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Abstract
Topological constraints have recently been introduced to structural topology optimization by the BESO method. However, 
for the classical and widely used SIMP-type optimization method, an implicit and continuously changing variable cannot 
express the topological characteristics directly during the optimization process. This is partly caused by missing well-defined 
boundaries to compute topological characteristics. To introduce topological constraints into the SIMP-type method, an aux-
iliary discrete expression of structural boundaries through the volume preservation projection method is used to compute 
topological characteristics, that is, the genus or number of holes. A topological control methodology based on persistence 
homology, a numerical calculation idea derived from topological data analysis, is introduced in this paper to implement 
topological constraints. With the help of the design space progressive restriction method, the proposed methodology shows 
that for the 2D static minimum compliance optimization problem, the inequality constraints on the number of holes can be 
satisfied. The effectiveness of the proposed topological control method for the SIMP-type framework is illustrated by several 
numerical examples.

Keywords  Topological control · Genus · Persistence homology · Projection · Filtering

1  Introduction

The basic and most important idea for structural design is 
where to put the right holes, and the art of hole- design 
determines the pros and cons of the structure (Bendsøe and 
Sigmund, 2003). For a given design space and specified 
design constraint, the topology optimization method (Bend-
søe and Kikuchi, 1988) has been proved to be a powerful 
inverse design methodology for conceptual design and has 
been extended in many physical inverse design problems 
(Lin et al., 2019; Sigmund, 2004; Andkjær and Sigmund, 
2011; Deng et al., 2013), being especially mature for static 
structural minimum compliance optimization, which has 

been integrated into in many commercial FEM software 
programs in recent years.

Literally, topology optimization means that the method 
can optimize the structural topology. The genus is a param-
eter used to express the characteristics of a structure. For the 
2D case, the genus is simplified as the number of holes or 
cavities. Controlling the topology for the 2D case is equiva-
lent to controlling the number of holes in structure. There 
are two ways to control the number of holes for topology 
optimization: the direct method and the indirect method. 
For the direct method, a typical strategy is to add topological 
constraints explicitly to the optimization model (i.e., limit 
the maximum number of holes). Correspondingly, the indi-
rect method controls the topology through adjustment of the 
optimization parameters.

Topological control, also called structural complexity 
control (SCC), has been considered as a constraint for ESO 
(evolutionary structural optimization)- type topology opti-
mization methods (Kim et al., 2000). The inequality con-
straint on the number of cavities, defined as enclosed voids 
surrounded by elements, was integrated into the optimiza-
tion model. A novel but indirect topological constraint for 
enclosed voids restriction for additive manufacturing was 
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introduced though the virtual temperature method (Liu et al., 
2015). The structural connectivity was controlled by intro-
ducing a new auxiliary temperature field. With the foun-
dation of graph theory and set theory (Zhao et al., 2020), 
the number and size of interior holes can be controlled by 
updated BESO (soft-kill bi-directional evolutionary struc-
tural optimization) method, and the conception of structural 
complexity control was proposed. Genus, the concept that 
describes topological invariant was used to directly con-
trol the maximum number of holes for the design domain. 
The basement optimization framework was also the BESO 
method and the hole calculation method was the Gauss-
Bonnet method (Han et al., 2021).

One of the most widely used indirect topological con-
trol concepts is length scale control (Lazarov et al., 2016; 
Zhou et al., 2015; Guest, 2008; Guest and Prevost, 2006; 
Guest et al., 2004). Based on the classical SIMP method, 
several works have proved beneficial for controlling the 
relative material distribution, such as adding slope con-
straints (Joakim et al., 1998), imposing extra cost functions 
on the length scale (Poulsen, 2003) and applying circular 
test regions with radii equal to the maximum design length 
scale constraints (Guest, 2008). Combining extra design 
fields and Heaviside projection methods, one can choose 
suitable parameters to create a more variable topology for 
manufacturing constraints and design purposes (Lazarov 
and Sigmund, 2011; Wang et al., 2010; Lazarov and Wang, 
2017).

To implement the topological constraint directly for the 
SIMP method, the first step should be to define the hole 
by an explicit boundary via a well-defined 0–1 auxiliary 
discrete design variable; the second step would then be to 
find the algorithm for calculating the number of holes; and 
the third step would be to carry out the methodology for 
controlling the number of holes or genus.

A direct method for obtaining a boundary well-defined 
discrete auxiliary 0–1 variable could be to calculate a thresh-
old value, for design variables that are larger than the thresh-
old value is projected as 1 and smaller as 0. The threshold 
value would be unique if the volume constraint is introduced 
in this step. First, the value can be calculated in the same 
way using the bisection method of the classical OC update 
strategy. Second, after the first projection step and obtaining 
discrete variables, either the Gauss-Bonnet method or Fire-
Burning method can be used to count the number of holes. 
Third, the filtering design variable method is proposed by 
tuning the size of the filter radius. The concept came from 

persistence homology, and a continuous parameter acting 
on the target geometry would gradually smooth the holes 
and cavities of its geometric structure. Thus, this continuous 
parameter is chosen as the filter radius in this paper.

In this paper, a topological control methodology is pro-
posed in 2D structural minimum compliance optimization 
problems based on the classical SIMP optimization model. 
The paper is composed as follows. In Sect. Methodology, we 
define the basic optimization framework and list a detailed 
description of the proposed method. In Sect. Numeri-
cal Examples, we show some numerical examples of this 
method. Section Discussion and Sect. Conclusion offer a 
discussion and the conclusions of the methodology.

2 � Methodology

The computational optimization model in this paper is as 
follows:

where c is the compliance, and U and F are the global dis-
placement and force vectors, respectively. K is the global 
stiffness matrix. ue is the element displacement vector, k0 is 
the element stiffness matrix for an element with unit Young’s 
modulus, and � is the vector for design variables (i.e., the 
element densities). N is the number of elements used for dis-
cretizing the design domain, Ve is the unit element volume, 
V0 is the total volume for the design domain Ω , and � is the 
volume fraction. For a more numerically stable iteration, 
we choose �min = 0.001 . The genus g of a structure equals 
the number of holes the during iterative computation pro-
cess, and gc is the target maximum constraint number of 
holes. The calculation method for the number of holes g is 
discussed in the next sections. We consider the genus in the 
2D case to be holes enclosed by solids. Thus, the number of 
holes is calculated and controlled.

Two standard structural optimization problems are used 
to illustrate the effect of the proposed optimization method, 

(1)

min
𝜌e

c(𝜌) = UTKU =

N∑
e=1

(
𝜌e

)p
uT
e
k0ue

subject to KU = F in Ω

N∑
e=1

𝜌eVe − V∗
≤ 0 V∗ = 𝛼V0

0 < 𝜌min ≤ 𝜌e ≤ 1

g ≤ gc
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where the design domain, the boundary conditions, and the 
external load for the cantilever beam are illustrated in Fig. 1. 
The target of the optimization problem is to find the optimal 
material distribution under the inequality constraint on the 
number of holes.

2.1 � Holes and counting the number of holes 
in the SIMP method

A hole can be intuitively interpreted as a region enclosed by 
a solid for a two-dimensional design region (Edelsbrunner, 
2014). Therefore, the definition of holes requires clearly dis-
tinguishing between the solid domains (shown as black areas 
in this paper) and void domains (shown as white areas).

However, the classical SIMP-type method (Sigmund, 
2001) adopts the relaxation method for topological evolution 
to avoid large-scale 0–1 discrete optimization problem. The 
optimized intermediate solution and final convergent solu-
tion are based on the implicit description of the structural 
topology which is not a fully 0–1 discretized computational 
result. Thus, no direct and explicit expression of holes exists 
for the classical topology optimization method.

Two problems need to be solved to define and constrain 
the number of holes during the optimization process. First, 
a method should be defined to project the continuous design 
variable to 0 and 1, to express the boundary explicitly. Sec-
ond, a numerical algorithm is needed to calculate the num-
ber of holes corresponding to the hole expression.

2.2 � Volume preservation discrete projection

To count the number of holes for a given distribution 
of a reasonable combination of design variables, a 
straightforward way is to project the continuous value of 
the design variable � ∈ [�min, 1] to the auxiliary discrete 

0–1 expression. Clearly there are many possible ways 
to implement projection operation (Li and Khandelwal, 
2015; Guest, 2015; Zhou et al., 2014; Guest et al., 2011; 
Wang et al., 2010; Kawamoto et al., 2010; Guest et al., 
2004; Ferrari and Sigmund, 2020; Xu et al., 2009), but the 
counting procedure needs a fully 0–1 discrete expression 
of design field. Consider the equality constraint on the 
material volume, we chose to simplify this step. Using 
bisected method to find the threshold value to get a volume 
preservation discrete projection (VPDP) of design variables 
�V . The design variables exceeding the projection threshold 
�th are projected as solid (1), and those smaller than or equal 
to the projection threshold are projected as void (0). The sum 
of the discrete auxiliary variable �V and design variable � 
is kept as constant before and after the discrete projection 
procedure. Equation 2 illustrates the formula of VPDP.

Figure 2 shows the results of the VPDP for a given opti-
mization variable of the iteration step, where the left column 
shows the figure of the design variable � before discrete pro-
jection and the right column shows the projected discrete 
auxiliary variable �V.

2.3 � Hole expression in the 2D case

There are three parts of the auxiliary discrete design domain 
for the 2D case after discrete projection: ΩS ( i.e., the solid 
domain), ΩH ( i.e., the hole domain) and ΩB ( i.e., the void 
domain, which intersects with the design boundary). The 
number of ΩH indicates the structure of the genus (i.e., the 
number of holes in this paper).

(2)
𝜌V =

{
1 𝜌 > 𝜌th

0 𝜌 ≤ 𝜌th∑
𝜌V =

∑
𝜌

Fig. 1   Sketch of short cantilever 
beam, fixed displacement 
constraints and load conditions; 
a Left boundary is fixed, and a 
unit load is applied for the bot-
tom right; b The left two points 
are fixed and an unit load is 
applied for the middle right
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Two examples of one hole and three holes are given in 
Fig. 3. The value of domain ΩH ( value of ΩH is defined as 
g in this paper) affects the topology. But the existence of 
void domains intersecting with boundaries does not affect 
the topology. Thus, the value of domain ΩB (the value of ΩB 
is defined as c in this paper) would not be counted and the 
constraint for the number of holes can be introduced to the 
optimization model as an inequality constraint.

2.4 � Counting the number of holes: the Fire‑Burning 
method

Information on the number of holes can be obtained using 
either the Gauss-Bonnet method (GBM) or the Fire-Burning 
method (FBM) (Han et al., 2021). The computational cost 

of the GBM is lower than that of the FBM. To illustrate 
the subdomain information of holes, the FBM is used in 
this paper because the GBM cannot provide the subdomain 
information.

The algorithm for the FBM is mainly based on the con-
nection matrix. The definition of the connection matrix and 
strategy algorithm for the FBM is illustrated in Fig. 4 and 
Fig. 5. For element aij in connection matrix A , if aij= 1,then 
we consider that element i and element j are connected to 
each other; if aij= 0,then element i and element j would be 
considered as disconnected state. The concepts of two kinds 
of connective relationships and the corresponding connec-
tion matrix are shown in Fig. 4. For the structured square 
mesh, the connective relation in Fig. 4a is adopted in this 
paper and its connection matrix is shown in Fig. 4b.

After the connection matrix is defined, we show an 
example about how FBM works for a design domain 
with 9 squared mesh elements in Fig. 5. Figure 5a is the 
connection matrix for discrete domain in Fig.  5b. The 
key strategy is to traverse the connection matrix with an 
arbitrary starting point until all the void subdomains are 
identified. We consider that the void domain conclude 
element Void=

{
e2 e3 e7 e8 e9

}
 ; and after the FBM 

procedure, the two voids group Subvoid_1 = {e2, e3} 
Subvoid_2 = {e7, e8, e9} can be obtained. Figure 5c show 
the detail flow for this algorithm.

2.5 � Implementing the genus constraint using 
the persistence homology

The concept underlying topological constraint in this paper 
is derived from persistent homology in computational 
topology. Persistent Homology (PH) is a method used in 

Fig. 3   The definition of ΩS , ΩH 
and ΩB . The red areas in the 
middle column show ΩH , and 
the blue areas in the right col-
umn show ΩB . g is the number 
of holes

Fig. 2   Examples of the VPDP,  where the target volume fraction is 
0.5; Left: Original design variable � , Right: Projected discrete auxil-
iary variable �V
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topological data analysis to study the qualitative features of 
data that persist across multiple scales (Otter et al., 2017; 
Fugacci et al., 2016; Carlsson, 2009, 2020; H. Edelsbrunner 
and Harer, 2008). The core idea is to detect more persistent 
features over a wide range of spatial scales using filter 
functions with different spatial scales.

The filter function in the PH calculation corresponds to 
the density filter function in the SIMP method. In essence, 
one can modify a structural topology by adjusting the 
parameters of the filter radius. For the structural topology 
optimization method, the number of holes in the optimized 
results decreases monotonically with increasing the radius 
by filtering the design variables.

The results of the design variables and the binarized hole 
calculations for different constant filter radii (rmin) of the 
density filter are given in Fig. 6. The boundary and load 
condition are defined in Fig. 1a. The first column presents 
the original design variables after optimization, the second 
column presents the projected discrete auxiliary variable via 
VPDP, and the third column presents the hole conditions 
calculated through the FBM.

Figure 6 shows how the filter function, the idea derived 
from the PH, affects the structural topology gradually with 

varying filter radius (adjustable parameters in topology opti-
mization). This is the core of the computational strategy for 
the proposed topological control methodology.

2.6 � Design space progressive restriction method 
(DSPRM)‑a strategy for obtaining binary design 
solutions under large density filter radius

The design strategy of simply increasing the filter radius 
for the original design variable leads to the existence of 
more intermediate variables between 0 and 1 in the iterative 
process and optimized result. The existence of intermediate 
variables lacks manufacturability in engineering design, 
especially in structural optimization design. Note that 
in Fig. 6f, due to the smoothing effect of the larger filter 
radius function, the design variable close to 1 could be 
redistributed to the neighborhoods element, and the full 
design thus cannot converge to the nearly 0–1 result. One 
way to solve this problem is to progressive restrict the design 
space in the iterative update strategy based on the classical 
OC optimization algorithm (Sigmund, 2001) so that the 

Fig. 4   Adjacency relations for the structural square mesh. a Diagonal elements are not considered connectivity elements; b Connection matrix 
for Fig. 4a; c Diagonal elements are considered connectivity elements; d Connection matrix for Fig. 4c

Fig. 5   Schematic of the Fire-Burning method
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Fig. 6   Effect of the density filter 
radius on the final optimized 
topology. mesh: 160*100, 
volume fraction equals 0.5, pen-
alty factor p = 3 , and maxiter 
itermax = 100
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design variables that are larger than 0.5 can only vary in the 
interval close to 1.

The design space of the design variable � located in an 
n-dimensional super-cubic domain Rn , where n is the num-
ber of design variables, R ∈ [�min, 1] . Taking the two design 
variables as an example, the key strategy is illustrated in 
Fig. 7. The lower limit for variables that tend to 1 is gradu-
ally rises. By gradually increasing the allowable lower limit 
through the above method, the intermediate optimized solu-
tion converges to 1 and stabilizes near solid 1, thus achiev-
ing the constraint goal of stable control of extreme hole 
constraints. Specifically, the following algorithm in Eq. 3 is 
used to implement the update strategy during the OC update 
procedure.

where 𝜌n(𝜌n > 0.5) is part of the design variables that are 
larger than 0.5 for iteration step n . The selection of the pro-
portional parameter ratio depends on how fast one would 
like to push the lowest bound of design space to the upper 
limit.

2.7 � Optimization framework

In summary, the algorithm in this paper explicitly calcu-
lates the number of holes through the VPDP and the FBM 
during optimization process. To accelerate the computation 
time, a series of matrices is calculated using different filter 
radius before optimization. When the number of calculated 

(3)𝜌
n(𝜌n > 0.5) =

⎧
⎪⎨⎪⎩

0.5 +min(0.499, ratio ∗ n); if (0.5 +min(0.499, ratio ∗ n)) > 𝜌n(𝜌n > 0.5)

𝜌n(𝜌n > 0.5); if (0.5 +min(0.499, ratio ∗ n)) ≤ 𝜌n(𝜌n > 0.5)

1; if max ((0.5 +min(0.499, ratio ∗ n)), 𝜌n(𝜌n > 0.5)) > 1

holes exceeds the current number of holes constrained by the 
design, according to the previous analysis, gradually increas-
ing the filter radius and redistributing the design variables 
suppresses the generation of new holes to a certain extent. 
With the help of the DSPRM, the binary design solution 
requirement under a large filter radius can also be satisfied 
by limiting the lower limit of the design variables in the 
OC iteration upgrade procedure. We choose the maximum 
iteration number as the convergence criterial, if the iteration 
number exceeds the pre-defined maximum iteration number, 
the loops end.

The main algorithm computational step of the proposed 
topological control method is given in Fig. 8 and the optimi-
zation procedure can be described as follows:

•	 Initialize the design variables and generate the 
global filter matrix with different filter radii Hrn , 
rn = 1.1 + (n − 1)1.3;n = 1 ∶ 20.  That is, the radius to 
generate the filter matrix grows sequentially as follows: 
filter matrix Hr1=1.1 for radius r = 1.1 when n = 1 ; filter 
matrix Hr2=2.1 for radius r = 2.1 when n = 2 ; filter matrix 
Hr3=3.56 for radius r = 3.56 when n = 3 . etc.

•	 Calculate the sensitivity of objection, taking the sensitiv-
ity filter the using fixed filter radius r = 1.1 to smooth the 
sensitivity. Update the design variables using the filtered 
sensitivity and obtain new design variables �new.Then, 
the DSPRM strategy would be integrated into the OC 
procedure;

Fig. 7   Schematic of the DSPRM for two design variables; the shadow line area is the allowable design space
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•	 Based on new design variables �new , obtain the projected 
auxiliary discrete 0–1 variables �V ; With the help of the 
FBM, analyses whether �V satisfies the hole constraint.

•	 If the hole constraints are satisfied, take �new as a new 
value for the next iteration.

•	 If �V cannot satisfy the hole constraints, then the design 
variables �new are redistributed using the filter matrix. 
Calculate �jnew and its projected auxiliary discrete 
variables �j

V
 step by step. Calculate the number of holes 

of �j
V

 through the FBM; until the projected auxiliary 
discrete variables �j

V
, 1 ≤ j ≤ n , satisfy the hole 

constraints for the j-th step.
•	 Take �jnew as the new value for the next iteration

3 � Numerical examples

In this section, the effectiveness of the proposed algorithm 
is illustrated with the calculation example of a cantilever 
beam as defined in Sect. Methodology. The discretized com-
putational region is calculated with a square mesh, and the 
analysis is calculated by interpolation of the element design 
variables with a cell load size of 1.

3.1 � Results of the bottom‑load condition

This section presents the example calculation of the dis-
cussed algorithm for Fig. 1a with a computational mesh of 
160*100 and a volume fraction of 0.5. Figure 9 shows the 
optimized design variable (left column), the auxiliary dis-
crete variable via VPDP (middle column) and the region of 
calculated holes (right column) using only sensitivity filter 
with the radius r = 1.1 . And the topological constraint algo-
rithm is not implemented into this numerical example. For 
the load condition in Fig. 1a, the total calculated number of 
holes is 44, and for the load condition in Fig. 1b the calcu-
lated number of holes is 72.

Figure 10 shows the optimized results � with the num-
ber of holes inequality constraint well-satisfied. The hole 
maximum constraint number gc change from 0 to 11. The 
chosen value of the factor ratio for the restricted design 
space is 0.002. Obviously, the design variable � and pro-
jected discrete variable �V are to be identical to each other 
after 250 steps. The maximum iteration number is 320 in this 
paper. And that number aim to show that the design variable 
remains unchanged and the objection value are constant after 
250 steps.

Figure 11 shows the objective value and hole growth 
properties for the SIMP-type method under the 5-hole con-
straint. As the iteration began, there were no hole areas. Fig-
ure 12 shows the inner step number of iterations for redis-
tributed design variable under the same hole constraint as 
in Fig. 11. And Fig. 13 gives the details of the topological 
constraint condition at the outer iteration of step 31. At the 
first beginning of step31, the number of holes calculated 
from auxiliary discrete(middle column) variable for initial 
design variable �A (left column) equals to 7 and exceeds the 
target 5-hole constraint. So, the radius increases gradually 
and until the hole constraint is satisfied. And �E is taken in 
the iteration process as the initial value for the next upgrade 
procedure.

Table. 1 and Fig. 14 list the objective strain energy for the 
constraint on different number of holes. When the hole con-
straint cannot be satisfied, a larger filter radius is required to 
redistribute the material, which is the reason why in Fig. 12, 
the number of intermediate iterations oscillates several 
times. The oscillation can be clearly seen from the history 
of iterations in Fig. 14.

3.2 � Results of the middle‑load condition

This section shows the example calculation of the discussed 
algorithm for Fig. 1b with a computational mesh of 160*100 
and a volume fraction of 0.5. Figure 15 shows the maximum 
hole constraint number gc from 0 to 11 and its optimized 
result � . The chosen scale factor ratio for the progressive 
restriction strategy is 0.002.

It can be seen from Fig. 15 that asymmetric computa-
tional solutions do not exist in the design space in the case 
of symmetric boundary conditions and symmetric loads. In 
addition, some of the solutions with larger hole constraints 
are subject to the hole generation performance, and they 
eventually converge to solutions with less than the target 
hole constraint. That is, the final number of generated holes 
is less than or equal to the target hole constraint.

Table. 2 and Fig. 16 show the objective strain energy for 
the constraint on various number of holes.

4 � Discussion

A fixed mesh and constant volume fraction are used in Sect. 
Numerical Examples to illustrate how the proposed method 
works for constrained number of holes. The discussion 



Topological control for 2D minimum compliance topology optimization using SIMP method﻿	

1 3

Page 9 of 16  38

Fig. 8   Algorithm computational 
iteration flow chart
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Fig. 9   Results without topo-
logical constraint by a constant 
sensitivity filter radius r = 1.1. 
Optimized design variable (left 
column); Auxiliary discrete 
variable via VPDP (middle col-
umn); Hole areas (right column)

Fig. 10   Hole-constrained 
results after optimization. The 
load condition is defined in 
Fig. 1a. gc is the maximum hole 
constraint number, and g is the 
number of the holes of calcu-
lated result
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below shows the topological control effect when these two 
factors are varied.

4.1 � Mesh dependence

A suitable inverse design algorithm should be mesh-inde-
pendent, and it is reliable if the optimized design solution 
can converge on either a large-scale or a small-scale mesh. 
For a mesh that can generate holes for target number, the 
hole control algorithm should also be controlled at that level. 
Figure 17 and Fig. 18 illustrate the optimized result under 
the 5-hole constraint with the same volume fraction 0.5 for 
80*50 mesh density, 160*100 mesh density and 320*200 
mesh density, respectively. Obviously, the hole control algo-
rithm generates a convergent result for a finer mesh. 

4.2 � Discussion of the calculation results at different 
volume fraction

Similarly, the material distribution at different volume frac-
tions also affects the generation and distribution of the final 
topology. Figure 19 gives the optimized result of material 
fractions from 0.2 to 0.6 for the load conditions of Fig. 1a 
with the 5-hole constraints applied. When the volume frac-
tion is 0.2, a rod connected to the fixed edge of the constraint 
as shown in Fig. 19a is generated, because the intersection 
of the class of rods with the boundary is not considered as 
a hole; therefore, the computational results in this example 
also satisfy the constraint condition of the 5-hole constraint.

Figure 20 shows the result for the load conditions of 
Fig. 1b under different volume fraction. For load condition 
Fig. 1b, the optimized result with the variable volume frac-
tion is much more similar than that for Fig. 1a.

4.3 � Further Discussion

The basic premise of this paper is that the volume constant 
constraints are tightly supported, so that the design variables 
always wander in the boundary of the volume constraints 
during the optimization process. Thus, the suitability of the 

Fig. 11   Iterative history curves under the 5-hole constraints; The 
original design variables, volume preserving discrete projection 
design variables and corresponding hole analysis results are given for 
each iteration step

Fig. 12   Intermediate iteration step history iteration curve. For itera-
tion 31, the algorithm redistributes the design variable 4 times to sat-
isfy the hole constraint
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Fig. 13   Variable distribu-
tion for the inner loop of the 
outer iteration for iteration 
31; �A is the initial value of 
inner loop in (a); and �B ∼ �E 
is the design variable for 
(�) ∼ (�);�B = Hr1=1.1 ∗ �A , 
�C = Hr2=2.1 ∗ �B ; 
�D = Hr3=3.56 ∗ �C ; 
�E = Hr4=5.27 ∗ �D , and �E 
would be the initial value for 
next upgrade procedure
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non-tightly support constrained problem is not discussed. 
For multiple constraints or multiple loading conditions, it is 

necessary to further discuss, for example, linking the MMA 
algorithm to solve the optimization problem.

The discrete 0–1 expression of auxiliary design variable 
proposed in this paper is simply implemented using the 
volume preserving projection method. It is known that 
other more advanced discrete projection methods could also 
work for this algorithm. For example, one could use volume 
preserving Heaviside function (Wang et al., 2010; Xu et al., 
2009; Li and Khandelwal, 2015; Ferrari and Sigmund, 
2020).

The convergence speeds of the algorithm in this paper 
depends on the ratio in the design space progressive 
restriction method and the target maximum hole constraint 
number. If one wants to obtain the obvious 0–1 distribution 
parameter within 250 iteration steps, the proportional 
minimum should be selected larger than 0.5∕250 = 0.002 . 
If the total maximum iteration number is 200, and the ratio 
equals to 0.01, then after 50 iterations there would exist 
elements that satisfy the third equation in Eq. 3. Actually, 
the design space restriction method proposed in this paper 
is mainly necessary for the cases that hole constraint is 
chosen as such as 0 or 1, where one has to choose very large 
filter radius which results in relatively large area with gray 
elements. Of course, the classical convergent criteria such 
as the absolute change of the design variable can be also 
integrated into this proposed numerical model.

With the maximum hole constraints such as the 0-hole 
constraint, the optimized solution itself is a local optimum 
with a higher objection value than that of the optimized 
result without topological constraints. It takes many inner 

Table 1   Strain energy of the optimized results under different hole 
constraints for the design problem shown in Fig. 1a

Hole 0 Hole 1 Hole 2 Hole 3 Hole 4 Hole 5

50.127 46.121 45.848 45.454 45.175 45.080
Hole 6 Hole 7 Hole 8 Hole 9 Hole 10 Hole 11
45.080 45.093 45.144 45.182 45.228 45.190

Fig. 14   Calculated strain energy and corresponding hole constraint 
diagram for Fig. 1a
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steps to obtain a reasonable local optimum. For the case of 
Fig. 1a, the strain energy corresponding to the 0-hole con-
straint is 50.127, while the value for 5-hole optimized solu-
tion is 45.080. The strain energy corresponding to 0-hole 
constraint is 67.981 for the case of Fig. 1b, while the value 
for the 5-hole optimized solution is 60.369. However, for 
micro additive manufacturing, a 0-hole constraint solution 
is easier to manufacture.

Table 2   Strain energy calculation results under different hole con-
straints for the case in Fig. 1b

Hole 0 Hole 1 Hole 2 Hole 3 Hole 4 Hole 5

67.981 61.541 61.559 60.444 60.444 60.369
Hole 6 Hole 7 Hole 8 Hole9 Hole10 Hole11
60.376 60.305 60.308 60.325 60.278 60.361

Fig. 16   Calculated strain energy and corresponding hole constraint 
diagram for Fig. 1b

Fig. 15   Hole-constrained results 
after optimization. The load 
condition is defined in Fig. 1b, 
gc means the maximum hole 
constraint number, and g is the 
number of holes of the calcu-
lated result
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5 � Conclusion

Based on the persistence homology, an idea that comes from 
topological data analysis, this paper shows a topological 
control strategy methodology with an inequality hole 
constraint for structural minimum compliance topology 
optimization in 2D condition. Numerical results of the 
cantilever beam illustrate that the algorithm can implement 
genus inequality constraints for various mesh discretization 
and volume equality constraints. We illustrate that with 
using the well-known filter method and adding some novel 
numerical skills, the classical SIMP plus OC strategy can 
fulfill the specific countable topological constraint.
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Fig. 17   Five-hole constraint, 
with different mesh densities 
(results optimized for Fig. 1a. 
a mesh is 80*50; b mesh is 
160*100; c mesh is 320*200

Fig. 18   Five-hole constraint, 
with different mesh densities 
(results optimized for Fig. 1b. 
a mesh is 80*50; b mesh is 
160*100; c mesh is 320*200

Fig. 19   Five-hole constraint with different volume fractions under a mesh of 160*100; � is the volume fraction

Fig. 20   Five -hole constraint with different volume fractions under a mesh of 160*100; � is the volume fraction
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modified based on Andreassen’s 88-line MATLAB work (Andreassen 
et al., 2010).
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