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Desensitization design method of a freeform optical
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In this Letter, an error sensitivity evaluation function of
freeform optical systems is proposed, and a desensitization
design method is established. This method adopts the idea of
micro-elements and, based on geometric optics theory, stud-
ies the relationship between the local curve of the freeform
surface and the change of the wavefront error (∆WE) when
the optical system is disturbed by the position error, and
realizes the desensitization design of the optical system. By
simply changing the evaluation function, the method can
be applied to the desensitization design of any optical system
with any surface (spherical, aspheric, and freeform surface).
© 2022 Optica Publishing Group
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With their higher degrees of freedom, freeform surfaces perform
well in aberration correction and have been applied in many
fields [1–5]. However, most of the current studies still focus on
the design of optical systems with higher performance, without
considering the as-built performance of these systems [6–8].
How to optimize the imaging quality of freeform surface optical
systems while reducing the error sensitivity is the subject of this
Letter.

At present, there are two methods of optimizing freeform
optical systems. One is to adopt error sensitivity optimiza-
tion methods applicable to all optical systems, such as the
global search method [9,10], the multiple structure optimization
method [8], or optical design software’s built-in desensitiza-
tion optimization method. This method does not explore the
principle, but only focuses on the results. In order to obtain
ideal optimization results, tolerance analysis and as-built perfor-
mance evaluation on a large number of systems must be carried
out, which consumes a lot of calculation and optimization time.
Another way is to use a variety of desensitization design methods
to optimize the spherical or conic optical system. After obtain-
ing an ideal initial structure of the freeform optical system, the
surface is upgraded to a freeform surface to further optimize
the imaging quality and error sensitivity [11,12]. This method
requires designers to have a lot of experience so that they can
modify the error sensitivity evaluation function to be suitable
for the optimization process of freeform optical systems. At
present, there is no optimal design method of freeform surface

optical systems that considers image quality optimization and
error sensitivity optimization at the same time.

In this Letter, we propose a new method to evaluate and opti-
mize the error sensitivity of freeform surface optical systems
based on local curvature (LC) control. This method uses the
idea of micro-elements to decompose the complex freeform sur-
face into several simple conic surfaces. By controlling the LC
of the optical element, the change of wavefront error (∆WE)
caused by the error of the optical system is reduced to lower
the error sensitivity. This method is suitable for evaluating all
smooth and continuous freeform surfaces. With a focal length of
850 mm, F# 4.25, and field of view (FOV) of 20°×30°, the off-
axis three-mirror optical system working at 588 nm is taken as
an example to optimize the design of desensitization . Through
the Monte Carlo tolerance analysis method, compared with the
traditional design method and Zemax OpticStudio’s built-in
“TOLR” method, the results obtained by the desensitization
design method proposed by us have less ∆WE and shorter opti-
mization time under the same error conditions, which validates
the research content and the effectiveness of the desensitization
design method.

In this Letter, with the two most representative error types
(tilt and decenter) as examples, the relationship between ∆WE
and the optical system parameters is explored when the optical
system generates error disturbances by means of ray tracing.
Furthermore, the core of error sensitivity of the optical system
is obtained, and the desensitization design method is established.

The mathematical analysis model of the error sensitivity of
the single mirror reflective optical system is shown in Fig. 1.
The black curve represents the mirror, and the center of the
mirror intersects with the optical axis at point O. The green
dashed curve represents the mirror with tilt, and the light blue
dashed curve represents the mirror with decenter. The incidence
light intersects with the mirror at point A, and the reflected
ray intersects with the optical axis at point B. When the mirror
applied tilt error, the tilt angle is α, as shown in Fig. 1(a). The
incidence ray intersects with the mirror at At, and the reflected
ray intersects with the optical axis at point Bt. When the decenter
error is applied to the mirror, the decenter error is ∆h, as shown
in Fig. 1(b). The incidence ray intersects with the mirror at Ad,
and the reflected ray intersects with the optical axis at Bd.

0146-9592/23/010179-04 Journal © 2023 Optica Publishing Group

https://orcid.org/0000-0003-0309-8157
https://doi.org/10.1364/OL.480641
https://crossmark.crossref.org/dialog/?doi=10.1364/OL.480641&amp;domain=pdf&amp;date_stamp=2022-12-23


180 Vol. 48, No. 1 / 1 January 2023 / Optics Letters Letter

Fig. 1. Mathematical analysis model of the error sensitivity of
the single mirror reflective optical system: (a) mirror with tilt, and
(b) mirror with decenter.

Analyzing the mirror applied at the decenter error, ∆WE can
be expressed as

∆WE = (NAd + AdBd) − (NA + AB)
= AAd + AdBd − AB.

(1)

To simplify the calculation, the ellipsoidal surface type of the
mirror is chosen, that is, the conic coefficient k= –1. Using the
center of the mirror point O as the coordinate origin to establish
the Cartesian coordinate system, the mirror equation can be
expressed as follows:

z = 1/2cr2(z<0), (2)

where z is the sag of the surface parallel to the optical axis, c is
the curvature of the surface, and r is the radial distance.

Since the conic surface has rotational symmetry, the YOZ
plane is chosen for the analysis and the mirror expression can
be simplified as

z = 1/2cy2 (z<0). (3)

The length of AB can be calculated as

AB =
√︂

h2 + (L − 1/2ch2)
2. (4)

According to the amount of decenter error ∆h, the mirror
expression after applying the error can be obtained as

z = 1/2c(y − ∆h)2 (z<0). (5)

Thus, the coordinates of the point Ad, and the length of AAd

can be calculated as

AAd = 1/2ch2 − 1/2c(h − ∆h)2. (6)

Next, make a vertical line through the point Ad to the optical
axis to intersect the optical axis at the point Cd, and make a
parallel line through the point O’ to intersect AdBd with the point
Bd’ and intersect AdCd at the point Cd’, and make a line parallel
to the optical axis through the center O’ of the mirror applied
the decenter to intersect AdCd at the point Cd’ and intersect AdBd

at the point Bd’, as shown in Fig. 2.

Fig. 2. Auxiliary line diagram of the mirror with decenter.

From the properties of similar triangles, it follows that

AdBd
′/(h − ∆h) = AdBd/h. (7)

To solve for the length of AdBd’, the decenter error is applied
to the incidence ray, which means, analyzing the ray with an
incidence height of h–∆h, which intersects the mirror at the
point Ad’:

Ad
′B =

√︂
(h − ∆h)2 + (L − 1/2c(h − ∆h)2)2. (8)

The decenter error of the mirror is converted over the inci-
dence ray for analysis, avoiding the complex ray tracing of the
mirror with the error and cleverly obtaining the length of the
reflected ray. What is more, no error arises in this process.

AdBd
′ = Ad

′B. (9)

Taking Eqs. (8) and (9) into Eq. (7), this gives

AdBd =
h

h − ∆h

√︂
(h − ∆h)2 + (L − 1/2c(h − ∆h)2)2. (10)

Taking Eqs. (4), (6), and (10) into Eq. (1), we obtain

∆WE = c∆h(h − 1/2∆h) +
√︂

h2 + (( hL
h−∆h )

2
− 1/2ch2)

2

−
√︁

h2 + (L2 − 1/2ch2)
2.

(11)

When the incidence height h, the decenter error∆h, and the work
distance L from the mirror to the image plane are all constant,
the smaller the curvature c of the mirror, the smaller the ∆WE
decenter, which means the decenter error sensitivity is lower.

For the tilt error, similar to the decenter error analysis method,
when the tilt error is applied to the mirror, the ∆WE tilt is

∆WEtilt = AAt + AtBt − AB. (12)

The same ray shift with error method is used for the analysis,
as shown in Fig. 3, where a vertical line is made across point O
in the positive direction of the y axis to intersect the extension of
the incidence ray at point D. The extension of the incidence ray

Fig. 3. Auxiliary line diagram of the mirror with tilt.
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Fig. 4. Schematic diagram of the local small region of freeform
surface based on differentiation and ray sampling.

NA intersects the mirror with tilt at point At. The incidence ray
with tilt and the reflected ray are shown in aqua green, and an
optical axis with tilt angle α is drawn, intersecting the reflected
ray AtBt with point Bt’, and the vertical line of the optical axis is
made through the point Bt’ to intersect the optical axis with the
point B ⊥, and the geometric relationship between the reflected
ray and the intersection of the optical axis is enlarged in the
purple box.

Due to the small tilt angle, AAt can be expressed as

AAt = h tan(α + β) − h tan β ≈ h tanα. (13)

The vertical line of the optical axis is made through At to
intersect the optical axis at the point Ct, and the parallel line of
the optical axis is made through the point Bt’ to intersect AtCt at
the point C.

According to the triangle similarity theorem, it is found that{︃
AtBt

′/AtC = AtBt/AtCt,
AtBt

′/(h − ∆h) = AtBt/h. (14)

The simplification gives:

AtBt = h
√︂
(h − L sinα)2 + (L cosα)2/(h − L sinα). (15)

Taking Eqs. (4), (13) and (15) into Eq. (12) we obtain

∆WEtilt = h
√︂
(h − L sinα)2 + (L cosα)2/(h − L sinα)

−

√︂
h2 + (L − 1/2ch2)

2
+ h tanα.

(16)

When the incidence height h, the tilt error angle α, and the
distance L from the mirror to the image plane are all constant,
the smaller the curvature c of the mirror, the smaller the ∆WE
tilt, which means the tilt sensitivity is lower.

In summary, for reflective optical systems, the smaller the cur-
vature of the mirror, the smaller the image quality degradation
of the optical system when the mirror is disturbed by errors.

Freeform surface representation is very complex and has
no rotational symmetry, but the representation describing a
freeform surface must be continuous. Therefore, no matter how
complex a freeform surface descriptive equation is, it can be
divided into multiple small local regions of conic surfaces by
sampling enough points. So, this Letter proposes a desensiti-
zation design method based on LC control. By differentiation,
the freeform surface is divided into several small regions, each
of which can be regarded as a small conic surface, as shown in
Fig. 4. The overall desensitization is achieved by reducing the
error sensitivity of each small region.

Using the “Ring-Arm” pupil sampling method, NOR*NOA
reference points are selected, and the error sensitivity evaluation

Fig. 5. Flow chart of the desensitization design method for
freeform optical systems based on LC control.

function is constructed by calculating the LC of a small area
around each reference point, which is divided into two steps.

According to the “Ring-Arm” sampling method, the error
sensitivity of a freeform surface for an FOV point is expressed
as

LC =

⌜⃓⃓⎷ NOR∑︁
u=1

NOA∑︁
v=1

LC2
u,v

NOR · NOA
, (17)

where NOR is the number of the Ring, u is the serial number
of the Ring. NOA is the number of the Arm, and v is the serial
number of the Arm.

The error sensitivity of the optical system for all FOV points
is expressed as

LCS,F =

NOF∑︁
k=1

√︃
NOS∑︁
i=1

LC2
i

NOS

NOF
, (18)

where NOS is the number of the Surface, n is the serial number
of the Surface, NOF is the number of the FOV point, and m is
the serial number of the FOV point.

Based on the above analysis, we propose a desensitization
design method based on LC control. The method can be divided
into the following steps, and the flow chart is shown in Fig. 5.

(1) Image quality optimization and evaluation. In the optimiza-
tion process, the curvature, thickness, conic coefficients, and
high-order term coefficients of the mirror are set as opti-
mization variables. In order to achieve better image quality,
the surface type can be gradually upgraded from spherical,
to aspheric, to freeform surfaces.

(2) Construction of error sensitivity evaluation function. The
error sensitivity evaluation function is constructed accord-
ing to the number of elements in the optical system and the
complexity of the surface type.

(3) Error sensitivity evaluation and optimization. The error sen-
sitivity of the optical system is evaluated, and if the error
sensitivity requirement is met, the system can be output as
the final result; if not, the optical system needs to be opti-
mized until the optical system meets the requirements of
both the image quality and error sensitivity.

An off-axis three-mirror optical system with a focal length of
850 mm, F#4.25, an FOV of 20°×30°, and working at 588 nm is
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Fig. 6. Optical systems layout of (a) initial structure, (b) “System 1”, (c) “System 2”, and (d) “System 3”; Monte Carlo tolerance analysis
results of the optical system obtained by (e) traditional optimization method, (f) our proposed LC method, and (g) TOLR method.

Table 1. Comparison of Three Optimization Methods

System 1
(Only WFE)

System 2
(LC)

System 3
(TOLR)

Optimize time 4–5mins ≈10mins 18 hours
LCS,F 0.638 0.400 0.625
Nominal value/λ 0.088 0.096 0.095
∆RMS WFE
average value/λ

0.068 0.034 0.054

used as an example to validate the proposed method. The layout
of initial structure is shown in Fig. 6(a).

In this example, the surface type of the three mirrors is
upgraded to XY polynomial freeform surface, using the first
to seventh order terms. The traditional optimization method is
used to obtain an optical system with good image quality, named
“System 1,” and the wavefront error (WFE) of “System 1” is
0.088λ. The layout is shown in Fig. 6(b). The allowable range of
image quality in desensitization process is set as 0.088λ±10%.

Since the optical system FOV is large and the optical system
does not have rotational symmetry, 35 FOV points (X: –15°,
–10°, –5°, 0°, 5°, 10°, 15°; Y: 30°, 35°, 40°, 45°, 50°) are
selected. The pupil sampling method corresponding to each FOV
point is 8 Rings and 10 Arms, which means that one pupil is
divided into 80 small areas. The desensitization design method
mentioned above is used to optimize “System 1.” After ten
minutes of optimization, the optimized system is named “System
2.” The WFE of “System 2” is 0.096λ, and the layout is shown
in Fig. 6(c). The CPU used in the optimization is an Intel Core
I5-9400F @2.90 GHz.

As a comparison, “System 1” was desensitized and optimized
by the TOLR method (Zemax built-in). After 18 hours, the
optimized result was obtained, named “System 3.” The WFE of
“System 3” is 0.095λ, and the layout is shown in Fig. 6(d).

Now we will compare the as-built performance of these three
systems. We used the Monte Carlo tolerance analysis method
with 2000 samples to predict the as-built performance. The
error is tilt 0.01° and decenter 0.01 mm, and focus compen-
sation is used. The ∆RMS WFE average values of 2000 Monte
Carlo samples are analyzed. The statistical results are shown in
Figs. 6(e)–6(g) and Table 1. The image quality degradation of
the desensitized optimized optical system is about 9%. How-
ever, the results of Monte Carlo analysis show that the as-built
performance of the traditional optimization method is seriously
degraded. The ∆RMS WFE average value of the optical system
optimized by our method is 50% of the original one under

the same error conditions. In terms of optimization time, our
method can complete the optimization within ten minutes, while
Zemax’s TOLR method requires at least 18 hours; what’s more,
the system designed by our method performs better in Monte
Carlo analysis.

In this Letter, a design method for evaluating and optimizing
the error sensitivity of freeform surface optical systems is pro-
posed. This method can be used together with the image quality
optimization. The optimization example and Monte Carlo toler-
ance analysis show that, although the nominal value of system
WFE of the LC optimization method is 0.008λ larger than that
of the traditional method, the Monte Carlo tolerance sample’s
∆RMS WFE average value is 0.034λ smaller than that of the
traditional method. In addition, we compared our method with
Zemax’s built-in TOLR method and found that the optimiza-
tion efficiency of our method is much better than the TOLR
method. Although the desensitization optimization sacrifices a
little image quality, it greatly improves the ability of the optical
system to resist error interference. We think this process is of
great significance.
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