇𝑐1
2 𝛼1𝑝1 | 𝑥1 |𝑝1−1 + 𝛽1𝑞1 | 𝑥1 |𝑞1−1 𝑥2

|𝑠𝑎 |
1
2

. (16)

�̇� = |𝑥2 | 𝜂−𝑎

|𝑠𝑎 |
1
2 + | 𝑥2|

+

|𝑥2 |2 𝜂− | 𝑥2 | 𝑎

|𝑠𝑎 |
1
2 + | 𝑥2|

− | 𝑥2 | 𝜂 + 𝑎

|𝑠𝑎 |
1
2

−𝜂−𝑘sign𝑠 + 𝛥−𝑘 | 𝑥2 | sign𝑠−𝛥 | 𝑥2|

|𝑠𝑎 |
1
2

= |𝑥2 | | 𝑠𝑎 |
1
2 𝜂− | 𝑠𝑎 |

1
2 𝑎 + |𝑥2 |2 𝜂− | 𝑥2 | 𝑎 + |𝑠𝑎 |

1
2 + | 𝑥2|− | 𝑥2 | 𝜂 + 𝑎

|𝑠𝑎 |
1
2 + | 𝑥2| | 𝑠𝑎 |

1
2

−𝜂−𝑘sign𝑠 + 𝛥−𝑘 | 𝑥2 | sign𝑠−𝛥 | 𝑥2|

|𝑠𝑎 |
1
2

= −𝜂−𝑘sign𝑠 + 𝛥−𝑘 | 𝑥2 | sign𝑠−𝛥 | 𝑥2|

|𝑠𝑎 |
1
2

.

(17)

�̇�1 = 𝑠�̇� = −𝜂𝑠−𝑘 | 𝑠 | + 𝛥𝑠−𝑘 | 𝑠 | −𝛥𝑠 | 𝑥2|

|𝑠𝑎 |
1
2

= −𝜂𝑠 + 1 + |𝑥2|

|𝑠𝑎 |
1
2
𝛥𝑠−𝑘 | 𝑠| .

(18)
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According to 1
2
< 𝛽2𝑞2−1 < 1 and Lemma 1, the origin of system (12) is prede�ned-time stable in

the reaching phase with the prede�ned time 𝑇𝑐2.

Sliding phase: The system state convergence enters the sliding phase once the system state is
constrained to the manifold 𝑠 = 0, that is, for 𝑡 ⩾ 𝑇𝑐2, the solutions of the system (12) can be
written as the following reduced-order dynamics (see Appendix B for the derivation)

Thus, consider 𝑉2 = | 𝑥1| as a continuous radially unbounded positive de�nite Lyapunov
candidate function, and the �rst derivative of 𝑉2 leads to

Using Lemma 2, the parameter 𝜈 should be 1
2
, then it can be concluded that the system (12) is

prede�ned-time stable in the sliding phase with the prede�ned time 𝑇𝑐1.

Therefore, the proposed prede�ned-time SMCer can achieve prede�ned-time convergence for
arbitrary second-order systems with the prede�ned time 𝑇𝑐 = 𝑇𝑐1 + 𝑇𝑐2. This completes our
proof.

Remark 4. The de�nition of the sliding mode variable 𝑠𝑎 is conducive to simplifying the structure
of the controller and making the proof process of the prede�ned-time stability of the controller
more concise. Based on the designed sliding mode variable 𝑠𝑎, the designed sliding surface 𝑠 can
guarantee the prede�ned-time stability of the system in the sliding phase.

Remark 5. From (13), we have |𝑠𝑎 |
1
2 + | 𝑥2 | = 0 when and only when |𝑥1 | = | 𝑥2 | = 0. At this

time, the system converges to the origin and 𝑢 = 0 can be speci�ed to avoid singularities as
declared in Theorem 1.

Example 1. To illustrate Theorem 1, the system (12) with 𝛥 = 0 and the controller in (15) are
considered for simulation. The parameters of the proposed controller are set to
𝛼1 = 4,𝛽1 = 1

4
, 𝑞1 = 3, 𝑝1 = 1 . 5, 𝑝2 = 𝛽2 = 1,𝛼2 = 10−3 , 𝑞2 = 1 . 75. The trajectories of the system

�̇�1 ⩽ −𝜂𝑠 + 1 + |𝑥2|

|𝑠𝑎 |
1
2
( | Δ | −𝑘) | 𝑠|

⩽ −𝜂𝑠 = − 𝛾2
2𝛽2𝑞2−1

exp 𝛼2
2𝑝2

| 𝑠 |2𝑝2 �𝑠�
2𝛽2𝑞2−3𝑠

= −
𝛼2

𝛽2𝑞2−2
𝑝2 Γ

2−𝛽2𝑞2
𝑝2

𝑝2𝑇𝑐2
exp 𝛼2

2𝑝2
| 𝑠 |2𝑝2 |𝑠 |2𝛽2𝑞2−1

2𝛽2𝑞2−1

= −
𝛼2

𝛽2𝑞2−1−1
𝑝2 Γ

1−𝛽2𝑞2−1
𝑝2

𝑝2𝑇𝑐2
exp𝛼2𝑉1

𝑝2𝑉1
𝛽2𝑞2−1 .

(19)

�̇�1 = 𝑥2 = −
𝛾1
𝑇𝑐1

𝛼1 | 𝑥1 |𝑝1 + 𝛽1 | 𝑥1 |𝑞1
1
2sign𝑥1 . (20)

�̇�2 = �̇�1sign𝑥1 = −
𝛾1
𝑇𝑐1

𝛼1 | 𝑥1 |𝑝1 + 𝛽1 | 𝑥1 |𝑞1
1
2 = −

𝛾1
𝑇𝑐1

𝛼1𝑉2
𝑝1 + 𝛽1𝑉2

𝑞1
1
2 . (21)
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are simulated with di�erent initial states and di�erent prede�ned-time parameters in Figure 1. It
can be seen sup𝑥0 ∈ ℝ𝑇𝑥0 = 𝑇𝑐 as stated in Theorem 1.

FIGURE 1

Open in �gure viewer PowerPoint

State trajectories of a second-order system with the controller (15). (A) 𝑇𝑐 = 2𝑇𝑐1 = 2𝑇𝑐2 = 2 and di�erent initial states

𝑥0 = 10,20,50,100,1000. (B) 𝑥0 = 1000 and di�erent prede�ned-time 𝑇𝑐 = 2𝑇𝑐1 = 2𝑇𝑐2 = 1,2,3,4,5.

Remark 6. Due to the presence of disturbance, the system may converge to the origin before 𝑇𝑐

even if |𝑥0| tends to in�nity. In other words, if the disturbance is present, the origin of the system
(12) is globally weakly prede�ned-time stable as per De�nition 3 (i). According to De�nition 3 (ii), if
𝛥 = 𝑘sign𝑠, then the origin of system (12) is globally strongly prede�ned-time stable with 𝑇𝑐 being
the least upper bound of the settling time; However, such a condition cannot be achieved in
practical scenarios.

Remark 7. If the described second-order system (12) is undisturbed, that is 𝛥 = 𝑘 = 0, then it is
easy to see that (19) is an equation. Using De�nition 3 (ii), the origin of system (12) without
disturbance is globally strongly prede�ned-time stable. If the system contains disturbances, then
according to De�nition 3 (i), it can be obtained that the origin of the system (12) is globally weakly
prede�ned-time stable.

Example 2. A comparison of the proposed method with some prede�ned-time control schemes
 is shown in Figure 2. Our proposed control input 𝑢 is given in (15), and the same parameters

as in example 1 are applied to the second-order system (12) with 𝛥 = 0. It follows from
Theorem 1 that, with 𝑇𝑐1 = 𝑇𝑐2 = 1, the second-order system is globally prede�ned-time stable
with the prede�ned time 𝑇𝑐 = 2. To make a fair comparison of the control performances, control
schemes  are designed with the same prede�ned time 𝑇𝑐 = 2, and other control
parameters are consistent with the reference values given in the literature.

18-

20, 38

18-20, 38

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/55ae4c92-8eb7-4b84-82d6-520251cb5076/rnc6930-fig-0001-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0001&doi=10.1002%2Frnc.6930
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From Figure 2, it can be obtained that, with 𝑥0 = 100, the upper bound for the settling time of the
existing prede�ned-time control schemes  is much more conservative than our approach.
For the control scheme in the work of Sánchez-Torres et al.,  due to the exp|𝑥1 |𝑝1  term in the
sliding mode surface, it will produce an explosive increase as the 𝑥0 increases. It can be clearly
seen that, with 𝑥0 = 10, the upper bound for the settling time of control scheme in the work of
Sánchez-Torres et al.  is more conservative than our approach.

FIGURE 2

Open in �gure viewer PowerPoint

State trajectories of a second-order system with the prede�ned time 𝑇𝑐 = 2 s.

The proposed prede�ned-time control scheme for a second-order system without disturbance is
unscaled in the proof process of prede�ned time stability, unlike other control schemes,
leading to a less conservative upper bound on settling time. As a result, the settling time of the
proposed scheme is closer to the prede�ned time parameters, implying a more reasonable
prede�ned convergence time. A less conservative settling time function is preferable for
promoting a reasonable prede�ned-time convergence. Conversely, a conservative upper bound
on settling time implies a faster convergence rate, which often leads to greater control input and
increased energy consumption.

3.2 Prede�ned-time sliding mode tracking control for uncertain robotic
manipulators
According to the dynamic model of robotic manipulators in (7)-(11), the dynamic errors of the
rigid manipulators can be rewritten as

Then, (22) can be rewritten as the following form

19, 20, 38

18

18

18-20, 38

휀̇1 = 휀2
휀̇2 = 𝑀0

−1𝑞−𝐶0𝑞, �̇�−𝐺0𝑞−𝑀0𝑞�̈�𝑑 + 𝜏+ 𝜌 . (22)

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/48bf436f-19a1-44b6-bd87-c9255c94797c/rnc6930-fig-0002-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0002&doi=10.1002%2Frnc.6930
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where 𝐹휀1 , 휀2 = −𝑀0
−1𝐶0𝑞, �̇� + 𝐺0𝑞−�̈�𝑑, 𝐵휀1 , 휀2 = 𝑀0

−1𝑞 and
𝐷휀1 , 휀2 = 𝑀0

−1𝑞𝜌 = 𝑀0
−1𝑞 · 𝜏𝑑−𝛥𝑀𝑞�̈�−𝛥𝐶𝑞, �̇��̇�−𝛥𝐺𝑞.

Assumption 1. The coupling uncertainty of the robotic manipulator should be bounded, and its
upper bound can be constrained to Reference 41

where 𝛿, 𝑏0 , 𝑏1 , 𝑏2 ∈ ℝ𝑛 are all positive vectors, and 𝛿𝑖, 𝑏0𝑖, 𝑏1𝑖, 𝑏2𝑖, 𝐷𝑖휀1 , 휀2 are the 𝑖th element of
vectors 𝛿, 𝑏0 , 𝑏1 , 𝑏2, and 𝐷휀1 , 휀2, respectively.

Remark 8. In the dynamic control of robotic manipulators, (24) is a common assumption to
constrain the coupling uncertainty of the system, such as the work of Boukattata et al.  and Yi et
al.

Inspired by the prede�ned-time control scheme for second-order systems proposed in Section 5,
the following theorem can be used for prede�ned-time tracking control of uncertain
manipulators.

Theorem 2. The prede�ned-time sliding mode variable and sliding mode surface are designed as

where 𝛼1 , 𝛽1 > 0, 1 < 𝑝1 < 2, 𝑞1 > 2,𝑚𝑝 =
2−𝑝1

2𝑞1−𝑝1
, 𝑚𝑝 =

𝑞1−2
2𝑞1−𝑝1

, 𝛾1 =
Γ𝑚𝑝Γ𝑚𝑞

𝛼1

1
2Γ12𝑞1−𝑝1

𝛼1
𝛽1

𝑚𝑝 . The prede�ned-

time SMC scheme for robotic manipulators with bounded coupling uncertainty is designed as

where 𝛼2 , 𝛽2 , 𝑝2 , 𝑞2 > 0, 3
2
< 𝛽2𝑞2 < 2, 𝛾2 = 𝛼2

𝛽2𝑞2−2
𝑝2 Γ

2−𝛽2𝑞2
𝑝2

/ 𝑝2𝑇𝑐2, 𝑇𝑐1, and 𝑇𝑐2 denote the

prede�ned-time constants in sliding phase and reaching phase, and vectors 𝑏0 , 𝑏1 , 𝑏2 are given positive
vectors satisfying (24). Then, dynamic errors of the robotic system are globally prede�ned-time stable
with a prede�ned time 𝑇𝑐 = 𝑇𝑐1 + 𝑇𝑐2.

휀̇1 = 휀2
휀̇2 = 𝐹휀1 , 휀2 + 𝐵휀1 , 휀2𝜏 + 𝐷휀1 , 휀2

, (23)

|𝐷𝑖휀1 , 휀2 | ⩽ 𝛿𝑖 = 𝑏0𝑖 + 𝑏1𝑖 | 𝑞𝑖 | + 𝑏2𝑖 | �̇�𝑖 |
2 , (24)

37

42

𝑠𝑎𝑖 = �휀2𝑖�
2
+

𝛾1
2

𝑇𝑐1
2 𝛼1�휀1𝑖�

𝑝1 + 𝛽1�휀1𝑖�
𝑞1 ,

𝑠𝑖 = 휀2𝑖 + �𝑠𝑎𝑖�
1
2 ,

(25)

𝜏𝑖 = 𝐵−1휀1𝑖, 휀2𝑖𝑢𝑖−𝐹휀1𝑖, 휀2𝑖,

𝑢𝑖 =
|휀2𝑖 |

𝛾2
2𝛽2𝑞2−1

exp
𝛼2
2𝑝2

| 𝑠𝑖 |
2𝑝2 �𝑠𝑖�

2𝛽2𝑞2−3−
𝛾1
2

2𝑇𝑐1
𝛼1𝑝1 | 휀1𝑖 |

𝑝1−1 + 𝛽1𝑞1 | 휀1𝑖 |
𝑞1−1 휀2𝑖

|𝑠𝑎𝑖 |
1
2 + | 휀2𝑖|

− 𝛾2
2𝛽2𝑞2−1

exp 𝛼2
2𝑝2

| 𝑠𝑖 |
2𝑝2 �𝑠𝑖�

2𝛽2𝑞2−3−𝑘𝑖sign𝑠𝑖,

𝑘𝑖 = 𝑏0𝑖 + 𝑏1𝑖 | 𝑞𝑖 | + 𝑏2𝑖 | �̇�𝑖 |
2 ,

(26)
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Proof. The proof is similar to Theorem 1 in Section 5; hence it is omitted here to avoid the
repetition of the proof process.

The prede�ned-time SMC scheme presented here is also applicable to other second-order
mechanical systems with bounded disturbances, like inverted pendulum systems and permanent
magnet linear motors. Obtaining the upper bounds for these systems is di�cult due to model
uncertainty and disturbance complexity. An e�ective way to solve this problem is by using
adaptive laws to estimate the upper bounds of system coupling uncertainties.

3.3 Adaptive practical prede�ned-time sliding mode tracking control
for uncertain robotic manipulators

For the dynamic model of robotic manipulators in (23), considering the complexity of the
structure of the uncertainties and external disturbances, 𝑏0 , 𝑏1 , 𝑏2 are often di�cult to determine
or overestimated to satisfy (24). To surmount the aforementioned weakness, an adaptive
practical prede�ned-time SMC scheme for robotic manipulators is designed as follows.

Theorem 3. The adaptive practical prede�ned-time SMC scheme is designed as

where

𝛼2 , 𝛽2 , 𝑝2 , 𝑞2 , 𝑇𝑐2 > 0, 1 < 𝑝1 < 2, 𝑞1 > 2, 3
2
< 𝛽2𝑞2 < 2, 𝛾1 =

Γ𝑚𝑝Γ𝑚𝑞

𝛼1

1
2Γ12𝑞1−𝑝1

𝛼1
𝛽1

𝑚𝑝 , 𝛾2 = 𝛼2

𝛽2𝑞2−2
𝑝2 Γ

2−𝛽2𝑞2
𝑝2

/ 𝑝2𝑇𝑐2

. 𝑇𝑐1 denotes the prede�ned-time constant in sliding phase, and the sliding mode surface is de�ned in
(25). The estimated parameters 𝑏0𝑖, 𝑏1𝑖, and 𝑏2𝑖 are updated by the proposed adaptive laws

where 𝜆𝑖, 𝑖 = 0, 1, 2 are de�ned positive constants. Then, the origin of the robotic system is practically
prede�ned-time stable with a prede�ned time 𝑇𝑐2

1−𝜙
, where 0 < 𝜙 < 1 is a de�ned positive constant.

𝜏𝑖 = 𝐵−1휀1𝑖, 휀2𝑖𝑢𝑖−𝐹휀1𝑖, 휀2𝑖,

𝑢𝑖 =
|휀2𝑖 |

𝛾2
2𝛽2𝑞2−1

exp
𝛼2
2𝑝2

| 𝑠𝑖 |
2𝑝2 �𝑠𝑖�

2𝛽2𝑞2−3−
𝛾1
2

2𝑇𝑐1
𝛼1𝑝1 | 휀1𝑖 |

𝑝1−1 + 𝛽1𝑞1 | 휀1𝑖 |
𝑞1−1 휀2𝑖

|𝑠𝑎𝑖 |
1
2 + | 휀2𝑖|

− 𝛾2
2𝛽2𝑞2−1

exp 𝛼2
2𝑝2

| 𝑠𝑖 |2𝑝2 �𝑠𝑖�
2𝛽2𝑞2−3−𝑘𝑖sign𝑠𝑖,

𝑘𝑖 = 𝑏0𝑖 + 𝑏1𝑖 | 𝑞𝑖 | + 𝑏2𝑖 | �̇�𝑖 |
2 ,

(27)

˙̂𝑏0𝑖 = 𝜆0 | 𝑠𝑖 | 1 +
|휀2𝑖|

|𝑠𝑎𝑖 |
1
2
,

˙̂𝑏1𝑖 = 𝜆1 | 𝑠𝑖 | 1 +
|휀2𝑖|

|𝑠𝑎𝑖 |
1
2

| 𝑞𝑖 | ,

˙̂𝑏2𝑖 = 𝜆2 | 𝑠𝑖 | 1 +
|휀2𝑖|

|𝑠𝑎𝑖 |
1
2

| �̇�𝑖 |
2 ,

(28)
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Proof. To make the proof process clearer, the 𝑖th elements of control vectors are considered in
the proof process. Consider the following Lyapunov function candidate

Combining (17) and (18), it takes the derivative of 𝑉3 with respect to time produces

By substituting the adaptive control law (28) into (30), one has

Let 𝛬𝑏 = ∑𝑖 = 0
2 1

2𝜆𝑖
𝑏𝑖−𝑏𝑖

2
 and considering (19), we can have

Then, with 𝛬𝑏 > 0 and 𝑠 being bounded, there must exist a bounded positive constant 𝜉𝑏
satisfying

Substituting (33) into (31) yields

𝑉3 =
1
2
𝑠2 +

2

�
𝑖 = 0

1
2𝜆𝑖

𝑏𝑖−𝑏𝑖
2
. (29)

�̇�3 = −𝜂𝑠−𝑘 | 𝑠 | + 𝐷𝑠−
𝑘 | 𝑠 | −𝐷𝑠 | 휀2|

|𝑠𝑎 |
1
2

+
2

�
𝑖 = 0

1
𝜆𝑖
𝑏𝑖−𝑏𝑖

˙̂𝑏𝑖 . (30)

�̇�3 = −𝜂𝑠−𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | + 𝐷𝑠− |휀2|

|𝑠𝑎 |
1
2
𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | + |휀2|

|𝑠𝑎 |
1
2
𝐷𝑠

+ 1 + |휀2|

|𝑠𝑎 |
1
2

| 𝑠 | 𝑏0−𝑏0 + 𝑏1−𝑏1 | 𝑞 | + 𝑏2−𝑏2 | �̇� |2

= −𝜂𝑠−𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | + 𝐷𝑠− |휀2|

|𝑠𝑎 |
1
2
𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | + |휀2|

|𝑠𝑎 |
1
2
𝐷𝑠

+ 𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | −𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠|

+ |휀2|

|𝑠𝑎 |
1
2
𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | − |휀2|

|𝑠𝑎 |
1
2
𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠|

= −𝜂𝑠 + 𝐷𝑠−𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | + |휀2|

|𝑠𝑎 |
1
2
𝐷𝑠− |휀2|

|𝑠𝑎 |
1
2
𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠|

⩽ −𝜂𝑠 + 1 + |휀2|

|𝑠𝑎 |
1
2

| 𝑠||𝐷 | −𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | .

(31)

−𝜂𝑠 = −
𝛼2

𝛽2𝑞2−2
𝑝2 Γ

2−𝛽2𝑞2
𝑝2

𝑝2𝑇𝑐2
exp𝛼2

1
2
𝑠2 + 𝛬𝑏−𝛬𝑏

𝑝21
2
𝑠2 + 𝛬𝑏−𝛬𝑏

𝛽2𝑞2−1
.

(32)

− 𝜂𝑠 = −
𝛼2

𝛽2𝑞2−2
𝑝2 Γ

2−𝛽2𝑞2
𝑝2

𝑝2𝑇𝑐2
exp𝛼2

1
2
𝑠2 + 𝛬𝑏

𝑝2 1
2
𝑠2 + 𝛬𝑏

𝛽2𝑞2−1 + 𝜉𝑏

= −
𝛼2

𝛽2𝑞2−1−1
𝑝2 Γ

1−𝛽2𝑞2−1
𝑝2

𝑝2𝑇𝑐2
exp𝛼2𝑉3

𝑝2𝑉3
𝛽2𝑞2−1 + 𝜉𝑏 .

(33)
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where 𝜉 = 𝜉𝑏 + 1 + |휀2|

|𝑠𝑎 |
1
2

| 𝑠||𝐷 | −𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | .  With

𝜉𝑏 > 0, 1 + |휀2|

|𝑠𝑎 |
1
2

| 𝑠||𝐷 | −𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | ⩽ 0, there are two cases should be

discussed.

Case 1. If 𝜉 ⩽ 0, (34) can be written as

According to Lemma 1, it can be obtained that the system is prede�ned-time stable with the
settling time 𝑇𝑐2. The proof of prede�ned-time stability in the sliding phase is the same as that in
Theorem 1, hence it is omitted here.

Case 2. If 𝜉 > 0, combined with 1 + |휀2|

|𝑠𝑎 |
1
2

| 𝑠||𝐷 | −𝑏0 + 𝑏1 | 𝑞 | + 𝑏2 | �̇� |2 | 𝑠 | ⩽ 0, we have 𝜉 ⩽ 𝜉𝑏.

Therefore, (34) can be written as

Combining that 𝜉𝑏 is a positive constant, and Lemma 3, it can be obtained that the system is
practically prede�ned-time stable and the tracking error can converge to a neighborhood near
the origin with the prede�ned time 𝑇𝑐2

1−𝜙
.

This completes our proof.

Compared with the nonadaptive prede�ned-time controller in Theorem 2, the proposed update
laws in (28) are designed to estimate the parameters of the robotic uncertainty bounds, and the
estimated results are then used in the prede�ned-time controller (27) to resist the e�ects of
system uncertainty. Figure 3 shows the control signals �owchart for the proposed adaptive
practical prede�ned-time SMCer in (27) and (28).

�̇�3 ⩽ −
𝛼2

𝛽2𝑞2−1−1
𝑝2 Γ

1−𝛽2𝑞2−1
𝑝2

𝑝2𝑇𝑐2
exp𝛼2𝑉3

𝑝2𝑉3
𝛽2𝑞2−1 + 𝜉,

(34)

�̇�3 ⩽ −
𝛼2

𝛽2𝑞2−1−1
𝑝2 Γ

1−𝛽2𝑞2−1
𝑝2

𝑝2𝑇𝑐2
exp𝛼2𝑉3

𝑝2𝑉3
𝛽2𝑞2−1 .

(35)

�̇�3 ⩽ −
𝛼2

𝛽2𝑞2−1−1
𝑝2 Γ

1−𝛽2𝑞2−1
𝑝2

𝑝2𝑇𝑐2
exp𝛼2𝑉3

𝑝2𝑉3
𝛽2𝑞2−1 + 𝜉𝑏 .

(36)
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FIGURE 3

Open in �gure viewer PowerPoint

Block diagram showing the �ow of the control signals for the adaptive practical prede�ned-time SMC scheme.

Remark 9. Since the prede�ned-time stability of the system can be regarded as a special case of
the practical prede�ned-time stability, for ease of expression, we can only declare in this paper
that the adaptive controller is practically prede�ned-time stable.

Remark 10. In contrast to the adaptive update laws currently available for robotic systems,
the update laws proposed in this research do not need to be derived from the inherent
properties of the systems, such as symmetry, antisymmetry, and regression properties.
Consequently, the proposed adaptive control scheme may be suitable for a broader range of
mechanical systems. Additionally, unlike the prede�ned-time controller discussed in Section 6,
which necessitates the ful�llment of Assumption 1, the proposed adaptive controller is more
resilient to external disturbances, such as monotonically increasing bounded disturbances over a
short duration.

Remark 11. From the perspective of engineering application, the main factors restricted in robotic
dynamics control come from: (i) the uncertainties and external disturbances of the system
dynamic model, (ii) the upper bound of the coupling uncertainty of the system is di�cult to
obtain, (iii) the feasibility of system control input.  Obviously, the controller proposed in this
paper neither requires the accurate dynamics model, nor does it require the upper bound of the
coupling uncertainty. Generally speaking, each joint of a robotic manipulator is installed with an
encoder and a tachometer to measure the angle and velocity of the joint. Therefore, the
described control scheme is expected to be suitable for actual robotic manipulators.

Remark 12. The main cause of chattering in the system controlled by the proposed controller (27)

is the �𝑠�
2𝛽2𝑞2−3 term. To mitigate the chattering e�ect, the term can be modi�ed using the

43-45
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common boundary layer technique to 𝑠𝑠
2𝛽2𝑞2−3

𝑠 + 𝑠0
 (𝑠0 ∈ ℝ+), or some technologies, such as the time-

delay estimation, can be used to attenuate or eliminate the chattering.

Remark 13. Control parameters 𝑞𝑖, 𝑝𝑖, 𝛼𝑖, 𝛽𝑖, and 𝑇𝑐𝑖 𝑖 = 1, 2 should be carefully selected to match
the requirements for tracking accuracy and input torque. Parameter 𝑞1 should satisfy 𝑞1 > 2. As
𝑞1 increases, it reduces the initial torque chatter of the system. However, increasing it
simultaneously diminishes the system's tracking accuracy. Parameter 𝑝1 should satisfy 1 < 𝑝1 < 2
. One should aim to get as close to 1 as possible because the initial torque chatter and steady-
state error of the system would rise as 𝑝1 increases. Although the performance of the controller
is insensitive to 𝛼1, a large value of this parameter causes chattering of the initial torque of the
system. Increasing parameter 𝛽1 can enhance system tracking accuracy. However, it can also
cause an early increase in the initial torque, which should be chosen smaller than 𝛼1. Increasing
𝑝2 can improve tracking accuracy and reduce initial system torque, but may also cause tracking
error overshoot which should be adjusted 𝑝2 within the range 1 ⩽ 𝑝2 ⩽ 2. Choose a small value
for parameter 𝛼2, as increasing it would lead to an increase in initial torque and system
overshoot despite improving system tracking accuracy, and a value of 10−3 is generally
recommended. Optimal system performance requires that 𝛽2 and 𝑞2 parameters fall within the
recommended range of 1 . 5 < 𝛽2𝑞2 < 2. Increasing 𝛽2𝑞2 may decrease tracking error but also
raises control torque. The 𝑠0 parameter in Remark 12 should be minimized since doing so can
help reduce system chattering, but increasing 𝑠0 has the negative consequence of increasing the
tracking error. The settling-time parameters 𝑇𝑐1 and 𝑇𝑐2 determine the upper bound of the
convergence time of the sliding phase and the reaching phase, and they should be chosen
according to the requirement of the task. A smaller system convergence time parameter means a
larger control torque, so 𝑇𝑐𝑖 should be selected as large as possible under the premise of meeting
the task requirements. For the adaptive law of the controller, when it is di�cult to estimate the
upper bound of the coupling error of the system, 𝑏0𝑖0, 𝑏1𝑖0, and 𝑏2𝑖0 𝑖 = 0, 1, 2 can be de�ned as
0, and the gain 𝜆𝑖 𝑖 = 0, 1, 2 a�ects the update rate of estimated parameters.

4 SIMULATION RESULTS
In this section, to demonstrate the e�ectiveness of the proposed control scheme, two sets of
simulations are considered. Firstly, the prede�ned-time SMC scheme for a two-link robotic
manipulator is considered, and then, the adaptive practical prede�ned-time SMC scheme for a
two-link and a three-DOF robotic manipulator are simulated, respectively.

4.1 Prede�ned-time SMC for uncertain robotic manipulators

Example 3. Consider a two-link robotic manipulator shown in Figure 4, which is a�ected by the
gravitational �eld.

The dynamic model parameters of the two-link robotic manipulator are set as:
𝑙1 = 1 m, 𝑙2 = 0 . 8 m,𝑚1 = 0 . 5 kg,𝑚2 = 1 . 5 kg, 𝐼1 = 𝐼2 = 5 kg m2, where 𝑙𝑖,𝑚𝑖 and 𝐼𝑖 𝑖 = 1, 2 are the
length, mass, and inertia of link 𝑖, respectively, and 𝑔 = 9 . 8 m / s2 denotes the acceleration due to
gravity. Due to the uncertainty of dynamic model, the nominal values of 𝑚1

0 = 0 . 6 kg,𝑚2
0 = 0 . 8 kg,

and the nominal values of 𝐼1 , 𝐼2 are 𝐼1
0 = 6 kg m2 , 𝐼2

0 = 6 kg m2. The disturbances are assumed to
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be time-varying and set as 𝜏𝑑 = 2sin𝑡 + 0 . 5sin200𝜋𝑡, cos2𝑡 + 0 . 5sin200𝜋𝑡𝑇. The reference
trajectories of robotic manipulator 𝑞𝑑 = 𝑞𝑑1 , 𝑞𝑑2

𝑇 are set as
𝑞𝑑1 = 1 . 25−7

5
exp(−𝑡) + 7

20
exp(−4𝑡), 𝑞𝑑2 = 1 . 25 + exp(−𝑡)−1

4
exp(−4𝑡) .  Simultaneously, the initial

states of the two-link robotic manipulator are set as 𝑞10 = −1, 𝑞20 = 0, �̇�10 = �̇�20 = 0 .  The
parameters of the proposed prede�ned-time SMCer are
𝑞1 = 5, 𝑞2 = 1 . 6, 𝑝1 = 1 . 1, 𝑝2 = 1 . 25, 𝛽2 = 1,𝛼1 = 1 / 𝛽1 = 4,𝛼2 = 10−3 , 𝑠0 = 0 . 02, 𝑇𝑐1 = 1 . 2, 𝑇𝑐2 = 0 . 8
, 𝑏0 = 9 . 5, 9 . 5𝑇, 𝑏1 = 2 . 2, 2 . 2𝑇, 𝑏2 = 2 . 8, 2 . 8𝑇.

The simulation results are shown in Figures 5-8. As demonstrated in Figures 5 and 6, the
proposed controller can achieve the excellent displacement and velocities tracking performance
of link 1 and 2. The displacement tracking errors 𝑒1 and 𝑒2 are shown in Figure 7, from which it is
clear that the displacement tracking errors can converge to zero after a short transient. The
results of controlling torque in Figure 8 indicate that the system exhibits more pronounced
chattering. This is primarily caused by the overestimation of the upper bound on the uncertainty
regarding coupling of the robotic manipulator. It can be concluded that the proposed prede�ned-
time SMC scheme can achieve the high-precision tracking of the ideal trajectory of the robotic
manipulator within a prede�ned time 𝑇𝑐, and it has a strong robustness to resist external
disturbances and modeling uncertainties.
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FIGURE 4

Open in �gure viewer PowerPoint

Two-link rigid manipulator schematic.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/1403277b-54d7-4f74-b429-4dc4d7ec7ab5/rnc6930-fig-0004-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0004&doi=10.1002%2Frnc.6930


2024/4/30 18:57 Nonconservative adaptive practical predefined‐time sliding mode tracking of uncertain robotic manipulators - Sai - 2023 - Inter…

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/doi/10.1002/rnc.6930 19/42

FIGURE 5

Open in �gure viewer PowerPoint

Displacement tracking trajectories.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/08f1d89f-e3c0-4883-94df-411f86aa7238/rnc6930-fig-0005-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0005&doi=10.1002%2Frnc.6930
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FIGURE 6

Open in �gure viewer PowerPoint

Velocity tracking trajectories.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/b4bb7ca1-6e86-40eb-9313-d18a53463c64/rnc6930-fig-0006-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0006&doi=10.1002%2Frnc.6930
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FIGURE 7

Open in �gure viewer PowerPoint

Displacement tracking errors.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/04a3b8ff-1e49-423a-ac26-1f4055459404/rnc6930-fig-0007-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0007&doi=10.1002%2Frnc.6930
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FIGURE 8

Open in �gure viewer PowerPoint

Control torque.

4.2 Adaptive practical prede�ned-time SMC for uncertain robotic
manipulators

In this simulation, the purpose is to show the robustness of the proposed adaptive practical
prede�ned-time SMC scheme with di�erent robotic systems and external disturbances and
illustrate the advantages of proposed adaptive control laws. All controller parameters are the
same as those in Example 3.

Example 4. Consider the adaptive practical prede�ned-time SMC algorithm described in
Theorem 3, and the initial conditions of adaptive parameters are selected as
𝑏0𝑖0 = 𝑏1𝑖0 = 𝑏2𝑖0 = 0 and 𝜆0 = 𝜆1 = 0 . 3, 𝜆2 = 0 . 1. Then, consider the same two-link robotic
manipulator as described in Section 9, and utilize the same reference trajectories and
disturbances. Simulation results of tracking performances are shown in Figures 9-13. Figures 9
and 10 show the responses of attitude 𝑞 and joint velocity �̇�. Figure 11 shows the displacement

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/0bca0da5-03f0-4c9f-a439-ec6eae84012f/rnc6930-fig-0008-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0008&doi=10.1002%2Frnc.6930
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tracking errors of links 1 and 2. Relative to a nonadaptive prede�ned-time sliding mode controller
Example 3, the accuracy of the tracking error is signi�cantly improved. According to Figure 12, the
control torques are smooth, which clearly indicates that the proposed adaptive prede�ned-time
sliding mode controller is robust against unknown parameter variations and external
disturbances, even if the system uncertainty bound is a priori unknown. All estimated parameters
quickly converge to constant values in Figure 13, signifying that the adaptively updated
parameters enable the sliding mode surface to converge to zero from any initial state. In
summary, the proposed practical adaptive prede�ned-time SMC scheme enables convergent
control of robotic manipulators regardless of the level of coupling uncertainty. Additionally, the
controller provides high steady-state tracking performance despite the presence of model
uncertainties and disturbances. Furthermore, the proposed scheme results in smooth control
torques that reduce system chattering. The combination of these factors makes the proposed
scheme a viable solution for achieving precise and stable control of robotic manipulators under
uncertain conditions.

FIGURE 9

Open in �gure viewer PowerPoint

Displacement tracking trajectories.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/0a077eda-584e-4115-b477-dca613fc142a/rnc6930-fig-0009-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0009&doi=10.1002%2Frnc.6930
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FIGURE 10

Open in �gure viewer PowerPoint

Velocity tracking trajectories.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/f405d175-ed3f-4692-a971-0d2b97acaf97/rnc6930-fig-0010-m.jpg
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FIGURE 11

Open in �gure viewer PowerPoint

Displacement tracking errors.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/d8244972-6d95-430e-8b90-52241a1ce8f6/rnc6930-fig-0011-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0011&doi=10.1002%2Frnc.6930
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FIGURE 12

Open in �gure viewer PowerPoint

Control torque.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/9f468231-bb01-4e95-b322-f199ce44e0b3/rnc6930-fig-0012-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0012&doi=10.1002%2Frnc.6930
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FIGURE 13

Open in �gure viewer PowerPoint

Parameter estimation.

Example 5. In order to demonstrate the robustness of the proposed scheme under di�erent
disturbances, monotonically increasing and larger values of time-varying external disturbances
are applied to the tracking control of the robotic manipulator. When 𝑡 ⩽ 0 . 5 s, a monotonically
increasing disturbance 𝜏𝑑 = 10𝑡, 10𝑡𝑇 is applied, and when 𝑡 > 0 . 5 s, a time-varying disturbance
𝜏𝑑 = 5sin20𝜋𝑡, 5cos20𝜋𝑡𝑇 is considered. Compared with the above-mentioned examples, the
disturbances in this example are more complicated, and the same model uncertainties and the
control parameters as those in the above-mentioned examples are also considered. Figure 14
shows the displacement tracking errors of links 1 and 2, from which we can obtain that the
robotic manipulator can achieve high-precision and fast position tracking of the ideal trajectories.
Hence, even considering more complex coupling uncertainties, the robotic manipulator can still
guarantee satisfactory trajectory tracking performance with the proposed controller.

https://onlinelibrary-wiley-com.fgul.idm.oclc.org/cms/asset/3138d913-b361-4f7b-9b87-cd0bcae2e5fc/rnc6930-fig-0013-m.jpg
https://onlinelibrary-wiley-com.fgul.idm.oclc.org/action/downloadFigures?id=rnc6930-fig-0013&doi=10.1002%2Frnc.6930
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FIGURE 14

Open in �gure viewer PowerPoint

Displacement tracking errors.

Example 6. To further test the feasibility of the proposed control scheme for robotic manipulators
with di�erent structures, a 3-DOF robotic manipulator  shown in Figure 15 is utilized. The
robotic manipulator includes two rotary joints and a prismatic joint, and the two rotation angles
of rotary joints are de�ned as 𝑞1 and 𝑞2, and the translational of the prismatic joint is de�ned as
𝑞3. The de�nitions of 𝑀𝑞,𝐶𝑞, �̇�, 𝐺𝑞 in dynamic model of robotic manipulator are the same as the
work of He et al.  Model parameters are chosen as 𝑙1 = 0 . 3 m, 𝑙2 = 0 . 4 m,
𝑚1 = 2 kg,𝑚2 = 2 kg,𝑚3 = 1 kg. The initial states are set as 𝑞10 = 1, 𝑞20 = 0,
𝑞30 = 0 . 8, �̇�10 = �̇�20 = �̇�30 = 0, and the reference trajectories are set as
𝑞𝑑 = 1 . 4sin2𝑡, 1 . 4cos2𝑡, sin2𝑡𝑇. The bounded time-varying disturbances are de�ned as
𝜏𝑑 = sin10𝑡 + 1, 2cos10𝑡 + 0 . 5, 2sin10𝑡 + 1𝑇. Additionally, all the control parameters are chosen as
those in Example 4. Figures 16-19 present the performance of 3-DOF robotic manipulator
tracking control. From Figures 16 and 17, it can be seen that the system states converge to the
ideal trajectories quickly and achieve a good tracking performance. Figures 18 and 19 depict the
position tracking error and control torque of the robotic manipulator, respectively. These results

46
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demonstrate the exceptional tracking performance and robustness of the designed control
approach for various robotic manipulator models when subject to external disturbances and
parameter uncertainties.

FIGURE 15

Open in �gure viewer PowerPoint

3-DOF robotic manipulator architecture.

FIGURE 16

Open in �gure viewer PowerPoint

Displacement tracking trajectories.

FIGURE 17

Open in �gure viewer PowerPoint

Velocity tracking trajectories.

FIGURE 18

Open in �gure viewer PowerPoint

Displacement tracking errors.

FIGURE 19

Open in �gure viewer PowerPoint

Control torque.

5 COMPARATIVE STUDY AND DISCUSSION
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To demonstrate the advantages of the proposed adaptive practical prede�ned-time control
scheme, some existing SMC schemes, such as the nonsingular fast terminal SMC (NFTSMC),
�xed-time terminal SMC (Fixed TSMC),  and the second-order prede�ned-time SMC algorithm
(SOPSMC)  are used for comparison. Consider the robotic manipulator and external
disturbances in Example 3, and to make the comparison more obvious, the initial positions of the
system are set as 𝑞10 = −1 and 𝑞20 = 0. In order to ensure a fair comparison, we selected the
controller parameters from the references and adjusted the gain parameters to maintain a
consistent range of control torque. The selected control parameters are presented in Table 1.

TABLE 1. Simulation parameters of the Fixed TSMC, NFTSMC, and SOPSMC.

The results of the comparison are shown in Figures 20-23. It is evident from Figures 20-22 that
the proposed control scheme exhibits a quicker trajectory tracking rate when compared to �nite-
time SMC such as NFTSMC and �xed-time SMC such as Fixed TSMC. Additionally, the proposed
control scheme has a slower error convergence time than SOPSMC scheme with
𝑇𝑐 = 𝑇𝑐0 + 𝑇𝑐1 + 𝑇𝑐2 = 2 . 5 .  Figure 23 shows that the proposed controller applies a lower control
torque than SOPSMC, due to its less conservative settling time. Table 2 lists some quantitative
measures, including the convergence time (𝑡𝑠), steady-state error (𝜌𝑒), maximum control torque (
𝜏max), integrated absolute error represented by the IAE=∑𝑘 = 1

𝑁 𝑒𝑘, and energy of control input
given by ECI=∑𝑘 = 1

𝑁 𝜏𝑘2. Numerical comparison results show that the proposed control scheme
has a faster error convergence rate than Fixed TSMC and NFTSMC, in the cases where an
approximate control torque range exists for joint 1 but a smaller torque range is used for joint 2.
The proposed control scheme achieved a higher tracking accuracy than all other control
schemes, despite consuming more energy than Fixed TSMC and NFTSMC. It is important to note
that the SOPSMC scheme requires a signi�cantly larger torque range than the other control
schemes due to its conservative settling time, making it impractical for real-world robotic
manipulators.

FIGURE 20

Open in �gure viewer PowerPoint

Displacement tracking trajectories.

47

10

20

Fixed

TSMC

𝛿 = 0 . 01, 𝑝 = 0 . 5, 𝑞 = 1 . 2, 𝑟 = 1 . 2, 𝑘 = 1, 𝐾0 = diag5, 5, 𝐾1 = diag10, 10, 𝐾2 = diag10, 10, 𝑏0 = 12, 𝑏1 =

NFTSMC 𝛤1 = diag5, 5, 𝛤2 = diag5 / 3, 5 / 3,𝑀1 = 1,𝑀2 = 2, 𝑏0 = 12, 𝑏1 = 2 . 2, 𝑏2 = 2 . 8

SOPSMC 𝑘 = 0, 𝑇𝑐0 = 0 . 5, 𝑇𝑐1 = 1, 𝑇𝑐2 = 1,𝑚0 = 𝑚1 = 𝑚2 = 1, 𝑞0 = 𝑞2 = 0 . 5, 𝑞1 = 0 . 3

Controller Parameters
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(i)

FIGURE 21

Open in �gure viewer PowerPoint

Displacement tracking errors.

FIGURE 22

Open in �gure viewer PowerPoint

Velocity tracking errors.

FIGURE 23

Open in �gure viewer PowerPoint

Control torque.

TABLE 2. The performance of the di�erent control schemes.

More existing SMC schemes with di�erent convergence time characteristics are compared in
Table 3, respectively. According to Table 3, the novelty of the proposed control scheme is
emphasized as follows.

Compared to the existing �nite-time SMC schemes, the proposed control scheme has its
settling time limit only determined by its tunable parameters. This means that the system can
determine its maximum settling time without considering the initial state. As a result, our

proposed 0.80 5 × 10−9 499 9 . 27 × 10−6 1 . 95 × 108 0.99 8 × 10−9 331

Fixed

TSMC

2.13 5 × 10−6 463 0.0278 4 . 85 × 107 2.15 4 × 10−6 647

NFTSMC 2.87 3 × 10−7 423 0.0022 4 . 20 × 107 3.10 6 × 10−8 717

SOPSMC 0.72 7 × 10−5 1 . 31 × 104 0.3215 5 . 07 × 109 0.81 6 × 10−5 1 . 14 × 10

Joint 1 Joint 2

Controller 𝑡𝑠(s) 𝑒𝜌(rad) 𝜏max(Nm) IAE ECI 𝑡𝑠(s) 𝑒𝜌(rad) 𝜏max(Nm)
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(ii)

(iii)

approach is more suitable for situations where it is challenging to obtain the initial state, and
where it is essential to have the system state converge quickly.

The proposed prede�ned-time SMC scheme di�ers from existing �xed-time SMC schemes.
The tunable parameters directly determine the limit of settling time, whereas the settling time
in �xed-time SMC relies on the complex function of system parameters. This means that the
relationship between �xed-time stabilization and controller parameters is not explicit.
Furthermore, regarding the �xed-time SMC schemes in Table 3,  their �xed-time stability
derivation relies on the settling time function introduced by Polyakov.  However, the upper
bound condition used for estimating the settling-time bound is too conservative, leading to
the waste of control energy and potentially exceeding the system's control input limit.

In contrast to existing prede�ned-time SMC schemes, this paper extends the strong
prede�ned-time stability to second-order nonlinear systems with a nonconservative upper
bound on settling time. Our approach achieves strong prede�ned-time convergence for
second-order systems when the uncertainty of the system is not considered. Moreover, the
sliding mode surface introduced by Sánchez-Torres  experiences an “exponential
explosion”, creating signi�cant control input ranges for the system. In contrast, our approach
overcomes this limitation, achieving smaller control inputs than existing prede�ned-time
control schemes.

TABLE 3. Comparison of proposed control scheme with some existing SMC schemes.

8, 10, 48

5

18

49 In�nite-time Second-order None provided. Based on time-

delay estimation technique.

47 Finite-time First-order and

second-order

Yes

37 Finite-time Second-order None provided. Based on

adaptive laws with more de�ned

parameters

50 Finite-time Second-order None provided. Based on neural

networks

8, 48 Fixed-Time Second-order Yes

10 Approximate �xed-time Second-order Yes

13-16, 21 Prede�ned-time. More

conservation

First-order Yes

24 Prede�ned-time. More

conservation

High-order Disturbance not considered

Reference Settling time/ comparison to

ours

Orders of

system

Whether it is necessary to

provide an upper bound of

uncertainty?
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APPENDIX A: THE PROOF OF LEMMA 3

Apart from the aforementioned bene�ts, the proposed adaptive control approach o�ers key
bene�ts when dealing with model uncertainty and external disturbances, as it is designed to
function independently of knowledge regarding the upper bounds of system coupling
uncertainty. This means that the proposed control method not only prevents disturbances from
being overestimated but also mitigates system chattering. Additionally, numerical simulations
con�rm that the method is robust to di�erent robotic systems and varying degrees of external
disturbances.

6 CONCLUSION
In this work, a nonconservative prede�ned-time SMC scheme and an adaptive practical
prede�ned-time SMC scheme have been presented for uncertain robotic manipulators. On the
one hand, a prede�ned-time SMCer for a class of second-order system is designed, which has a
nonconservative upper bound for settling time. In the case of without considering disturbances,
the proposed controller can achieve strong prede�ned-time convergence of the second-order
system, and it is proved by the Lyapunov stability theorem. On the other hand, considering the
model uncertainty and external disturbance of the robotic manipulator, a practical prede�ned-
time stability criterion and adaptive laws for prede�ned-time SMCer are designed. In
consequence, the upper bound of the coupling uncertainty is not required in the procedure of
the controller design, and the proposed controller has a strong robustness to di�erent robotic
manipulators and external disturbances. Several numerical simulation results have highlighted
the e�ectiveness of the proposed scheme in terms of the tracking control of the robotic
manipulator with the coupling uncertainty. In our future work, we aim to reduce the initial torque
of the previously proposed prede�ned-time controller for trajectory tracking control of a robotic
manipulator to ensure that it ful�lls actual control requirements and to validate experimentally in
real-world scenarios.
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Proof. Considering a constant 0 < 𝜙 < 1, (5) can be written as

�̇�𝑥 ⩽ −𝜙𝜉exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞−1−𝜙𝜉exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞 + 𝜂, (A1)

Reference Settling time/ comparison to

ours

Orders of

system

Whether it is necessary to

provide an upper bound of
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APPENDIX B: DERIVATION OF THE REDUCED-ORDER
DYNAMICS

where 𝜉 =
𝛼
𝛽𝑞−1
𝑝 Γ

1−𝛽𝑞
𝑝

𝑝𝑇𝑐
.

If 𝑉𝑥 > 𝜂
𝜙𝜉𝛼

1
𝑝 + 𝛽𝑞 , taking the logarithm of both sides simultaneously yields

Then, (A2) can be further written as

Considering 𝑒𝑥 ⩾ 𝑥 + 1 > 𝑥, (A3) can be obtained that

Due to the fact that 𝜂 < 𝜙𝜉exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞, (A1) can be further written as

According to Lemma 1, it shows that the solution of system (1) is practically prede�ned-time
stable with the prede�ned time 𝑇𝑐

1−𝜙
 and converge to the compact set

This completes the proof of Lemma 3.

𝑝 + 𝛽𝑞ln𝑉𝑥 > ln
𝜂

𝜙𝜉𝛼
. (A2)

𝑉𝑥𝑝𝑉𝑥𝛽𝑞 >
𝜂

𝜙𝜉𝛼
. (A3)

𝜂
𝜙𝜉 < 𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞 < exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞 . (A4)

�̇�𝑥 ⩽ −1−𝜙𝜉exp𝛼𝑉𝑥𝑝𝑉𝑥𝛽𝑞 . (A5)

𝑥 ∈ 𝑉𝑥 ⩽
𝜂

𝜙𝜉𝛼

1
𝑝 + 𝛽𝑞 . (A6)

Proof. When the system state convergence enters the sliding phase once 𝑠 = 0, the sliding mode
surface in (14) can be written as

Then, taking square on both sides of the (B1), it has

If 𝑥2 ⩾ 0, with 𝛼1 , 𝛽1 > 0, it is easy to obtain that 𝑥1 ⩽ 0 and

−𝑥2 = � | 𝑥2 |2 sign𝑥2 +
2𝛾1

2

𝑇𝑐1
2 𝛼1 | 𝑥1 |𝑝1 + 𝛽1 | 𝑥1 |𝑞1 sign𝑥1�

1
2 . (B1)

𝑥22 = | 𝑥22sign𝑥2 +
2𝛾1

2

𝑇𝑐1
2 𝛼1 | 𝑥1 |𝑝1 + 𝛽1 | 𝑥1 |𝑞1 sign𝑥1 | . (B2)

𝑥2 =
𝛾1
𝑇𝑐1

𝛼1 | 𝑥1 |𝑝1 + 𝛽1 | 𝑥1 |𝑞1
1
2 . (B3)
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