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Abstract
Unlike traditional imaging telescopes, space gravitational-wave telescope has higher
requirements for wavefront error and must meet the stability requirement of tilt-to-length (TTL).
The tolerance analysis results of current telescopes can judge whether the wavefront error meets
the requirements, but they cannot be used as the judgment result of the TTL noise coupling
coefficient of the telescope. To analyze the influence of manufacturing errors of the telescope on
the coupling coefficient of TTL noise, based on the error amount and the Zernike polynomial
first-order sensitivity matrix, we established the sensitivity matrix of the mapping relationship
between telescope manufacturing errors and coupling coefficients. For example, consider the
design results of an off-axis four-mirror space gravitational-wave telescope. If the wavefront
error was used as the judgment result to determine the tolerance distribution, the cumulative
probability of the coupling coefficient meeting the requirements would be 66.7%. Furthermore,
using the coupling coefficient as the control requirement and determining the tolerance
allocation results according to the coupling coefficient sensitivity matrix, the cumulative
probability increased to 93.8%. The necessity of using the coupling coefficient as an evaluation
method for the design results of gravitational-wave telescopes was verified. This evaluation
method can provide meaningful guidance for the design results of gravitational-wave telescopes.

Keywords: space gravitational-wave telescope, coupling coefficient, sensitivity matrix,
manufacturing errors

(Some figures may appear in colour only in the online journal)

1. Introduction

In February 2016, the ground-based Laser Interferometer
Gravitational-Wave Observatory (LIGO) directly detected a
gravitational-wave signal generated by the rotation andmerger

∗
Authors to whom any correspondence should be addressed.

of two black holes 1.3 billion light-years away. Thus, research-
ers confirmed and directly measured the predictions of Ein-
stein’s general theory of relativity about gravitational waves
[1], thereby opening a new chapter in gravitational-wave astro-
nomy. Several gravitational-wave sources in the universe are
distributed in the frequency band of 0.1 mHz–1 Hz [2, 3], con-
taining information on the early structure and evolution of the
universe, such as that related to double compact star systems,
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supermassive double black hole orbiting systems, intermedi-
ate mass double black hole rotation systems, and supermassive
black hole mergers caused by galaxy mergers.

Influenced by the seismic limitation of the Earth’s radius,
gravity gradient, and anthropogenic noise, among others [4],
the detection sensitivity of LIGO is primarily concentrated in
the high-frequency band above 1 Hz. To detect gravitational
waves in the low-frequency band of 0.1 mHz–1 Hz, Laser
Interferometer Space Antenna (LISA), Taiji, and TianQin have
been successively proposed. All three interferometers com-
prise three spacecraft and are equilateral triangular space laser
interferometric observatories, with an interference arm having
a length in the range of millions of kilometers [5–7]. As the
gravitational-wave signal is extremely weak, even if the space-
craft are 3 million km apart, the distance change produced
when gravitational waves pass by is approximately 30 pm.
This places extremely high demands on a laser interferometry
system with a working distance of 3 million km. Compared
with the detection of gravitational waves on ground, the detec-
tion of gravitational waves in space has obvious advantages in
terms of signal strength, the type and quantity of gravitational-
wave sources, and the length of the interference arm. The tele-
scope is a subsystem of the space laser interferometry system,
which is responsible for measuring the optical path change
between the local optical platform and the remote spacecraft
optical platform and is essential for the measurement of this
ultrahigh-precision displacement. The stability of its optical
path length must meet the requirements of 1 pm (

√
Hz)−1

[2, 8]. As the spacecraft is easily disturbed by the nonconser-
vative forces in space, the beam received by the telescope is
jittered. The wavefront error at the exit pupil of the system
is coupled with the tilt-to-length (TTL) noise, which is the
second largest noise source in the detection system following
shot noise. Currently, the wavefront error of the telescope can-
not be eliminated, and the coupling coefficient is required to
be lower than ±25 pm µrad−1 within ±300 µrad of the beam
jitter at the exit pupil [9–14].

Space gravitational-wave telescopes have been studied for
several years. In accordance with the LISA program, sev-
eral researchers performed corresponding technical research
and experimental verification on telescope materials, dimen-
sional stability, stray-light suppression, and energy transmis-
sion efficiency and built a prototype of an off-axis four-mirror
telescope [2, 8, 15]. Zhao et al conducted a comprehensive the-
oretical analysis of the influence of telescope aberrations on
the TTL-coupled noise and built a prototype telescope for the
verification of key technologies of the Taiji program [12, 16].
The wavefront error of the four mirror surfaces in the pro-
totype telescope was 33.5 nm, the overall wavefront error
of the system after installation and adjustment was 76 nm,
and the maximum coupling coefficient within ±100 nrad was
−3 pm nrad−1. Upon calculation, the current pointing jitter
accuracy was 10 nrad (

√
Hz)−1 [17], and the TTL noise of

the system was 30 pm (
√
Hz)−1, which no longer met the

detection requirements. Unlike traditional imaging telescopes
that use wavefront error as a performance evaluation standard,

gravitational-wave telescopes need to meet the requirements
of the diffraction limit of wave aberrations and must ensure
that the coupling coefficient of the telescope’s TTL coup-
ling noise within ±300 µrad of the beam jitter is lower than
±25 pm µrad−1. Based on the results of the current toler-
ance analysis of space gravitational-wave telescopes, it is pos-
sible to directly determine whether the wavefront error meets
the requirements; however, it is impossible to directly determ-
ine whether the coupling coefficient controls the requirements.
Therefore, currently, establishing an evaluation method for the
coupling coefficient and judging whether the coupling coeffi-
cient meets the requirements of gravitational-wave detection
are urgent problems to be solved.

The influence of the manufacturing error of the telescope’s
components on the coupling coefficient must be analyzed.
Therefore, in this study, the sensitivity matrix, based on the
first-order sensitivity matrix of misalignment and the Zernike
polynomial coefficient, was used to map the relationship
between the manufacturing error and the coupling coefficient.
This sensitivity matrix was established by coupling the wave-
front error at the exit pupil of the telescope with the TTL
noise. Based on the coupling coefficient’s sensitivity matrix,
the result of the tolerance analysis of the telescope’s optical
system was determined, and the wavefront error and coupling
coefficient at the exit pupil of the telescope were obtained.
To meet the control requirements of space gravitational wave
on coupling coefficient, we established the design process
of gravitational-wave telescope and introduced the evaluation
method of coupling coefficient in the tolerance analysis stage.
The design results of the gravitational-wave telescope with
a clear aperture of 200 mm and a magnification of 40 were
considered as an example. Subsequently, the results of the
tolerance of wave aberration or coupling coefficient when
theymeet the design indicators were, respectively, determined.
Additionally, the necessity of using the coupling coefficient as
an evaluation method proposed in this study was verified.

2. Theoretical analysis

The space laser interferometer receives themeasurement beam
from the remote spacecraft through the telescope and inter-
feres with the local Gaussian beam on the quadrant photodiode
(QPD) after propagation. The phase information was calcu-
lated by extracting the complex amplitude of the interfer-
ence signal. Assuming that the centers of the two interference
beams of the flat-top beamEflat andGaussian beamEgauss coin-
cide, the complex amplitude is expressed as,

Oovi =

ˆ

S

EflatE
∗
gaussdr

2 =

ˆ

S

e
− r2

ω(z)2 e−ikW(r,θ)dr2, (1)

where (r,θ) is the polar coordinate above the detector, ω (z)
is the size of the light spot on the detector, and W(r,θ) is
the total wavefront error of the system. As Zernike polyno-
mials are orthogonal in the circular domain and correspond to

2
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Table 1. Aberrations corresponding to Fringe Zernike polynomials of the first 25 terms.

Aaber
j zj (ρ,θ) Aberration name

ATI
1 2ρcos(θ− θTI) Tilt (TI)
ADE
2

√
3
(
2ρ2 − 1

)
Defocus (DE)

APA
3

√
6ρ2cos(2θ− θPA) Primary astigmatism (PA)

APC
4

√
8
(
3ρ2 − 2ρ

)
cos(θ− θPC) Primary coma (PC)

APS
5

√
5
(
6ρ4 − 6ρ2 + 1

)
Primary spherical (PS)

APTR
6

√
8ρ3cos(3θ− θPTR) Primary trefoil (PTR)

ASA
7

√
10

(
4ρ4 − 3ρ2

)
cos(2θ− θSA) Secondary astigmatism (SA)

ASC
8

√
12

(
10ρ5 − 12ρ3 + 3ρ

)
cos(θ− θSC) Secondary coma (SC)

ASS
9

√
7
(
20ρ6 − 30ρ4 + 12ρ2 − 1

)
Secondary spherical (SS)

APTE
10

√
10ρ4cos(4θ− θPTE) Primary tetrafoil (PTE)

ASTR
11

√
12

(
5ρ5 − 4ρ3

)
cos(3θ− θSTR) Secondary trefoil (STR)

ATA
12

√
14

(
15ρ6 − 20ρ4 + 6ρ2

)
cos(2θ− θTA) Tertiary astigmatism (TA)

ATC
13 4

(
35ρ7 − 60ρ5 + 30ρ3 − 3ρ

)
cos(2θ− θTC) Tertiary coma (TC)

ATS
14 3

(
70ρ8 − 140ρ6 + 90ρ4 − 20ρ2 + 1

)
Tertiary spherical (TS)

Seidel aberrations, they are often used as the orthogonal basis
for wavefront reconstruction. Therefore, the total wavefront
error of the system is expressed by the first 25 Fringe Zernike
polynomials as,

W(ρ,θ) =
25∑
i=1

aiZi(ρ,θ), (2)

Zi(ρ,θ) =


√
2(n+ 1)Rmn (ρ)cos(mθ)√
2(n+ 1)Rmn (ρ)sin(mθ)√

(n+ 1)Rmn

i is even and m ̸= 0
i is odd and m ̸= 0,

m= 0

(3)

Rmn (ρ) =
n−m∑
s=0

(−1)s(n − s)!

s!( n+m−s
2 )!( n−m− s

2 )!
, (4)

where Rmn (ρ) are radial polynomials; s, n, and m are integers;
and n−m⩾ 0 and ρ= r/R are normalized radial coordinates.
To simplify the following analytical calculation, the cosine and
sine terms of the same aberration are combined as follows:

aiZi cos(θ)+ ai+1Zi+1 sin(θ) = Aaber
j Zj cos(θ− θaber) , (5)

Aaber
j =

√
a2i + a2i+1,θaber = tan−1 (ai+1/ai) , (6)

where Aaber
j and θaber are the amplitude and direction angle

of the combined aberration, respectively. The corresponding
expression and aberration are given in table 1, whereATI

1 can be
replaced by the pointing jitter angle α. Therefore, equation (2)
can be expressed as follows:

W(ρ,θ) = 2αρcos(θ− θTI)+
14∑
j=2

Aaber
j Zj(ρ,θ). (7)

As the QPD has four integral parts, there are several
ways for signal processing. In this paper, by considering the
analytical calculation of the LISA Pathfinder (LPF) signal as
an example and ignoring the influence of the QPD’s slit width
on the total amplitude, the phase calculation of the LPF signal
can be expressed as,

ϕLPF = arg

 1ˆ

0

ρe−ρ2/ω2
r

 2πˆ

0

eikW(ρ,θ)dθ

dρ

 . (8)

As we analyzed the effect of the small rotation angle α on
TTL coupled noise, the terms unrelated and higher than the
second order of α were omitted in the analysis. Therefore, the
optical path error (OPE) of the system is the ratio of the phase
φLPF obtained from the analysis in equation (8) to the wave
number k (i.e. φLPF/k), which is given as,

OPE= B1 ×α+B2 ×α2, (9)

B1 = v1 ×M1 × vT2 , (10)

B2 = v2 ×MT
2 , (11)

v1 =
[
APC
4 ,ASC

8 ,ATC
13 ,A

PTR
6 ,ASTR

11

]
, (12)

v2 =
[
ADE
2 ,APS

5 ,ASS
9 ,ATS

14 ,A
PA
3 ,ASA

7 ,ATA
12 ,A

PTE
10

]
, (13)

where M1 and M2 are the coefficient matrices, v1 and v2 are
the aberration matrices, and detailed expressions are reflec-
ted in the paper [12, 16] and the program [18]. The coup-
ling coefficient δ between the TTL noise and the wavefront

3
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error was calculated by the derivation of αwith equation (9) as
follows:

δ = B1 + 2B2 ×α. (14)

Therefore, the coupling coefficient of the gravitational-
wave telescope under different wavefront errors can be cal-
culated using equation (14).

3. Sensitivity matrix of the coupling coefficient and
design process

3.1. Establishing the sensitivity matrix of the coupling
coefficient

A traditional imaging telescope usually considers wavefront
errors as the evaluation standard in tolerance analysis. How-
ever, gravitational-wave telescopes require the system’s wave-
front errors to reach the diffraction limit and must calculate the
coupling coefficient within±300µrad of the beam jitter of less
than ±25 pm µrad−1. In the tolerance analysis, the change in
thewavefront errors of the system can be directly analyzed, but
it is difficult to directly determine the change in the coupling
coefficient. Therefore, we calculated the change in the coup-
ling coefficient through the influence of manufacturing errors
on the amplitude of the Zernike polynomial and equation (14).
Assuming that the single error of the telescope’s optical system
is small, a first-order linear relationship with the coefficient
of the Fringe Zernike polynomial can be observed, which is
expressed as follows:

 ATI
1 (x+∆x1) · · · ATI

1 (x+∆xn)
...

...
...

ATS
14 (x+∆x1) · · · ATS

14 (x+∆xn)


=

 ATI
1 (x) · · · ATI

1 (x)
...

...
...

ATS
14 (x) · · · ATS

14 (x)



+


∂ATI

1 (x)
∂x
...

∂ATS
14 (x)
∂x

×
[
∆x1 · · · ∆xn

]
, (15)

where ∂Aaber
j /∂x is the sensitivity of the amplitude of the

Zernike polynomial under the corresponding error, x is the ini-
tial state of the system, and∆xn represents the manufacturing
errors. Combined with equations (14) and (15), the additional
TTL coupling noise caused by the processing and installation
errors of a single mirror can be expressed approximately as,


δ (x+∆x1)− δ (x)
δ (x+∆x2)− δ (x)

...
δ (x+∆xn)− δ (x)


T

=
∂δ (x)
∂x

×
[
∆x1 ∆x2 · · · ∆xn

]
(16)

where ∂δ (x)/∂x is the coupling coefficient’s sensitivity of
the manufacturing error, and δ (x) is the TTL coupling noise
under the ideal state of the system. As it is difficult to directly
determine the specific relationship between the amplitude of
the Zernike polynomial and misalignment in engineering, the
difference quotient is usually used to replace the differen-
tial quotient. Considering the machining error of the radius
of curvature of the primary mirror as an example, the slope
obtained by incorporating the influence of the coupling coef-
ficient by several different error values is the sensitivity of the
radius of curvature of the primary mirror to the coupling coef-
ficient, which is expressed as,

δ (R1 +∆R1,1)− δ (R1)
δ (R1 +∆R1.2)− δ (R1)

...
δ (R1 +∆R1,n)− δ (R1)


T

=
∆δ (R1)

∆R1
×
[
∆R1,1 ∆R1.2 · · · ∆R1,n

]
. (17)

In this study, manufacturing errors of the elements were
divided into machining errors and adjustment errors. Machin-
ing errors were further divided into curvature radius ∆R and
conic coefficient ∆k, and adjustment errors were divided into
rigid-body displacement and inclination. In an off-axis four-
mirror optical system, each mirror has six adjustment degrees
of freedom, which are the rigid-body displacement∆dx,∆dy,
and ∆dz in the x, y, and z directions and tilt of ∆Tx, ∆Ty,
and ∆Tz around the x, y, and z axes. The sensitivity of the
processing and installation error of a single mirror can be
expressed as,

∆δ (XMi)
∆XMi

=

[
∆δ (Ri)
∆Ri

∆δ (ki)
∆ki

× ∆δ (dxi)
∆dxi

∆δ (dyi)
∆dyi

∆δ (dzi)
∆dzi

× ∆δ (Txi)
∆Txi

∆δ (Tyi)
∆Tyi

∆δ (Tzi)
∆Tzi

]
. (18)

Therefore, the sensitivity matrix S of the manufacturing
error of the four mirrors Mi of the telescope’s optical system
can be expressed as,

4
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Figure 1. Design flow diagram of the optical system of space gravitational-wave telescopes.

S=
[

∆δ(XM1)
∆XM1

∆δ(XM2)
∆XM2

∆δ(XM3)
∆XM3

∆δ(XM4)
∆XM4

]

=



∆δ(R1)
∆R1

∆δ(k1)
∆k1

∆δ(dx1)
∆dx1

∆δ(dy1)
∆dy1

∆δ(dz1)
∆dz1

∆δ(Tx1)
∆Tx1

∆δ(Ty1)
∆Ty1

∆δ(Tz1)
∆Tz1

∆δ(R2)
∆R2

∆δ(k2)
∆k2

∆δ(dx2)
∆dx2

∆δ(dy2)
∆dy2

∆δ(dz2)
∆dz2

∆δ(Tx2)
∆Tx2

∆δ(Ty2)
∆Ty2

∆δ(Tz2)
∆Tz2

∆δ(R3)
∆R3

∆δ(k3)
∆k3

∆δ(dx3)
∆dx3

∆δ(dy3)
∆dy3

∆δ(dz3)
∆dz3

∆δ(Tx3)
∆Tx3

∆δ(Ty3)
∆Ty3

∆δ(Tz3)
∆Tz3

∆δ(R4)
∆R4

∆δ(k4)
∆k4

∆δ(dx4)
∆dx4

∆δ(dy4)
∆dy4

∆δ(dz4)
∆dz4

∆δ(Tx4)
∆Tx4

∆δ(Ty4)
∆Ty4

∆δ(Tz4)
∆Tz4



T

. (19)

3.2. Design process

Based on the sensitivity matrix of the coupling coefficient
proposed in the previous section, the influence of element
machining errors, system assembly, and adjustment errors on
the coupling coefficient can be judged to determine the result
of tolerance allocation. Therefore, combined with the applic-
ation of the coupling coefficient’s sensitivity matrix in the tol-
erance analysis, the design process of the optical system of
space gravitational-wave telescopes was established, which is
primarily divided into two processes, as shown in figure 1.

Process (1): Based on the design requirements of space
gravitational-wave telescopes, the initial structure of the off-
axis four mirror’s defocused optical path was established.
Based on the requirements of the gravitational-wave telescope
for magnification, wavefront error, and optical path length sta-
bility, the radius of curvature, spacing, and cone coefficient of

the mirror were optimized as variables. When the design res-
ults met the design index requirements, we proceeded to pro-
cess (2) for analysis.

Process (2): Based on the design results of the space
gravitational-wave telescope, the sensitivity matrix of the
mapping relationship between the optical element’s manu-
facturing error and the coupling coefficient was established.
The tolerance distribution of the telescope was determined
based on the sensitivity matrix of the coupling coefficient.
These errors were randomly combined using the Monte Carlo
algorithm to evaluate the wavefront error and the coupling
coefficient under the corresponding error combination and to
estimate the range of variation of the coupling coefficient of
the telescope system. If the coupling coefficient meets the
requirements of the system index under the tolerance analysis,
the results obtained are the final output. Otherwise, the system
must be optimized and reevaluated.

5
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Table 2. Optical system index of space gravitational-wave telescopes.

Parameter System requirements

Entrance pupil 200 mm
Wavelength 1064 nm
Field of view (science) ±8 µrad
Afocal magnification 40
Wavefront quality over science field of view ⩽0.033λ at 1064 nm
Coupling coefficient ⩽25 pm µrad−1

Figure 2. Structure of the telescope’s optical system.

Table 3. Design parameters of the telescope’s optical system.

Telescope Radius (m) Thickness (m) Conic Decenter Y (m) Tilt about X (m)

Primary mirror −1.214 642 −0.555 535 −1.000 00 −0.130 0
Secondary mirror −0.114 099 0.677 718 −1.439 70 −0.130 0
Tertiary mirror −0.497 884 −0.100 000 — −0.1372 −0.002
Quaternary mirror 0.578 105 0.140 000 — −0.1397 −0.003 15

4. Design example

To verify the necessity of the proposed evaluation method
of the coupling coefficient in the tolerance analysis of
space gravitational-wave telescopes, the prototype telescope’s
design indices of the eLISA or Taiji program were considered
as examples for analysis. Table 2 lists the key technical indic-
ators of the gravitational-wave telescope [8, 16]. When the
wavefront error at the exit pupil of the telescope is 0.05λ, it is
adequate to meet the requirements for the Strehl ratio. There-
fore, we required the telescope to have a wavefront error of
0.033λ to allow for aberrations in the optical bench and to
maintain the total system wavefront error at 0.05λ or better,
with some margin [2]. The system’s wavefront quality over
the science field of view had a maximum diffraction limit of
0.033λ at the exit pupil; furthermore, the coupling coefficient
between the system wavefront error and the TTL noise should
not exceed 25 pm µrad−1.

4.1. Design results and analysis of the telescope

A space gravitational-wave telescope was designed according
to the design index requirements of the optical system’s design
process of space gravitational-wave telescope. The structure of
the system is shown in figure 2, and the first imaging plane was
located below the primary mirror. The structural parameters

of the four mirrors are listed in table 3. The primary and sec-
ondary mirrors were paraboloid and hyperboloid, respectively,
and the tertiary and quaternary mirrors were spherical.

The wavefront error at the exit pupil of the full field of view
of the telescope was analyzed, and the root-mean-square value
of the wavefront error at 8 µrad was the largest and better than
0.0098λ, as shown in figure 3(a). The magnitude (Mag) and
orientation (Ori) determined using the Fringe Zernike polyno-
mial are listed in table 4. The optical aberration in the wave-
front error is represented by the primary astigmatism termAPA

3 ,
and the primary coma term APC

4 is dominant; the amplitude
of higher-order aberrations was small and could be ignored.
Figure 3(b) shows the coupling result of the wavefront error
with the TTL noise at the exit pupil. Within ±300 µrad, the
maximum value of the TTL coupling noise did not exceed
±2.5 pm µrad−1, which was lower than the index requirement
of 25 pm µrad−1.

4.2. Sensitivity matrix analysis of manufacturing errors

Based on the design results of the space gravitational-
wave telescope described in the previous section, during the
analytical process the machining errors of the radius and
conic coefficient, rigid-body displacement, and tilt adjust-
ment errors were applied to the primary, secondary, tertiary,
and quaternary mirrors, respectively. The thicknesses of the

6
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Figure 3. (a) Wavefront at the exit pupil of the telescope after optimization; (b) calculation results of the TTL coupled noise.

Table 4. Amplitude and orientation of the wavefront error at the exit pupil of a telescope based on Zernike polynomials.

Mag/Ori ADE
2 APA

3 /θPA APC
4 /θPC APS

5 APTR
6 /θPTR ASA

7 /θSA ASC
8 /θSC

nm rad−1 0.047 1.56/3.14 3.41/4.71 0.466 0.071/4.71 0.037/3.14 0.010/1.57
Mag/Ori ASS

9 APTE
10 /θPTE ASTR

11 /θSTR ATA
12 /θTA ATC

13 /θTC ATS
14 —

nm rad−1 0 0/0 0/0 0/0 0/0 0 —

Figure 4. Effect of the machining error on the coupled coefficient. (a) Radius errors; (b) conic t errors.

primary and secondary mirrors were used as compensation for
optimization.

The sensitivity of each error was fitted by 21 groups of
data, and the average value of the slope of the curve fitted
in the positive and negative directions was considered as the
sensitivity of the error. The results are shown in figures 4
and 5. The influences of machining and adjustment errors
on the coupling coefficient were linear. The sensitivity val-
ues of the four mirrors are listed in table 5. The results show
that the secondary mirror was the most sensitive in the off-
axis four-mirror system, and its machining and adjustment
errors contributed the most to noise. In the machining error
shown in figure 4, the radius of the secondary mirror∆R2 and
the conic coefficient of the primary mirror ∆k1 had a signi-
ficant impact on the noise of the system. With the index of
25 pm µrad−1, the radius error of the secondary mirror ∆R2

should be within the range of [−3.2× 10−3 to 2.8× 10−3 m],
and the conic coefficient of the primary mirror∆k1 should be
within the range of [−0.000 85 to 0.000 71]. In the adjustment
errors shown in figure 5,∆dx2,∆dy2,∆Tx2, and∆Ty2 had the

greatest impact. According to the index requirements, ∆dx2
and ∆dy2 are required to be in the range of [−2.6 × 10−5 to
2.6 × 10−5 m] and [−2.3 × 10−5 to 2.7 × 10−5 m],
respectively, and ∆Tx2 and ∆Ty2 are required to be in the
range of [−93.6′′ to 110.16′′] and [−105.48′′ to 105.48′′],
respectively.

4.3. Tolerance analysis of the telescope system

In this section, the tolerance analysis of the design results of
space gravitational-wave telescopes is discussed. If the system
considers the control requirements of the wavefront error as
the final evaluation result, the consequent tolerance distribu-
tion results are listed in table 6. A total of 5000 groups of ran-
dom errors were obtained through the Monte Carlo algorithm.
The analysis results of the wavefront error of the optical sys-
tem corresponding to the manufacturing error are shown in
figure 6(a). Furthermore, we calculated the change in the abso-
lute value of the coupling coefficient within ±300 µrad and
found that only 66.7% of the cumulative probability was less

7
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Figure 5. Influence of the adjustment error on the coupling coefficient. (a) Rigid-body displacement error; (b) tilt error.

Table 5. Sensitivity matrix of the coupling coefficient of the telescope’s optical system.

Type Manufacturing error Primary mirror Secondary mirror Tertiary mirror Quaternary mirror

Radius ∆R/m 1 × 10−5 7.13 × 10−3 3.8 × 10−5 7.46 × 10−4

Conic ∆k 30 623.2 1939.9 — —
Rigid-body displacement ∆dx/m — 1.01 × 10−6 1.4 × 10−10 0

∆dy/m — 9.12 × 10−7 6.8 × 10−10 −1.8 × 10−9

∆dz/m — 2 × 10−9 1.5 × 10−9 —
Tilt ∆Tx/ ′ ′ — 0.229 0.0053 0.0021

∆Ty/ ′ ′ — 0.222 0.0013 0.0004
∆Tz/ ′ ′ — 0.0004 0.0002 0.0003

Table 6. Tolerance assignment results with the wavefront error as a control requirement.

Type Manufacturing error Primary mirror Secondary mirror Tertiary mirror Quaternary mirror

Radius ∆R/m 5 × 10−3 5 × 10−4 5 × 10−3 5 × 10−3

Conic ∆k 0.0005 0.005 — —
Rigid-body displacement ∆dx/m — 2 × 10−5 1 × 10−4 1 × 10−4

∆dy/m — 2 × 10−5 1 × 10−4 1 × 10−4

∆dz/m — 1 × 10−4 1 × 10−4 1 × 10−4

Tilt ∆Tx/ ′ ′ — 54 360 360
∆Ty/ ′ ′ — 54 360 360
∆Tz/ ′ ′ — 360 360 360

than 25 pm µrad−1, as represented by the red dotted line in
figure 6(b).

We considered the control requirement such that the
internal coupling coefficient of ±300 µrad was less than
25 pm µrad−1 as the final evaluation result. In accordance with
the sensitivity matrix of the optical system error and coupling
coefficient listed in table 5, we further controlled the eccent-
ricity of the secondary mirror in the x and y directions, where
the coupling coefficient had the greatest influence. We adjus-
ted them from an error value of 2 × 10−5 to 1.5 × 10−5 m,
obtained 5000 sets of random errors using the Monte Carlo

algorithm, and calculated the wavefront error and coupling
coefficient under the corresponding errors. The tolerance ana-
lysis result of the coupling coefficient is shown in figure 7(b).
Notably, 93.8% of the cumulative probability was less than
25 pm µrad−1, which is a significant improvement in relation
to when the system considered the wavefront error control
requirement as the final evaluation result. According to the tol-
erance study of the two cases, even if the wavefront error meets
the design index requirement of 0.033λ, the coupling coeffi-
cient still partially exceeds 25 pmµrad−1. Therefore, when the
design result of the space gravitational-wave telescope only

8
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Figure 6. Tolerance results when only meeting the requirements of wavefront error. (a) Analysis result of the wavefront error; (b) analysis
result of the coupling coefficient.

Figure 7. Tolerance analysis results when the requirements of coupling coefficient are met. (a) Analysis result of the wavefront error;
(b) analysis result of the coupling coefficient.

uses the wave aberration as the final evaluation result, it is
insufficient to judge whether it meets the control requirements
of optical path length stability.

5. Conclusion

In space interferometry system, the telescope is essential for
the measurement of this ultrahigh-precision displacement and
is the key payload to realize the detection of gravitational
waves. To accurately evaluate whether the tolerance analysis
results of space gravitational-wave telescope meet the detec-
tion requirements, based on the coupling model of the wave-
front error and TTL noise, the sensitivity matrix of the mapped
relationship between the manufacturing errors of the optical
system and coupling coefficients was established. Based on the
sensitivity matrix, we proposed an evaluation method for the
performance of the telescope’s optical system and the design
process of space gravitational-wave telescope. To verify the
necessity of using the coupling coefficient as an evaluation
method, the sensitivity of the mapping relationship between
the element error and the coupling coefficient was determ-
ined by considering the design results of the off-axis four-
mirror afocal optical system as an example. The results indic-
ate that when the wavefront error was used as a control, 66.7%
of the cumulative probability of the coupling coefficient was
less than 25 pm µrad−1 under the corresponding tolerance

distribution. Furthermore, we used the coupling coefficient as
the control and determined the tolerance distribution result
based on the sensitivity matrix, wherein there was a 93.8%
cumulative probability of the coupling coefficient to be less
than 25 pm µrad−1. Therefore, when the design results of
space gravitational-wave telescopes only consider the wave
aberration as the final evaluation result, it is insufficient to
judge whether it meets the control requirements of optical
path stability. In the tolerance analysis of the design res-
ults of the space gravitational-wave telescope, it is neces-
sary to predict and analyze the cumulative probability that the
wavefront error reaches the diffraction limit; additionally, the
cumulative probability must be evaluated and analyzed such
that the coupling coefficient within ±300 µrad is less than
25 pm µrad−1 to determine the final tolerance analysis res-
ult, which proves that the telescope meets the requirements of
space gravitational-wave detection.
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