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Abstract
In this work, through the exact matrix diagonalization, we theoretically study the
properties of many-body localization (MBL) in one-dimensional quasi-disordered
Haldane–Shastry chains. The Haldane–Shastry (HS) model is an integrable quantum
spin chain with long-range interactions, it is the generalized Heisenberg XXX model
which only contains the nearest-neighbor two-body interactions. By studying the HS
model, it is worth noting that we extend the MBL problem of disordered systems to
quasi-disordered many-body systems, where the quasi-disorder is adjustable. Firstly,
we use excited-state fidelity to study the phase transition, it is found that the interplay
between quasi-disorder and interaction can cause the system to occur the many-body
localized phase transition, which is similar to that in the random disordered systems.
It shows that quasi-disorder forms and system size both affect the critical point of the
MBL phase transition. Secondly, we use local magnetization to further demonstrate
that the many-body localized phase transition does occur in the quasi-disordered HS
model. We also discuss the effect of periodic driving on the quasi-disordered HS sys-
tems. It shows that periodic driving will cause the quasi-disordered systems to occur
the phase transition between the ergodic phase and the localized phase.
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1 Introduction

The study of disordered systems began with a hypothesis proposed by Anderson that
closed monolithic systems evolving through time will not reach thermal equilibrium
if subjected to sufficiently strong disorder [1, 2]. Based on this development, Ander-
son localization is summarized, i.e., the system (with disordered external potential)
appears localized when there is no interaction between particles [3]. D. Vatnik and
Alexey Tikan experimentally observed Anderson localization of photons in lattice and
photonic crystal structures, demonstrating some important implications [4]. In addi-
tion to its fundamental importance, Anderson localization can also be used in many
fields, including image transmission in disordered optical fibers.

The concept of Anderson localization is extended to quantum systems with inter-
action, then Many-body localization (MBL) is proposed. Basko et al. [5] pointed out
that isolated quantum systems with short-range interactions have strictly zero con-
ductivity in a random field with large disorder strength, even at finite temperature.
Many-body localization violates the eigenstate thermalization hypothesis (ETH) [6],
whose von Neumann entropy does not satisfy the volume rate, and has the charac-
teristic of retaining information of the initial state after evolution [7–10]. MBL states
have long been considered as good candidates for storing quantum information [11–
13]. Recently, relevant research also has shown that Many-body localization enables
iterative quantum optimization. It indicates that a quantum approximate optimization
algorithm can be obtained based on the critical point of the many-body localization
(MBL) transition [14]. MBL phenomena have been extensively studied both theoret-
ically and experimentally [15–24]. In theory, most of the progress has been driven
by the application of quantum information concepts (e.g., quantum entanglement) to
describe the microstructure of MBL eigenstates and dynamics in these systems; In
terms of experiments, MBL may be the basis of the highly nonlinear low-temperature
current–voltage characteristics measured in certain thin films [25].

Most researches on MBL are based on random disordered systems [26, 27]. How-
ever, recently, Janarek Jakub investigated different discrete disorder models and their
effects on the MBL phenomenon by means of level statistics and long-time dynamics
[28, 29]. We attempt to construct some quasi-disorder forms in which the disor-
der distribution is not strictly random but pseudo-random, and discusses whether
quasi-disorder can play the same role as the disorder in causing the system to occur
many-body localized phase transition. Then, we study whether the critical point of the
many-body localized phase transition can be changed by adjusting the quasi-disorder
forms so that they can be applied in certain fields.

Meanwhile, periodic driving as an important approach to the study of MBL is a
powerful experimental tool for subjecting physical systems to external, time-periodic
perturbations [30, 31]. Recently, this tool has been used to control and design the
properties of synthetic quantum systems, for example, leading to the realization of
topological Bloch bands in ultracold atomic systems [32]. For closed periodically
driven systems, Floquet theory is often used to study them. This theory essentially
explains the nature of the periodic driving and allows us to study the effects of peri-
odic driving on the system more easily. The study of the dynamical mechanisms of
periodically driven MBL system provides a dynamic approach for the research on

123



Properties of many-body localization... Page 3 of 14 392

solid-state and cold-atom systems [33]. The ticked rotor is a typical example, which
can induce dynamic Anderson localization, as well as chaotic and regular behavioral
transitions [34–36]. These results can be verified experimentally in cold-atom systems
and interacting spin-defect systems.

It is known that the Heisenberg spin chain is the main model usually used to study
MBL [37, 38], while the spin-1/2 Haldane–Shastry (HS) model [39, 40], which has a
Yangian symmetry even for a finite chain [41], is one kind of typical and integrable
model with long-range interactions, and is the generalized Heisenberg XXX model.
Therefore it is important to characterize the dynamics in this model particularly under-
standing the specifics of many-body localization there. The first member of the HS
Hamiltonian family is [41],

H2 =
∑

i j

′
(

Zi Z j

Zi j Z ji

)
(Pi j − I ) (1)

where Pi j is an operator that exchanges the states on sites iand j, the primed sum
omits equal values of the summation variables, and Zi j = Zi − Z j with the complex
numbers Z j = exp( i2πN j), for the spin-1/2 case, the permutation operator Pi j can be
expressed as follows:

Pi j = 1

2
I + 2

−→
Si · −→

S j . (2)

by parameterization, the first member H2 of the Hamiltonian family Eq(1), in terms
of spin operators, we can rewrite it as

H2 =
∑

i j

′ 1

4 sin2 θi j

(
−1

2
I + 2

−→
Si · −→

S j

)
. (3)

where θi j = (i− j)π
N . Then we can investigate the MBL transition in H2 with disor-

dered external fields, namely the disordered HS spin-1/2 chain with global two-body
interaction.

Since the interaction of system also plays an important role inMBL, here we choose
the HSmodel with more complex interactions to studyMBL phase transition in quasi-
disordered systems. Firstly, the excited-state fidelity is used to investigate the MBL
phase transition of the quasi-disordered HS model [42], secondly the magnetization
is used to confirm the MBL phase transition’s occurrence [43], finally we investigate
the effect of periodic driving on the quasi-disordered MBL.

2 Numerical model

In order to consider the global two-body interaction, here we use the HS model [44,
45], the HS spin-1/2 chain with random fields along the z-direction:
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H0 =
∑

ij

1

4 sin2 θi j

(
−1

2
I + 2

−→
Si · −→

Sj

)
+

L∑

i=1

hi S
z
i (4)

where hi is the quasi-disordered variable at site i . Take the quasi-disorder form R1 as
an example.

hi (R1) = h cos(αi ) (5)

We let the N points αi take uniform values in the range [0,2π ], and increase
the first value α1 by a same small amount each time the disorder is realized, then
we get the quasi-disorder, where h is the quasi-disorder strength. Through different
combinations of trigonometric functions, we get three other quasi-disorder forms,
R2 = 1

3h[cos( 12αi ) + 2 sin( 13αi )], R3 = h
{
2[cos2( 12αi ) + sin2( 13αi )] − 0.8

}
and

R4 = h[ 12 cos3(3αi ) + sin2(36αi ) + 5 sin(2αi )].

3 Results and discussion

Fidelity is a common concept in the study of quantum critical phenomena [46–50], and
as ameasure of similarity between states, fidelity can be used to indicate the occurrence
of any phase transition [51]. Although it originated from quantum information science,
it plays an important role in the study of quantum phase transition. Based on the
specificity of the fidelity in quantum critical phenomena, in this paper, we use excited-
state fidelity Fn to characterize the occurrence of phase transition. As defined in [52],
the fidelity of the n-th excited state has the form,

Fn(h, h + δh) = |〈ψn(h) | ψn(h + δh)〉| (6)

To test fidelity of excited states, for the small parameter perturbation δhi for each
site, we let δhi = εhi (ε = 10−3). It is worth noting that the parameter perturbation
δhi for each site are also different random variables. Then, for each quasi-disorder
realization, we find the many-body eigenstates |�n〉 that are in the middle one third of
the energy-ordered list of all data. Our qualitative conclusions do not depend on the
exact values of these parameters. We then compute the fidelity Fn for each eigenstate
|�n〉. Averaging over all selected excited states and quasi-disorder realizations yields
the mean value E[F]. The numerical analyses were performed using standard libraries
for exactmatrix diagonalization. For each disorder amplitude |h|, we used 104 disorder
realizations for N=6, 5000 realizations for N=8, and 2000 realizations for N=10 to
obtain the data shown in this paper.

In Fig. 1, we plot the averaged excited-state fidelity E[F] as a function of the quasi-
disorder strength to see if the MBL phase transition occurs in the quasi-disordered HS
model.

The fidelity is generally close to 1. However, due to the difference between the
localized phase and the ergodic phase, the fidelity will change significantly near the
critical point of phase transition [54, 55]. In the ergodic phase (small h), E[F] decays
sharplywith the increase of quasi-disorder strength until h approaches the critical point
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Fig. 1 The averaged fidelity E[F] as a function of the quasi-disorder strength h for different quasi-disorder
and random disorder. The system size is N = 6, the random disorder and the quasi-disorder forms are
indicated in the legend, R0 represents random disorder

Fig. 2 The averaged fidelity E[F] as a function of the quasi-disorder strength h for different quasi-disorder
and random disorder. The system size is N = 8, the random disorder and the quasi-disorder forms are
indicated in the legend, R0 represents random disorder

hc, and then in the localized phase (large h), E[F] gradually increases and approaches
1.

Figures 1, 2 and 3 show that quasi-disorder R1, R2, R3, and R4 are similar to
random disorder R0 and can drive the MBL phase transition. It is worth pointing out
that through comparing these figures, it can be seen that when the system size N is
the same, the critical point of MBL phase transition driven by different quasi-disorder
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Fig. 3 The averaged fidelity E[F] as a function of the quasi-disorder strength h for different quasi-disorder
and random disorder. The system size is N = 10, the random disorder and the quasi-disorder forms are
indicated in the legend, R0 represents random disorder

Fig. 4 The averaged fidelity E[F] as a function of the quasi-disorder strength h for differentsystem sizes.
The quasi-disorder is R1, and the system sizes are indicated in the legend

forms is different. It means that by adjusting the form of quasi-disorder, the critical
point of MBL phase transition can be adjusted.

To illustrate that, the system size also affects the phase transition. In Figs. 4 and 5,
we use the quasi-disorder forms R1 and R2 as examples, and let N = 6, N = 8, and
N = 10 to observe the MBL phase transition of the systems with the same quasi-
disorder form. Both Figs. 4 and 5 show that system size does affect the critical point of
MBL phase transition. The larger the system size of the quasi-disordered HS model,
the larger the critical point is.
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Fig. 5 The averaged fidelity E[F] as a function of the quasi-disorder strength h for differentsystem sizes.
The quasi-disorder is R2, and the system sizes are indicated in the legend

By calculating the fidelity of the system, it can be preliminarily determined that
the system undergoes MBL phase transition. For further verification, we chose the
magnetization to indicate the degree of thermalization of the quantum eigenstates of
the system.

The degree of thermalization of the eigenstates is then probed to confirm whether
the system undergoes the many-body localized phase transition. In this case, we use
local magnetization as a physical quantity to indicate the degree of thermalization of
the system’s eigenstates. The degree of magnetization is expressed as follows:

m(n)
i =

〈
ψn

∣∣∣Ŝzi
∣∣∣ψn

〉
(7)

Ŝzi is the spin operator of the ith lattice point, and ψn is the eigenstates of the many-
body system. We compare the localized spin expectation of the spin z component for
adjacent energy eigenstates to find the average value of the magnetization difference,
by averaging over all selected excited states, quasi-disorder realizations and each sites.
Notated as: ∣∣∣m(n)

iα − m(n+1)
iα

∣∣∣ (8)

where the eigenstates are labeled with n in order of their energies. So the Eq. (8)
is the mean difference between the local magnetizations in adjacent eigenstates. In
this paper, we only focus on the many-body eigenstates that lie in the middle third
of the energy-ordered list of states. As described in ref. [43], in this energy range,

the difference
∣∣∣m(n)

iα − m(n+1)
iα

∣∣∣ in energy density between adjacent eigenstates is of

order
√
N2−N , thus the difference

∣∣∣m(n)
iα − m(n+1)

iα

∣∣∣ is exponentially small in N as N

increases. If the eigenstates are thermal, the local magnetizations of |ψn〉 and |ψn+1〉
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Fig. 6 The natural logarithmof themean difference between the localmagnetizations in adjacent eigenstates
as a function of the chain length N of theHSmodel. The quasi-disorder is R1, and the quasi-disorder strength
h are indicated in the legend

Fig. 7 The natural logarithmof themean difference between the localmagnetizations in adjacent eigenstates
as a function of the chain length N of theHSmodel. The quasi-disorder is R2, and the quasi-disorder strength
h are indicated in the legend

should be the same for N → ∞, because the temperatures represented by the two
states differ only by an exponentially small amount.

In Figs. 6 and 7, it can be seen that ln[
∣∣∣m(n)

iα − m(n+1)
iα

∣∣∣] decreases exponentiallywith
the increase of the system size N when the disorder strength h is small. This indicates
that the eigenstates are thermal and the system is in the ergodic phase. Figures 6 and 7

also show the ln[
∣∣∣m(n)

iα − m(n+1)
iα

∣∣∣) remains large as the system size increases when
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Fig. 8 The averaged fidelity E[F] as a function of driving period T . The system size N = 6, quasi-disorder
strength h = 2, and quasi-disorder forms are indicated in the legend

the disorder strength h is large, This indicates that eigenstates are not thermal, and the
system is in the localized phase. Taking quasi-disorder R1 and R2 as examples, it is
proved by the degree of magnetization that the system is no longer thermalized but
localized when the quasi-disorder strength h is large.

In order to further explore the properties of many-body localization in the quasi-
disordered systems,we add periodic driving to the system to study the effect of periodic
driving on many-body localization.

The period-drivingFloquet theory provides a solidmathematical basis for the theory
of many-body localization in periodically driven systems [56–58]. Floquet theory [34]
defines the Floquet operator as the periodic Unitary operator obtained by integrating
the evolution over a period, which can be expressed as

F̂ = T exp

{
−i

∫ T

0
H(t)dt

}
(9)

Here a quasi-disordered one-dimensional HS spin chain model driven by a time-
periodic field in trigonometric form, which can be described as follows,

H(t) = H0 + V0 cosωt
L∑

i=1

Szi (10)

In Figs. 8 and 9, we can see that E[F] decrease as the driving period T increases,
which characterizes the occurrence of the phase transition. In Fig. 8, h = 2, the
system is initially in the ergodic phase, it shows that the periodic driving can cause
the quasi-disordered HS system to occur a phase transition from the ergodic phase to
the localized phase. In Fig. 9, h = 20, the system is initially in the localized phase,
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Fig. 9 The averaged fidelity E[F] as a function of driving period T . The system size N = 6, quasi-disorder
strength h = 20, and quasi-disorder forms are indicated in the legend

it shows that the periodic driving can also cause the localized quasi-disordered HS
system to be delocalized. So we can conclude that the periodic driving can also drive
the quasi-disordered system to switch between the ergodic phase and the localized
phase. Comparing Figs. 8 and 9, it can be seen that the form of quasi-disorder also has
influence on the critical point of the phase transition.

Figures 10 and 11 focus on the effect of quasi-disorder strength h on the many-
body localization properties of the periodically driven HS system by using the control
variable method [29, 30]. For h < hc (green and cyan lines), it indicates that the
system undergoes a phase transition from the ergodic phase to the localized phase,
where the critical driving period Tc [33] is smaller for systems with larger h, because
the system with larger h is closer to the phase transition threshold and it is more easily
to occur transition from the ergodic phase to the localized phase. For h > hc (pink
and cyan lines), it indicates that the system undergoes a phase transition from the
localized phase to the ergodic phase, where the critical driving period Tc is smaller
for the system with smaller h, because the smaller h is, the closer it is to the phase
transition threshold and the system is more likely to undergo phase transition from the
localized phase to the ergodic phase.

4 Summary

In this paper, we use exact matrix diagonalization to explore the many-body local-
ization properties of the quasi-disordered HS model. The phase transition properties
are explored by studying the excited state fidelity. First, we study four kinds of quasi-
disorder and find that quasi-disorders can indeed cause the system to undergo MBL
phase transition, and the critical points of MBL phase transition driven by different
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Fig. 10 The averaged fidelity E[F] as a function of driving period T . The system size N = 6, quasi-disorder
strength and quasi-disorder forms are indicated in the legend

quasi-disorder forms are different. It means that by adjusting the form of quasi-
disorder, the critical point of MBL phase transition can be adjusted. The results show
that the critical point of phase transition is also related to the system size. In the
quasi-disordered HS model, the larger the system size is, the larger the critical point
of MBL phase transition is. Next, we further confirmed the occurrence of MBL phase
transition in the system by calculating the local magnetization. We also add periodic
driving to the quasi-disordered HS system to study the effect of periodic driving on
many-body localization. By observing the fidelity of excited states, it can be seen
that, when the quasi-disorder strength h is small, the system is initially in the ergodic
phase, the period driving can induce the phase transition from the ergodic phase to
the localized phase; when h is large, the system is initially in the localized phase, the
phase transition from the localized phase to the ergodic phase will occur under the
period driving. In addition, we also get a conclusion that the quasi-disorder form, the
quasi-disorder strength, and the system size all affect the critical point of the MBL
transition. This is because the MBL phase transition is the result of interplay between
interactions and quasi-disorder. When the system is initially in the ergodic phase, the
larger the quasi-disorder strength is, the smaller the critical driving period is; when the
system is initially in the localized phase, the larger the quasi-disorder strength is, the
larger the critical driving period is, and the larger the system size is, the smaller the
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Fig. 11 The averaged fidelity E[F] as a function of driving period T . The system size N = 8, quasi-disorder
strength and quasi-disorder forms are indicated in the legend

critical driving period is. Through this work, we hope to provide a meaningful idea to
further investigate the MBL phenomenon.
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