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Abstract—Superior transparency, which includes precise force
feedback and position tracking, is the main objective of bilateral
operating systems. Therefore, force information estimation or
measurement plays a critical role in improving the transparency
of bilateral operating systems. This paper proposes a bilateral
control scheme combined with an adaptive sliding-mode-assisted
disturbance observer (ASMADO) for bilateral operating systems.
First, ASMADO, comprising an adaptive disturbance observer
and adaptive sliding mode-assisted control law, is used as a force
detector to estimate the time-varying force in bilateral control
systems. The adaptive disturbance observer with a fixed-time
convergent auxiliary dynamic variable is designed without the
prior knowledge of the upper bound of the force information
derivative, which drives the force estimation error into a small
bounded set. Then, the adaptive sliding mode-assisted control
law is used to eliminate the estimated residuals of the adaptive
disturbance observer in the inner loop of the force estimator.
Stability analysis proves that the proposed ASMADO is practical
finite-time stable. Subsequently, a bilateral control scheme based
on the proposed ASMADO is developed to further improve the
system transparency with force feedback and position tracking.
Finally, comparative experimental studies are conducted to verify
the superior performance of the proposed bilateral controller
based on ASMADO.

Index Terms—Bilateral control, disturbance observer, adaptive
sliding mode control, force estimation, finite-time.

I. INTRODUCTION

B ILATERAL operating technology is widely applied in
aerospace, marine development, atomic energy science,

medical rescue, and other research fields to complete some
risk tasks that cannot be performed by humans [1], [2]. In
ideal bilateral operating systems, the instruction information
of humans acting on the master actuators can be accurately
transmitted to the slave actuators via a communication chan-
nel, while the environmental information detected by the slave
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actuators is also accurately transmitted to the human operator
via a communication channel [3]. It means that the human
operating on the environment does not feel the presence of
the bilateral operating systems and the distance between the
human and the environment, as if they are directly touching
the environment. However, stability and transparency are the
two main problems faced by bilateral operating systems while
designing the ideal controller. The stability issue is mainly
caused by the communication time-delay. Thus, many control
methods (which include scattering operator [4], time-domain
passivity [5], and robust adaptive control [6], etc.) have been
proposed to cope with the system’s stability with time-delay.
However, the above approaches only deal with the stability
issue with time-delay, but cannot effectively solve the trans-
parency issue, which is another key issue of bilateral operating
systems. For improved transparency, accurate force feedback
and position tracking must be achieved between the master
actuator and the slave actuator.

To achieve position tracking between the master and slave
actuators, a few studies have considered synchronization-
tracking problems of bilateral operating systems. For example,
an adaptive control scheme was proposed in [7] to reduce the
synchronization tracking errors of the master-slave actuators
and improve their transparency. In addition, the traditional
sliding mode control method has been used in bilateral oper-
ating systems, which ensures that the system state converges
asymptotically [8]. Finite-time control is introduced into the
sliding mode control to achieve synchronization tracking of
the master-slave actuators. In [9], a terminal sliding mode
controller was designed to improve the position tracking
accuracy of the bilateral operating system, promising finite-
time controller convergence. In [10], an adaptive sliding mode
control with finite-time convergence was proposed to improve
the tracking performance of a bilateral operating system,
ensuring fast convergence and robustness of this system. Note
that these methods focus on position tracking control and
neglect force feedback control.

A bilateral operating system should achieve a fast, smooth,
and accurate position synchronization as well as a realistic
force feedback. Studies on controller structures of bilateral op-
erating systems focus on achieving accurate force and position
control simultaneously, which also confirms the importance
of force feedback [11], [12]. To achieve satisfactory perfor-
mance of force feedback, accurate force measurement with
fast response is required. Various force sensors can directly
obtain force information, and have been installed to detect
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the force haptic perception information in bilateral operating
systems [13]. However, it is difficult to arrange the force
sensors throughout the actuator and detect all disturbance force
information. Moreover, the use of commercially available
force sensors for the measurement of force feedback infor-
mation in a bilateral operating system can result in reduced
reliability, high cost, sensitivity to noise, and constraints on
the hardware weight or equipment space.

To solve the above issues, force estimation methods, such
as the disturbance observer (DOB) [14], inverse dynamic
method [15], extended state observer (ESO) [16], sliding per-
turbation observer [17], and Kalman filter-based observer [18],
have been proposed for estimating the contact forces. The
DOB is the commonly used method because of its sim-
ple design and easy implementation. For example, Katsura
proposed a DOB that can accurately estimate the contact
force, and the stability of the force controller is guaranteed
with feedback states. In [19], the DOB was employed for
human force estimation for a one-dimensional virtual proxy,
and a significant estimation effect was obtained. Myungsin
applied this type of DOB to the human force estimation of a
multiple degree-of-freedom nonlinear system [20]. However,
in the above methods, the feedback states of the system are
smoothed using first-order low-pass filters, resulting in the
loss of high-frequency status information. In [16], a force
estimator based on ESO was proposed to estimate the ex-
ternal interaction forces. In [21], Della used the data-driven
disturbance observers to estimate the external forces of soft
robots. In [22], [23], a sliding mode control technique without
force sensors was designed to restrict disturbance and enhance
the robustness of the entire controller, and the forces were
measured using these DOBs. From the above studies, the
sliding mode control has a significant effect in suppressing
disturbances. Therefore, in our previous work, a sliding mode-
assist idea was proposed, and the sliding mode control was
arranged in the inner loop of the entire controller to estimate
the disturbance or force information. For example, a sliding
mode-assisted disturbance observer (SMADO) was proposed
to detect the residual force in a wider frequency domain [24],
[25]. Contrary to the existing DOB, the SMADO does not
work in the outer robust control loop and is not limited by
the stability of a single actuator; thus, it can achieve a high
performance of the bilateral operating system. The existing
sliding mode observer, SMADO, and other observers must
utilize the upper bound of the derivative of force or disturbance
when designing the gains of these observers. However, it is
difficult to obtain this information in practical systems. In
addition, the convergence of these anti-disturbance methods
requires further investigation.

Motivated by previous studies, we propose an adaptive
sliding mode-assisted disturbance observer (ASMADO) to
enhance the estimation performance of external forces in a
bilateral operating system. Subsequently, sliding mode control
and adaptive law are combined to reduce the residual forces.
The convergence and stability of the proposed observer method
are proved. The experimental results confirm that the bilateral
controller based on the developed ASMADO has superior
performance. The main contributions and novelties of the

developed ASMADO method are summarized as follows.
1) Different from the existing force estimation methods

in published literature [16], [26]–[28], which assume
that the prior knowledge of the derivative of the forces
is a known constant, we propose a force estimation
method based on the novel ASMADO with the fixed-
time convergent auxiliary dynamic variable to release the
requirements for the prior knowledge of the derivative of
forces.

2) The dynamics of the forces are complex and uncertain,
the convergence time of the auxiliary dynamic variable
of the proposed ASMADO method is fixed, which can
guarantee that the force estimation errors are limited in
a bounded set in finite time. Then, the adaptive sliding
mode-assisted control law is used to further eliminate
the force estimation residuals in the inner loop, and
its convergence time is finite based on the Lyapunov
stabilization technique. The adaptive law of switching
gain makes the sliding mode variables converge into a
small set and effectively solve the chattering issues of
the sliding mode control.

The remainder of this paper is organized as follows. Sec-
tion II describes the bilateral operating system and control
objective. The bilateral control method based on the proposed
ASMADO is presented in Section III, in which the stability
of the ASMADO is proved using fixed-time and finite-time
theory with the Lyapunov function. A few comparative ex-
periments are implemented, and their results are presented in
Section IV. Finally, Section V provides the conclusions and
prospects of this study.

II. PROBLEM FORMULATION

In this study, the master-slave actuators of the bilateral
operating systems driven by two brushless motors can be
expressed as follows:

M (i)ẍ(i) +B(i)ẋ(i) = k(i)u(i) + T
(i)
f , i = m, s. (1)

where m and s represent the master and slave actuators,
respectively, M (i) ∈ R and B(i) ∈ R are the positive
constants, which represent the moving mass and viscous fric-
tion coefficients of brushless motors, respectively. ẍ(i), ẋ(i),
and x(i) represent the acceleration, velocity, and position of
brushless motors, respectively. u(i) denotes the control input,
k(i) is the force coefficient of the master-slave actuators, and
T

(i)
f represents the external forces exerted on the master-slave

actuators.
Notably, it is difficult to precisely identify the parameters of

the master-slave actuators in practical systems. In this study,
we examined the uncertain part, and it can be expressed as
follows: {

M (i) = M (i)
n + ∆

(i)
M

B(i) = B(i)
n + ∆

(i)
B .

(2)

where M (i)
n and B(i)

n are the nominal parameters of the master-
slave actuator. ∆

(i)
M and ∆

(i)
B represent the corresponding
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Fig. 1. Diagrammatic representation of the bilateral operating system.

uncertainty values. For brevity and generality, the system (1)
without considering the uncertain parts is rewritten as follows:ẋ

(i)
1 = x

(i)
2

ẋ
(i)
2 =

(
k(i)u(i) + T

(i)
f −B

(i)
n x

(i)
2

)
/M (i)

n .
(3)

As shown in Fig. 1, the purpose of this study is to transfer
the actions issued by the operators from the master actuator
side to the slave actuator side. Simultaneously, the master
actuator and operators duplicate the force condition between
the slave actuator and environment object in real time. The
bilateral operating control system should be able to build a
rigid and zero-impedance connection between the operator and
environment to achieve the following control objectives:

ep = x
(m)
1 − x(s)1 → 0, (4)

ef = T
(m)
f + T

(s)
f → 0 (x

(m)
2 = x

(s)
2 = ẋ

(m)
2 = ẋ

(s)
2 = 0),

(5)
where ep is the position error between the master and slave
actuators. This implies that position synchronization between
the master and slave actuators is achieved by the designed
controller. ef → 0 denotes that the force applied by the
operator to the master actuator is equal to the reaction force
applied to the slave actuator by the environmental object.

Remark 1: In this study, two brushless motors are used
as the master and slave actuators, respectively. Since force
T

(i)
f is significantly larger than that in the uncertain parts,

the uncertain parts are treated as natural characteristics, and
they are not considered and compensated for in this work.
We treat M (i) and B(i) as constants to facilitate the design
of the bilateral controller. In addition, for bilateral operating
systems with the multiple actuators on the master and slave
sides, M (i) and B(i) are defined as a N ×N positive-definite
matrix, where N is the dimension of the matrix.

III. MAIN RESULTS

In this section, we propose a bilateral controller based on
a novel ASMADO to achieve haptic transmission between
the master and slave sides of a bilateral operating system.
ASMADO is utilized as the force detector for the master-
slave actuators, and the details are shown in the following
subsection.

A. Adaptive Sliding-Mode-Assisted Disturbance Observer De-
sign

The developed ASMADO comprises an adaptive DOB
and sliding mode-assisted control law, ensuring finite-time

convergence and precise force estimation error bounds. The
adaptive law of the adaptive DOB is used to estimate the
upper bound of the derivative of the contact force, thereby
facilitating the design of the force estimator. This is because
it is difficult to obtain this information in practical systems.

Assumption 1: T (i)
f and its time-derivative are assumed to

be unknown but bounded, and they satisfy |T (i)
f | ≤ Γ1 and

|Ṫ (i)
f | ≤ ψ(i), where Γ1 is a known constant Γ1 > 0, but ψ(i)

is an unknown positive constant.
To design the adaptive DOB, we first defined the auxiliary

variable ϕ(i) that satisfies the following auxiliary dynamic
expression:

ϕ̇(i) =
k(i)u(i) + T̂

(i)
f −B

(i)
n x

(i)
2 + r1(χ(i))α1 + r̂

(i)
2 sign(χ(i))

M
(i)
n

,

(6)
where χ(i) = x

(i)
2 − ϕ(i) is the auxiliary variable, T̂ (i)

f

denotes the estimated external forces exerted on the master-
slave actuators, r1 and α1 are positive constants, and r̂

(i)
2 is

the gain of the auxiliary dynamic (6), which is defined as

r̂
(i)
2 = |T̂ (i)

f |+ Γ > 0, (7)

where Γ = Γ1 + Γ2, and Γ2 denotes a positive constant.
To estimate the external forces of the master-slave actuators,

an adaptive DOB is designed as follows:

T̂
(i)
f = ζ(i) + ςM (i)

n x
(i)
2

ζ̇(i) = −ς(k(i)u(i) −B(i)
n x

(i)
2 + T̂

(i)
f )

+ (ψ̂(i) + r3)sign(τ (i)) + r4signα2(τ (i))

˙̂
ψ(i) = −εψ̂(i) + |τ (i)|,

(8)

where ζ(i) is an auxiliary variable and ς , r3, and r4 are
the gains of the proposed adaptive DOB, which are positive
constants. ψ̂(i) is the estimation value of ψ(i); τ (i) and
signα2(τ (i)) satisfy τ (i) = r̂

(i)
2 sign(χ(i)) and signα2(τ (i)) =

|τ (i)|α2sign(τ (i)), respectively. α2 is a constant, and ε denotes
the adaptive gain used to estimate the upper bound of |Ṫ (i)

f |,
which is a positive constant.

However, the adaptive DOB (8) cannot estimate the full
force information; it only transforms the estimation error of
T

(i)
f into a bounded region. To further enhance the robustness

and estimation accuracy of the adaptive DOB, we designed an
adaptive sliding mode-assist term in the inner loop to suppress
the estimated residual error of (8). Next, we considered other
auxiliary virtual subsystems, as follows:ẋ

(i)
1n = x

(i)
2n

ẋ
(i)
2n =

(
k(i)u(i) + T̂

(i)
f + u(i)c −B(i)

n x
(i)
2n

)
/M (i)

n ,
(9)

where x(i)1n and x
(i)
2n represent the nominal states of the aux-

iliary subsystems. u(i)c is the input of the auxiliary virtual
subsystem. To construct the adaptive sliding mode-assisted
control law, we first defined the errors between the output
positions of the auxiliary subsystem and the actual system as
follows:

e(i) = x
(i)
1 − x

(i)
1n. (10)
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Thereafter, the sliding mode variables are defined as fol-
lows:

σ(i) = λe(i) + ė(i), (11)

where λ is a positive constant and ė(i) is set as ė(i) = x
(i)
2 −

x
(i)
2n.
Subsequently, consider the time derivative of (11) and

substituting (9) and (10) into the time derivative of σ(i) to
yield:

σ̇(i) = λė(i) + (T
(i)
f − T̂

(i)
f − u

(i)
c −B(i)

n ė(i))/M (i)
n

= [T̃
(i)
f + (λM (i)

n −B(i)
n )ė(i) − u(i)c ]/M (i)

n ,
(12)

where T̃ (i)
f = T

(i)
f − T̂

(i)
f denotes the external force estimation

error based on the adaptive DOB (8).
In the sliding mode control system, the state motion of the

system can be divided into two phases, one is the sliding mode
reaching phase, and the other is the sliding mode motion phase.
When the system enters the sliding mode motion state, it is
necessary to design a reasonable switching gain to keep the
system state in the sliding mode motion state, even when force
estimation always exists. In this study, an adaptive sliding
mode-assisted control law is constructed to eliminate the force
estimation residuals T̃ (i)

f , and its expression is as follows:

u(i)c = φ̂(i)sign(σ(i)) + κσ(i) + (M (i)
n λ−B(i)

n )ė(i), (13)

where κ is a positive constant, which indicates the parameters
of the reaching law, and φ̂(i) is the gain of the reaching law,
which is obtained using the following adaptive law:

˙̂
φ(i) =

{
$1|σ(i)|sign(|σ(i)| − υ), φ̂(i) > %

$2|σ(i)|, φ̂(i) ≤ %,
(14)

where $1, $2, υ, and % denote positive constants.
Remark 2: Based on (14), note that, when the gain φ̂(i) is

greater than %, it will always satisfy φ̂(i) > %. If the |σ(i)| >
υ, there is ˙̂

φ(i) = $1|σ(i)|sign(|σ(i)| − υ) = $1|σ(i)| > 0,
and the φ̂(i) is increased; when φ̂(i) is sufficiently large to
remove the force estimation error, i.e. φ̂(i) > |T̃ (i)

f |, |σ(i)|
will be reduced. φ̂(i) also continues to increase until |σ(i)|
decreases and satisfies |σ(i)| = υ, and φ̂(i) will stop changing.
When |σ(i)| decreases and satisfies |σ(i)| < υ, it is noted that
˙̂
φ(i) satisfies ˙̂

φ(i) = −$1|σ(i)| < 0, and φ̂(i) will decrease,
thus helping reduce the chatter generated by the sliding mode
controller; if φ̂(i) is sufficiently reduced to resist the force
estimation error |T̃ (i)

f |, |σ(i)| will increase until |σ(i)| > υ.
At this time, φ̂(i) will begin to increase consistently until it is
sufficient to eliminate the entire |T̃ (i)

f |. Notably, |σ(i)| starts
to decrease again until it satisfies |σ(i)| < υ, and also φ̂(i)

starts to decrease again. This process is repeated throughout
the control process. Therefore, there exists a bounded constant
φ(i)∗ > |T̃ (i)

f | such that the adaptive gain φ̂(i) satisfies % ≤
φ̂(i) ≤ φ(i)∗, guaranteeing the boundedness of the adaptive
gain φ̂(i) and effectively reducing chattering.

For system (3) combined with (8) and (13), the proposed
ASMADO method is designed as follows:

u
(i)
f = u(i)c + T̂

(i)
f . (15)

According to the principle of ASMADO, the observer error
satisfies u(i)c −T̃ (i)

f → 0. Therefore, the controller u(i)f satisfies
Λ(i) = u

(i)
f −T

(i)
f → 0 based on (15), Λ(i) denotes the external

estimated errors of the master-slave actuators.
In this subsection, a bilateral controller based on the devel-

oped ASMADO is presented.{
u(m) = (u

(s)
f − kpep − kdėp)/k

(m)

u(s) = (u
(m)
f − kpep − kdėp)/k(s),

(16)

where kp and kd denote the gains of the proposed bilateral
controller.

In this study, we used the same motors as the master-slave
actuators. Therefore, the nominal parameters of the master-
slave actuators are the same, that is, M (m)

n = M
(s)
n = Mn

and B(m)
n = B

(s)
n = Bn. From (3) and (16), we obtain

Mnëp + (Bn + 2kd)ėp + 2kpep = −Λ(m) + Λ(s). (17)

From (15), we obtain

Mnëp + (Bn + 2kd)ėp + 2kpep → 0. (18)

Because Mn > 0, Bn + 2kd > 0, and 2kp > 0, the position
error ep between the master and slave actuators converges to
zero based on Hurwitz theorem. This implies that the master
and slave actuators achieve position synchronization.

From (3) and (16), when Λ(i) = u
(i)
f −T

(i)
f → 0, we obtain

Mnẋ
(m)
2 +Bnẋ

(m)
1 +Mnẋ

(s)
2 +Bnẋ

(s)
1 = 2(T

(m)
f + T

(s)
f ).

(19)
As shown in Fig. 2, the four-channel bilateral operating

system includes two force channels and two position channels.
It sends the position information of the master actuator and the
force information of the human acting on the master actuator
to the slave actuator for the position/force hybrid control of the
slave actuator and sends the position information of the slave
actuator and the force information between the slave actuator
and the environment to the side of the master actuator for
control of the master actuator. Based on (18), it is assumed that
the master-slave actuators are identical in position response,
that is x

(m)
1 = x

(s)
1 and ẋ

(m)
2 = ẋ

(s)
2 when the position

controller of the master-slave actuators enters a steady state.
From (19), T (m)

f +T
(s)
f = 0 is obtained when the master-slave

actuators operate at the same speed or are both motionless.
This implies that the proposed controller (16) enables the
master-slave actuators to be transparent at a uniform speed or
under static conditions, which includes the precise transfer of
forces and positions between master and slave actuators. Note
that the force control values u(i)f of the master-slave actuators
are obtained using the proposed ASMADO method.

B. Stability Analysis
This subsection presents the convergence analysis of the

proposed ASMADO method using fixed-time and finite-time
convergent theory based on the Lyapunov function. First, we
introduced some related lemmas used in the proof process.

Lemma 1: [29], [30] Consider a nonlinear system ẋ =
F1(x, u). Suppose that a continuous function Vo1(x) satisfies

V̇o1(x) ≤ −
(
η1Vo1(x)a + η2Vo1(x)b

)ı
, (20)
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Fig. 2. Structure chart of the proposed ASMADO-based bilateral controller.

where a, b, η1, η2 are all positive constants and ı, a, and
b satisfy aı < 1 and bı > 1. Then, the origin of the
nonlinear system F1(·) is fixed-time stable, and Vo1(x) can
reach Vo1(x) ≡ 0 in fixed time Tv1 , which is bounded and
independent of the initial states.

Tv1 ≤ Tv1MAX =
1

ηı1(1− aı)
+

1

ηı2(bı− 1) .
(21)

Lemma 2: [31], [32] Consider a nonlinear system ẋ =
F2(x, u). Suppose that θ > 0, 0 < c < 1 and 0 < ι < ∞,
there exists a continuous function Vo2(x) that satisfies

V̇o2(x) ≤ −θVo2(x)c + ι. (22)

Considering the above, the nonlinear system is practical finite-
time stable and the convergence time satisfies

Tv2 ≤ Tv2MAX =
V 1−c
v2 (x(0))

θ(1− c)η3
, (23)

where η3 denotes a constant that satisfies 0 < η3 < 1.
The main results of the proposed ASMADO method are

presented in the following theorem.
Theorem 1: Consider the system described by (3) with

the external force T
(i)
f satisfying Assumption 1, the chosen

ASMADO as (15) with the auxiliary dynamic expression
(6) and sliding mode surface (11) can obtain the following
conclusions.

1) the auxiliary variable χ(i) can converge its origin
where χ̇(i) = χ(i) = 0 holds in fixed-time with
the bound in the convergence time is calculated as

T
(i)
0 =

√
2M

(i)
n /Γ2 + 2

r1(α1−1) (
M(i)
n

2 )
α1+1

2 , where T (i)
0

is a constant with any initial state ϕ(i)(t0) and t0 is the
initial time;

2) the estimation error of the external force T
(i)
f can

converge into a bounded set Ξ(i) in finite time T
(i)
1

under the developed adaptive DOB (8);

3) the sliding mode surface (11) with the adaptive law (14)
and the tracking error e(i) can converge to a small set
in finite time, and the adaptive sliding mode-assisted
control system is practical finite-time stable.

Proof: The proof procedures are divided into three steps.
First, we prove that the auxiliary variable χ(i) can converge
to a region of χ(i) = 0 at a fixed time. Thereafter, we verify
that the estimation error of the external force converges into a
bounded region in finite time under (8). Finally, we verify the
finite-time stability of σ(i) and e(i) under the adaptive sliding
mode-assisted control law.

Step 1: Let us define a Lyapunov function candidate as
follows:

V1 =
M

(i)
n (χ(i))2

2
. (24)

Combining (3) with (6), we obtain

χ̇(i) = (T̃
(i)
f − r1(χ(i))α1 − r̂(i)2 sign(χ(i)))/M (i)

n . (25)

By considering the time derivative of V1 and substituting
(25) into it, we obtain

V̇1 = M (i)
n χ(i)χ̇(i)

= χ(i)[T̃
(i)
f − r1(χ(i))α1 − r̂(i)2 sign(χ(i))]

= −r1|χ(i)|α1+1 − r̂(i)2 |χ(i)|+ χ(i)T̃
(i)
f

≤ −r1|χ(i)|α1+1 − (r̂
(i)
2 − |T̃

(i)
f |)|χ

(i)|

≤ −r1|χ(i)|α1+1 − (r̂
(i)
2 − |T

(i)
f | − |T̂

(i)
f |)|χ

(i)|.

(26)

Thereafter, by substituting (7) into (26), we obtain

V̇1 ≤ −r1|χ(i)|α1+1 − Γ2|χ(i)|

≤ −r1
(

2

M
(i)
n

)α1+1
2

V
α1+1

2
1 − Γ2

(
2

M
(i)
n

) 1
2

V
1
2
1 .

(27)

By combining (27) with the results of Lemma 1, we can
calculate the fixed time of convergence of the system states
as T (i)

0 . It can be observed that the auxiliary variable χ(i) can
converge to zero in fixed time T (i)

0 , which is independent of
the initial states. According to Lemma 1, we can obtain that
V1 satisfies V1 ≡ 0 after time T (i)

0 . At this time, the auxiliary
variable χ(i) reaches χ̇(i) = χ(i) = 0 based on (24). Readers
can find more process details in [29], [30].

Step 2: When χ(i) = 0 is reached after fixed-time T (i)
0 , we

prove that T̃ (i)
f can converge to a origin in finite time by the

proposed adaptive DOB (8). Next, we define another Lyapunov
function, as follows:

V2 =
(T̃

(i)
f )2

2
+

(ψ̃(i))2

2
, (28)

where ψ̃(i) is the error between the true value ψ(i) and
estimated value ψ̂(i) of the adaptive DOB.

Subsequently, differentiating V2 with respect to time can be
easily derived as follows:

V̇2 = T̃
(i)
f

˙̃T
(i)
f + ψ̃(i) ˙̃

ψ(i), (29)
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where ˙̃
ψ(i) = ψ̇(i) − ˙̂

ψ(i). From (8), we can easily obtain

˙̃T
(i)
f = Ṫ

(i)
f − ζ̇

(i) − ςM (i)
n ẋ

(i)
2

= Ṫ
(i)
f − ζ̇

(i) − ς(k(i)u(i) + T
(i)
f −B

(i)
n x

(i)
2 )

= Ṫ
(i)
f − ςT̃

(i)
f − (ψ̂(i) + r3)sign(τ (i))

− r4signα2(τ (i)).

(30)

Substituting (30) and the adaptive law ˙̂
ψ(i) = −εψ̂(i)+|τ (i)|

into (29) yields:

V̇2 = T̃
(i)
f

˙̃T
(i)
f + ψ̃(i) ˙̃

ψ(i)

= T̃
(i)
f (Ṫ

(i)
f − ςT̃

(i)
f − (ψ̂(i) + r3)sign(τ (i))

− r4signα2(τ (i))) + ψ̃(i) ˙̃
ψ(i)

≤ T̃ (i)
f Ṫ

(i)
f − (ψ̂(i) + r3)T̃

(i)
f sign(τ (i))

− r4T̃ (i)
f signα2(τ (i))− ψ̃(i) ˙̂

ψ(i)

= T̃
(i)
f Ṫ

(i)
f − (ψ̂(i) + r3)T̃

(i)
f sign(τ (i))

− r4T̃ (i)
f signα2(τ (i))− ψ̃(i)(−εψ̂(i) + |τ (i)|).

(31)

Based on (25), the estimator error T̃ (i)
f can be deemed to

satisfy T̃
(i)
f ≈ τ (i) = r̂

(i)
2 sign(χ(i)) if the χ̇(i) = χ(i) = 0

according to the results in [28], [33]. Therefore, (31) can be
rewritten as follows:

V̇2 ≤ T̃ (i)
f Ṫ

(i)
f − (ψ̂(i) + r3)T̃

(i)
f sign(τ (i))

− r4T̃ (i)
f signα2(τ (i))− ψ̃(i)(−εψ̂(i) + |τ (i)|)

≤ |T̃ (i)
f |ψ

(i) − (ψ̂(i) + r3)|T̃ (i)
f | − r4|T̃

(i)
f |

α2+1

− ψ̃(i)(−εψ̂(i) + |T̃ (i)
f |)

= |T̃ (i)
f |ψ̃

(i) − r3|T̃ (i)
f | − r4|T̃

(i)
f |

α2+1 + εψ̃(i)ψ̂(i)

− ψ̃(i)|T̃ (i)
f |

= −r3|T̃ (i)
f | − r4|T̃

(i)
f |

α2+1 + εψ̃(i)ψ̂(i).

(32)

Considering ψ̃(i)ψ̂(i) ≤ (ψ(i))2

2 − (ψ̃(i))2

2 , substituting it into
(32) yields

V̇2 ≤ −r3|T̃ (i)
f | − r4|T̃

(i)
f |

α2+1 + ε

(
(ψ(i))2

2
− (ψ̃(i))2

2

)
. (33)

Case 1: when r3sign(τ (i)) plays a major role, (33) can be
rewritten as

V̇2 ≤ −r3|T̃ (i)
f |+ ε

(
(ψ(i))2

2
− (ψ̃(i))2

2

)
= −r3|T̃ (i)

f | −
ε

2
((ψ̃(i))2)

1
2 +

ε

2
((ψ̃(i))2)

1
2

+ ε

(
(ψ(i))2

2
− (ψ̃(i))2

2

)

≤ −min
{√

2r3,
ε√
2

}
·
(

1√
2
|T̃ (i)
f |+

1√
2

((ψ̃(i))2)
1
2

)
+ ι1

≤ −min
{√

2r3,
ε√
2

}
V

1
2
2 + ι1.

(34)

where ι1 is [ε + 4ε(ψ(i))2]/8, According to Lemma 2, the
convergence time can be calculated as T

(i)
1a = T

(i)
0 +

2(V2)
1
2 (T0)

ϑmin{
√
2r3,

ε√
2
} , where ϑ is a constant that satisfies ϑ ∈ (0, 1).

The force estimation error satisfies the following set: Φ
(i)
1 =

{|T̃ (i)
f | ≤

ι1
(1−ϑ)min{

√
2r3,

ε√
2
}} in finite time T (i)

1a .

Case 2: when r4signα2(τ (i)) plays a key role, (33) can be
expressed as

V̇2 ≤ −r4|T̃ (i)
f |

α2+1 + ε

(
(ψ(i))2

2
− (ψ̃(i))2

2

)
= −r4|T̃ (i)

f |
α2+1 − ε

2
((ψ̃(i))2)

α2+1
2 +

ε

2
((ψ̃(i))2)

α2+1
2

+ ε

(
(ψ(i))2

2
− (ψ̃(i))2

2

)

≤ −min
{

α2+1
√

2r4,
ε

α2+1
√

2

}
V

1
2
2 + ι2,

(35)

where ι2 is ε
2 ((ψ(i))2 − (ψ̃(i))2 + (ψ̃(i))α2+1). According

to the conclusion of lemma 2, the convergence time is cal-

culated as T
(i)
2a = T

(i)
0 + 2(V2)

1
2 (T0)

ϑmin{ α2+1√2r4,
ε

α2+1√2
}

. The force

estimation error is driven into a bound set Φ
(i)
2 = {|T̃ (i)

f | ≤
ι2

(1−ϑ)min{ α2+1√2r4,
ε

α2+1√2
}
} in finite time T (i)

2a .

Note that r3sign(τ (i)) and r4signα2(τ (i)) are combined
to guarantee the convergence properties of the observer (8).
Therefore, the estimation error of the external force is con-
verged into a region Ξ(i) = {T̃ (i)

f | |T̃ (i)
f | ≤ min{Φ(i)

1 ,Φ
(i)
2 }}

in finite time T (i)
1 = min{T (i)

a1 , T
(i)
a2 }.

In this study, an adaptive sliding mode-assisted control was
used to remove the force estimation residuals in the inner loop.
Because T̃ (i)

f is bounded and the auxiliary nominal subsystem
is designed based on T̂ (i)

f obtained by (8), we only prove that
the sliding mode surface can converge to a small region around
the origin in finite time.

Step 3: In this part, we choose the Lyapunov function as
follows

V3 =

(
σ(i)
)2

2M
(i)
n

+

(
φ̂(i) − φ(i)∗

)2
2ξ

, (36)

where ξ denotes a positive constant.
By considering the time derivative of (36), we obtain

V̇3 = σ(i)σ̇(i)/M (i)
n +

(
φ̂(i) − φ(i)∗

)
˙̂
φ(i)/ξ. (37)

Substituting (12), (13), and (14) into (37) yields:

V̇3 = σ(i)(T̃
(i)
f − φ̂

(i)sign(σ(i))− κσ(i))

+
1

ξ
(φ̂(i) − φ(i)∗) ˙̂

φ(i)

≤ T̃ (i)
f |σ

(i)| − φ̂(i)|σ(i)|+ φ̂(i)∗|σ(i)|

− φ(i)∗|σ(i)|+ 1

ξ
(φ̂(i) − φ(i)∗) ˙̂

φ(i).

(38)
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Based on the characteristics of adaptive law (14), φ̂(i)

satisfies φ̂(i) > % after the adaptive law runs. Therefore, one
has

V̇3 ≤ T̃ (i)
f |σ

(i)| − φ̂(i)|σ(i)|+ φ(i)∗|σ(i)| − φ(i)∗|σ(i)|

+
1

ξ
(φ̂(i) − φ̂(i)∗)($|σ(i)|sign(|σ(i)| − υ))

≤ (T̃
(i)
f − φ

(i)∗)|σ(i)|+ (φ̂(i) − φ(i)∗)

· [−|σ(i)|+ 1

ξ
($|σ(i)|sign(|σ(i)| − υ))].

(39)

By introducing a constant φ > 0 into (39), we obtain:

V̇3 = −(φ(i)∗ − T̃ (i)
f )|σ(i)|+ (φ̂(i) − φ(i)∗)

· [−|σ(i)|+ 1

ξ
($|σ(i)|sign(|σ(i)| − υ))]

+ φ|φ̂(i) − φ(i)∗| − φ|φ̂(i) − φ(i)∗|

= −

ρ0︷ ︸︸ ︷
(φ(i)∗ − T̃ (i)

f )|σ(i)| − φ|φ̂(i) − φ(i)∗|−
ι3︷ ︸︸ ︷

(−|σ(i)|+ 1

ξ
($|σ(i)|sign(|σ(i)| − υ))− φ)|φ̂(i) − φ(i)∗|.

(40)

According to Lemma 2, we can easily obtain

V̇3 = −ρ0|σ(i)| − φ|φ̂(i) − φ(i)∗| − ι3

= −ρ0
√

2M
(i)
n
|σ(i)|√
2M

(i)
n

− φ
√

2ξ
|φ̂(i) − φ(i)∗|√

2ξ
− ι3

≤ −min
{
ρ0

√
2M

(i)
n , φ

√
2ξ

}
V

1
2
3 − ι3.

(41)

Case 1: when |σ(i)| > υ, ι3 will satisfy ι3 > 0, if

−|σ(i)|+ $

ξ
|σ(i)| − φ > 0⇒ ξ <

$υ

υ + φ
. (42)

We can always select ξ for which the finite-time conver-
gence to a domain |σ(i)| ≤ υ is guaranteed from any initial
condition |σ(i)(t0) > υ|.

Case 2: when |σ(i)| ≤ υ, ι3 is ι3 < 0 and V̇3 > 0,
the system is instability; however, |σ(i)| is increased. When
|σ(i)| > υ, V̇3 satisfies V̇3 < 0, and the system satisfies
|σ(i)| ≤ υ.

In summary, σ(i) converges to the domain |σ(i)| ≤ υ in a
finite time. �

Remark 3: Notably, the sliding mode variable σ(i) can
converge into a small set

{
σ(i) | |σ(i)| ≤ υ

}
in finite time.

When substituting (11) into |σ(i)| ≤ υ, we can get λe(i) +
ė(i) ≤ υ due to the positive constant υ. Then, we obtain
ė(i) ≤ −λe(i) + υ. Based on the results of lemma in [35] and
Lemma 2, we can get e(i) ≤ υ/(λ(1 − ϑ)). This means the
tracking error e(i) converges to a small neighborhood of the
origin. Therefore, the adaptive sliding mode-assisted control
system is practical finite-time stable.

IV. EXPERIMENTAL VALIDATION AND DISCUSSION

In this section, we conduct some experiments and provide
comparative experimental results to verify the superior per-
formance of the proposed bilateral controller based on the
ASMADO method.

Fig. 3. Picture of experimental setup.

A. Experimental Setup

To verify the performance of the developed ASMADO
method, an experimental setup is built, as shown in Fig. 3,
comprising an industrial personal computer (IPC-610L), mas-
ter and slave actuators (including two brushless DC motors
with their encoders), pulse width modulation (PWM) amplifier,
data acquisition card (DAQ-IK220), and power-driven. The
proposed control algorithm is programmed using the C lan-
guage in a Linux real-time system in the GCC environment.
The output of the proposed controller is used to drive the
brushless DC motors using a PWM amplifier, and the digital
signal is collected using DAQ-IK220. The sampling time
is set to 1 ms during the entire experimental process. A
hard aluminum block is installed on the slave actuator as
an environment, which is used to test the haptic perception
performance of bilateral operating systems. When the operator
pushes the master actuator, the master-slave actuators achieve
synchronized motion based on bilateral controller. When the
slave actuator is in contact with the environment, a pair of
action and reaction forces are generated between the slave
actuator and the environment. At this time, the force applied
by the environment to the slave actuator is the external force,
which is obtained using the force estimator and sent to the
master actuator via the communication channel. The force
transfer between the master and slave actuators is achieved.

B. Experimental Results

For comparison, we use a spring-damping model to replace
the human operator, and its mathematical expression is as
follows:

T
(h)
f = Kh(x

(h)
1 − x(m)

1 )−Dhẋ
(m)
1 . (43)

where T (h)
f and x(h)1 are the operator forces and desired posi-

tion, respectively; Kh and Dh are the stiffness and damping
of the human operator, respectively. Notably, different degrees
of muscle contraction in humans produce different levels of
forces for the actual operator, so Kh and Dh are complex,
nonlinear, and time-varying. To facilitate the experiment, Kh

and Dh are treated as constants, and they are set to 1
and 0.5, respectively. In the experiments, the spring-damping
model can create the same external force conditions for
the comparison of experimental results under different force
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Fig. 4. Experimental results of the estimated forces based on proposed
ASMADO method.

estimators, thereby illustrating the superior performance of
the proposed force estimator. In addition, the desired position
x
(h)
1 of the operator was planned as shown in Table I. It

includes stationary, free motion, and time-varying forces when
touching the environment of the bilateral operating system,
which can better verify the performance of the proposed force
estimator. In this study, the traditional DOB, ASMO [34], and
SMADO were used for comparison to confirm the validity
of the proposed method. To ensure that the comparison was
fair, the same parameters as the comparative controllers were
chosen, and their values are listed in Table II.

TABLE I
DESIRED POSITION OF HUMAN OPERATOR

Times(t) Desired position (deg)

0 < t � 4 x ( h )
1 = x ( m )

1
4 < t � 8 x ( h )

1 = � 0:24 � (t � 9)2 + 0 :24
8 < t � 10 x ( h )

1 = sin ( � � (t � 8)) + 5 :76
10 < t � 14 x ( h )

1 = � 0:24 � (t � 9)2 + 0 :24
14 < t � 20 x ( h )

1 = x ( m )
1

TABLE II
PARAMETERS OF THE COMPARATIVE CONTROLLERS AND EXPERIMENT

SYSTEM

Parameters Symbols Values

Nominal inertia mass [kg� m2 ] M ( i )
n 0.0025

Nominal damping [kg�m�s] B ( i )
n 0.04

Position gain [kg/s2 ] kp 2
Velocity gain [kg/s] kd 0.05
Force coefficient [kg] k ( i ) 1
Sliding mode gain [-] � 1
DOB gain [-] & 100
SMADO switching gain [-] � 0.014
ASMADO parameter 1 [-] � 1 1
ASMADO parameter 2 [-] � 2 0.1
ASMADO gain 1 [-] r 1 1
ASMADO gain 2 [-] � 3.8
ASMADO gain 3 [-] r 3 1
ASMADO gain 4 [-] r 4 2
Adaptive gain 1 [-] � 100
Adaptive gain 2 [-] $ 0.5
Adaptive parameter 1 [-] � 0.13
Adaptive parameter 2 [-] % 0.001

Fig. 4 shows the time responses of the actual forces applied
to the motor and the estimated forces by the proposed AS-

MADO method. The proposed force estimator can accurately
estimate the forces without knowing the bound of Ṫ (h)

f .
Figs. 5-8 show the experimental results of the bilateral oper-

ating system with the DOB, ASMO, SMADO, and proposed
ASMADO. Figs. 5(a)-8(a) show the position curves of the
master and slave actuators. Figs. 5(b)-8(b) show the estimated
forces of the master and slave actuators, which are a pair of
action and reaction forces. From Figs. 5(a)-8(a), we can see
that the synchronous tracking errors of master and slave actua-
tors based on the DOB and ASMO method are larger when the
slave actuators are in contact with the environmental object.
Compared with the DOB and ASMO method, the SMADO
and ASMADO methods exhibit a superior synchronization
accuracy, but the estimated forces based on the SMADO
method produce large chattering. For the proposed ASMADO,
Fig. 8(c) and 8(d) show the sliding mode surface curve and
adaptive gain curves of the proposed ASMADO method,
respectively. When the slave actuator comes into contact with
the environmental limit device, the sliding mode switching
gain adaptively changes with the amount of contact force.

To exhibit the superiority of the proposed ASMADO
method more clearly, Fig. 9 shows the comparative experi-
mental results of the bilateral operating system based on the
four force estimators. Fig. 9(a) shows the synchronization
errors between the master and slave actuators. The maximum
synchronization errors based on the DOB, ASMO, SMADO,
and ASMADO methods were 0.0515º, 0.0506º, 0.0235º, and
0.0274º, respectively. The synchronization accuracy of the
proposed ASMADO method was improved by 45.94% and
46.89% compared to the DOB and ASMO methods, respec-
tively, owing to its superior adaptive law and convergence
speed. Note that, the synchronization errors are similar based
on SMADO and ASMADO method. However, the proposed
bilateral controller based on ASMADO has less chattering than
the SMADO method, as shown in Fig. 9(b). Additionally, the
bilateral controller based on the proposed ASMADO method
implies a minimum resultant force. Therefore, the proposed
method performs better than those based on DOB, ASMO, and
SMADO for the transparency of bilateral operating systems.

To further confirm the effectiveness of the proposed AS-
MADO method, we provided the master actuator with an
arbitrary force to make the slave actuator contact the envi-
ronment to achieve bilateral force feedback control of the
master-slave end. As shown in Fig. 10, the yellow shaded
part represents the period when the slave actuator contacts the
environment. The green shaded part represents the free-motion
phase in the bilateral control system. The position errors of
the master and slave actuators are shown in Fig. 10(e)). The
root-mean-square error of the position response of the master
and slave actuators is calculated to be 0.0029º. The resultant
forces of the master and slave actuators is approximately the
neighborhood of zero during the entire movement process. The
experimental results demonstrate that the proposed ASMADO-
based bilateral control method exhibits superior transparency.

V. CONCLUSION AND FUTURE WORK

In this study, we proposed a novel ASMADO method for
accurately estimating the external force of a bilateral operating
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(a) (b)
Fig. 5. Experimental results of bilateral control by the DOB method. (a) Position responses. (b) Force observed responses.

Contact

(a) (b)
Fig. 6. Experimental results of bilateral control by the ASMO method. (a) Position responses. (b) Force observed responses.

Contact

(a) (b)
Fig. 7. Experimental results of bilateral control by the SMADO method. (a) Position responses. (b) Force observed responses.

(a) (b)

(c) (d)
Fig. 8. Experimental results of bilateral control by the ASMADO method. (a) Position responses. (b) Force observed responses. (c) Sliding mode surface
curves. (d) Adaptive gain curves.
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(a) (b)
Fig. 9. Comparative experimental results of four control methods. (a) Position errors curves. (b) Resultant force curves.

(a) (b)

(c) (d)

(e) (f)
Fig. 10. Experimental results of the developed ASMADO. (a) Position response. (b) Tactile perception force. (c) Sliding mode surface. (d) Adaptive gain.
(e) Position errors of master and slave actuators. (f) Resultant force curves.

system. The adaptive DOB was designed without the upper
bound of the derivative of the external force. The estimation
residual of the adaptive DOB was eliminated by the adaptive
sliding mode assist term in finite time. A bilateral controller
based on ASMADO method was proposed, and it exhibited
better transparency for bilateral operating systems. The com-
parative experimental results confirmed the effectiveness of the
proposed control strategy.

In the future work, we will focus on the position controller
of bilateral operating systems. For example, the sliding mode
control and robust H∞ control methods will replace the
proportional and differential controllers; they will be used
to design the position controller, and further enhance the
performance of bilateral operating systems.
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