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Abstract

This paper proposes a neural network-based continuous finite-time tracking

controller for the robust high-precision control of robotic systems under model

uncertainty, external disturbance, and actuator saturation. First, a fast non-

singular integral terminal sliding mode (FNITSM) surface is adopted to ensure

singularity avoidance and fast finite-time convergence. Considering the pres-

ence of model uncertainties and external disturbance, the fully adaptive radial

basis function neural network (ARBFNN) is used to approximate and compen-

sate for the unknown dynamic model. Then, a novel continuous fast

fractional-order power (CFFOP) approach law is explored to increase the con-

vergence rate and eliminate chattering in the FNITSM control. Meanwhile, the

approach law relaxes the requirement on the exact information of the upper

bound of the disturbances and their time derivatives. Besides, an actuator satu-

ration compensator (ASO) is proposed to compensate for the limited control

input. The stability and finite-time convergence of the proposed controller are

analyzed using the Lyapunov theory. Finally, comparative simulations of both

the numerical and application examples are conducted to verify the effective-

ness of the proposed control schemes, indicating that the CFFOP approach

law and ASO can be used effectively for robotic systems.
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1 | INTRODUCTION

During recent years, there have been many control
schemes for robot high-precision tracking control, espe-
cially for space manipulators [1], industrial manipulators
[2] and surgical robots [3]. The problems associated with
the robust high-precision robotic systems control are
mainly model uncertainties, external disturbances, and
actuator saturation. To deal with these problems, several

control methods have been proposed, such as adaptive
control [4], sliding mode control (SMC) [5], disturbance
observers (DOBs) [6], and neural network (NN) control
[7]. Among these approaches, SMC is a simple and pow-
erful tracking control strategy for its strong robustness
and fast transient response.

However, conventional SMC only enables the system
states converge to equilibrium. Then, more advanced
techniques such as terminal SMC (TSMC) [8] were
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developed to achieve finite-time convergence of the track-
ing error. Besides, fast terminal SMC (FTSMC) is investi-
gated in Ahmed et al. [9] to obtain a fast convergence
rate. On the other hand, TSMC and FTSMC suffer from
singularity problems due to the existence of negative frac-
tional power in controller design. Considering this issue,
a nonsingular TSMC (NTSMC) [10] and a nonsingular
FTSMC (NFTSMC) [11] have been proposed to avoid the
singularity. Meanwhile, a nonsingular integral TSMC
(NITSMC) [12] is proposed to eliminate reaching time to
the sliding surface compared to the TSMC. In Li et al.
[13], a fast NITSMC (FNITSMC) is designed to improve
the convergence rate of the NITSMC. Comparing
FNITSMC and NITSMC, FNITSMC achieves fast finite-
time convergence. Subsequently, an adaptive FNITSMC
(AFNITSMC) [14] and an adaptive second-order NTSMC
(SONTSMC) [15] is established to attenuate the effect of
chattering and improve stability through adaptive distur-
bance boundaries. Furthermore, time-synchronized con-
trol is developed in Li et al. [16,17] to yield simultaneous-
arrival-to-origin convergence. The control scheme aims
to promote all system states arriving at the origin at the
same time.

Noting the premise of some control schemes can be
realized is that the robot actuator can provide any theo-
retically calculated torque. When the theoretically calcu-
lated torque exceeds the maximum torque that the
actuator can provide, it would fail to reach the theoreti-
cally satisfactory tracking or deteriorate the control per-
formance. The problem has been tried to solve with
saturation function or standard arc tangent function.
And the output of system is still above the saturation
zone, and it may still produce overshoot or instability.
Subsequently, an auxiliary system is proposed in Zhou
et al. [18] and Chen et al. [19] through disturbance
observer and used as the overshoot compensation of the
spacecraft actuator. In Jiang et al. [20], a fixed-time con-
troller in the presence of actuator saturation and faults is
designed to obtain faster convergence with higher accu-
racy. Besides, an effective method of introducing an aux-
iliary system and approximating the unknown model
through the RBFNN is proposed by Jia and Shan [1] to
achieve the finite-time tracking control of the space
manipulator. These methods perform better for actuator
saturation in TSMC. The downside is that the discontinu-
ous switching function with a high gain may inevitably
cause a chattering phenomenon.

Some researchers propose second-order sliding mode
control (SOSMC) [15,21] to eliminate chattering further.
The controllers need the acceleration signal, which is not
easy to obtain or inaccurate due to the noise. Addition-
ally, the disturbance observer is a promising technique to
overcome the lumped uncertainty, improve the

robustness, and alleviate the chattering of the control-
ler. In Rosas Almeida et al. [22], a disturbance observer
is introduced and used as the compensation of the
uncertain pneumatic actuators. In Wu et al. [23], the
adaptive algorithm is developed to estimate the upper
bound of the uncertainties. However, the methods are
more suitable for the lumped uncertainty with a
bounded time derivative [6]. In Wu et al. [23], a
dynamic feedback-linearization method with an
extended high-gain observer is proposed to overcome
the robustness issues. When the uncertain terms are
completely unknown, some intelligent algorithms,
including fuzzy control [24], reinforcement learning
control [25], and RBFNNs [26], are adopted to approxi-
mate and the dynamic uncertainties. In Tran and Kang
[27], an adaptive RBFNN (ARBFNN)-based NTSMC is
developed for uncertain robotic systems. Benefits from
the adaptive laws, the weights, centers, and widths of
the ARBFNN can be adjusted in real-time through
tracking error. Moreover, a control strategy for the out-
put synchronization network systems via L2-gain analy-
sis is proposed in Wu and Lu [28] to guarantee the
security of network systems. In Ma and Huang [29], an
adaptive neural-network controller is proposed to
reduce the adverse effect arising from input saturation,
and the neural network is implemented to approximate
the unmodeled dynamics. Therefore, the adaptive
neural-network-based sliding mode control with limited
control input is a reasonable solution for robust high-
precision control of robotic systems.

Given the remarkable benefits and limitations, an
attempt is made in this paper to propose a continuous
finite-time tracking controller for robotic systems with
finite-time convergence in the presence of external dis-
turbances, dynamic model uncertainties and actuator sat-
uration. This paper proposes a comprehensively scheme
to promote the performance of FNITSMC with CFFOP,
ARBFNN and ASO. The main contributions of this paper
are as follows:

• A novel continuous FNITSMC scheme is proposed
based on the FNITSM surface and the CFFOP
approach law, which ensures fast finite-time conver-
gence without requirement of exact information about
the upper bound on the disturbances and their time
derivatives;

• For the FNITSMC, the actuator saturation is compen-
sated with the ASO, which guarantees the tracking
performance of the system and reduces the energy
consumption.

• The ARBFNN technique is used to online compensate
for the lumped uncertainties of robotic systems. Bene-
fits from the CFFOP, ASO, and ARBFNN, the control
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scheme promotes the FNITSMC's performance
development.

The rest of this paper is organized as follows. Section 2
formulates the problem and gives preliminaries and nota-
tions. Sections 3 introduces the design of ARBFNN based
FNITSMC scheme. Section 4 presents the proposed
CFFOP approach law. The simulation results for a two-
link robot are given in Section 5 to verify the effectiveness
of the proposed algorithms. Finally, the conclusions are
given in Section 6.

2 | PROBLEM FORMULATION

2.1 | Preliminaries and notations

The vector sig xð Þα∈Rn is defined as

sig xð Þα ¼ xj jαsign xð Þ¼ x1j jαsign x1ð Þ, � � �, xnj jαsign xnð Þ½ �T :
ð1Þ

The time derivative of sig xð Þα is

d
dt

sig xð Þαð Þ¼ α xj jα�1 _x,α ⩾ 1: ð2Þ

The saturation function is defined as

sat xð Þ¼ sign xð Þxmax, xj j⩾xmax,

x, xj j< xmax:

�
ð3Þ

Lemma 1. (Zhu et al. [8]). For a system
_x¼ f x,uð Þ, suppose there is continuous func-
tion V xð Þ, scalars κ>0, 0< λ<1, and
0< η<∞ such that

_V xð Þ⩽ � κV λ xð Þþη: ð4Þ

Then the system is local finite-time stable and the set-
tling time satisfies

T x0ð Þ ⩽ V x0ð Þ1�λ

κ 1�λð Þ , ð5Þ

where V x0ð Þ is the initial value of V xð Þ.

2.2 | The dynamic model of robot
manipulators

The dynamic model of a robotic system can be written as

M qð Þ€qþC q, _qð Þ _qþG qð Þþ f d _qþ f s _qð Þþ τd ¼ τm, ð6Þ

where q, _q, and €q∈Rn�1 are joint's angular position,
velocity, and acceleration, respectively; M qð Þ∈Rn�n is
the symmetric and positive definite inertia matrix;
C q, _qð Þ∈Rn�n is the matrix of centrifugal and Coriolis
terms; G qð Þ∈Rn�1 is the gravity vector; f d∈Rn�n denotes
the viscous friction coefficient; f s _qð Þ∈Rn�1 is the vector
of Coulomb friction term; τm∈Rn�1 represents the input
torque vector; and τd∈Rn�1 denotes an unknown vector
of the bounded external disturbance. Practically, the
parameters of these dynamic terms are hard to get exactly
because of modeling error, payload variations, external
disturbances, and other factors. Hence, it is assumed that
the dynamic model consists of inherent uncertainties.
And Equation 6 can be rewritten as

bM qð Þ€qþ bC q,€qð Þ _qþ bG qð Þþbf d _qþbf s _qð ÞþF q, _q,€qð Þþ τd ¼ τm,

F q, _q,€qð Þ≔Δf d _qþΔf s _qð ÞþΔM qð Þ€qþΔC q, _qð Þ _qþΔG qð Þ,

(
ð7Þ

where the notations bM qð Þ, bC q, _qð Þ, bG qð Þ, bf d, and bf s _qð Þ are
the nominal matrices; ΔM qð Þ, ΔC q, _qð Þ, ΔG qð Þ, Δf d, and
Δf s _qð Þ denote the unknown parts of M qð Þ, C q, _qð Þ, G qð Þ,
f d, and f s _qð Þ, respectively.

Then, from Equation 7, the simplified dynamical
model can be written as

€q¼ bM�1
qð Þ τm� bC q, _qð Þ _q� bG qð Þ�bf d _q�bf s _qð Þ�F q, _q,€qð Þ� τd
h i

:

ð8Þ

The tracking error and auxiliary error are defined as

e1 ¼ qr �q,

e2 ≔ _e1 tð Þþp1e1 tð Þ,
es ≔ _qr tð Þþp1e1 tð Þ,

8><>: ð9Þ

where p1∈Rn�n is a positive-definite diagonal matrix. It
is noteworthy that the p1 can be turned to increase the
convergence rate of e1. Now, the error dynamics of the
robot manipulator with uncertainties and disturbance
can be expressed as
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_e1 ¼ e2�p1e1 tð Þ,
_e2 ¼ _es�€q¼ _esþFdþB qð ÞτmþFnom q, _qð Þ,

�
ð10Þ

where B qð Þ¼� bM�1
qð Þ, Fnom q, _qð Þ¼�B qð Þ bC q, _qð Þ _qþ

�
bG qð Þþbf d _qþ _f s _qð ÞÞ, and Fd ¼�B qð Þ F q, _q,€qð Þþ τd½ �.

Additionally, because of the system state's large initial
deviation, the calculated control torque exceeds the nor-
mal operating range of the actuator and is above the satu-
ration zone, which may deteriorate the control
performance. The actuator saturation exists for two rea-
sons: one is the saturation limit of the actuator, the other
is the existence of integral term. Considering the actuator
saturation in FNITSMC, we define the saturated torque
as

τm ¼ sat τcð Þ, ð11Þ

where τc is the calculated control torque and τm is satura-
tion level. Subsequently, the saturation depth is deduced
as

Δ τcð Þ¼ τm� τc: ð12Þ

Substituting Equation 12 into Equation 10, one
obtains

_e1 ¼ e2�p1e1 tð Þ,
_e2 ¼ _es�€q¼ _esþB qð ÞτcþB qð ÞΔ τcð ÞþFnom q, _qð ÞþFd:

�
ð13Þ

It can be observed that the lumped uncertainty Fd is
very complicated. It mainly has two parts, the remaining
system uncertainties and the external disturbance that is
difficult to accurately model. However, the controller is
hard to design since Fd is unknown which could sacrifice
the accuracy and exacerbate the chattering of the system.
On this aspect, we adopt ARBFNN to approximate it.

3 | FNITSMC DESIGN USING
ARBFNNS

3.1 | ARBFNN approximation

The RBFNN is widely used to approximate the time-
varying nonlinear function due to its excellent approxi-
mate capability. In Lee and Choi [30], ARBFNN is pro-
posed and its weights, centers, and widths of Gaussian
functions could be online turned in real-time control. As
illustrated in Tran and Kang [27], the ARBFNN achieves
better approximation and more precise tracking.

Therefore, we adopt ARBFNN to approximate the
unknown continuous function in Fd. As shown in
Figure 1, an RBFNN consists of three layers: the input
layer, hidden layer, and output layer.

The input layer X ¼ eT1 ,e
T
2 ,q

T , _qT
� �

∈Ωx �
Rn1 n1 ¼ 4nð Þ is the net input vector.

Hidden layer: In this layer, the Gaussian RBF vector
Φ Xð Þ¼ Φ1 Xð Þ,Φ2 Xð Þ, � � �,Φl Xð Þ½ �T is the output of the
hidden layer being in the form

Φx Xð Þ¼ exp � X� cxk k2
2b2x

� �
, x¼ 1,2,…, l, ð14Þ

where cx ¼ cx1,cx2, � � �cxn1½ � and bx are the center and width
of the Gaussian function for the neural net x.

Output layer: The output vector Fd Xð Þ of the network
can be given as

Fd Xð Þ¼W�TΦ Xð Þþρ�, ð15Þ

W� ¼ argminW sup
x∈Ωx

Fd Xð Þ� bWT
Φ Xð Þ

��� ���( )
, ð16Þ

where W�∈Rl�n and bW ∈Rl�n are the optimal value and
the estimated value of the ARBFNN weight matrix,
respectively. ρ�∈Rn is the model error vector of the
ARBFNN approximation.

Note that no acceleration data is used to approximate
the uncertain term in Fd. Since the known inertial term
related to acceleration has been considered in the nomi-
nal dynamic model, the unknown part of the uncertain

FIGURE 1 The architecture of RBFNN
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term composed of acceleration is limited and can be com-
pensated by the robust control terms. Besides, the mea-
surement of acceleration in most robot manipulators is
mainly obtained through numerical differentiation, it is
commonly inaccurate due to the measurement noise.
Additionally, because of the friction and backlash in the
robotic actuator, the lumped uncertainty is possibly
piecewise continuous function. In Selmic and Lewis [31],
sigmoid-jump function is adopted to approximate the dis-
continuous function. However, the activation function
requires the point of discontinuity. It is more suitable for
approximating the friction and backlash, rather than the
lumped uncertainty. Therefore, in this paper, the above-
mentioned three-layer ARBFNN is used to approximate
the unknown dynamic function.

Fd ¼Fd Xð Þþρ� ¼W�TΦ Xð Þþρ, ð17Þ

where ρ¼ ρ� þ ξ1 Xð Þ and ξ1 Xð Þ is the bounded piecewise
term and ρ� represents NN approximation error.

Note that the weighting matrix W�, cx , and bx are
unknown, which cannot be used for controller design.
Then, the adaptive technique is utilized to estimate them.

bW ¼ bW 1, bW 2,…, bWl

h i

¼

bW 11 bW 12 � � � bW 1nbW 21 bW 22 � � � bW 2n

..

. ..
. . .

. ..
.

bWl1 bWl2 � � � bWln

26666664

37777775,
ð18Þ

bcx ¼ bcx1,bcx2, � � �bcxn1½ �,bbx ¼ bb1,bb2, � � �bblh i
,

ð19Þ

where bcx and bbx are estimated values of cx and bx . LetbFd Xð Þ be the estimate of Fd Xð Þ, and the bFd Xð Þ is defined
as

bFd Xð Þ¼ bWT
Φ Xð Þ: ð20Þ

3.2 | Controller design

For the dynamic nonlinear system Equation 7 with the
lumped system uncertainty, and actuator saturation, this
section proposes a robust control scheme using the
FNITSM surface to guarantee the finite-time convergence
of the tracking error. Substituting Equation 17 into Equa-
tion 13, the error dynamics can be written as

_e1 ¼ e2�p1e1 tð Þ,
_e2 ¼ _es�€q¼ _esþW�TΦ Xð ÞþB qð ÞτcþB qð ÞΔ τcð ÞþFnom q, _qð Þþρ:

�
ð21Þ

Before presenting the sliding mode surface and the
control law, the following assumption is given.

Assumption 1. (Nguyen et al. [26]). The
lumped ARBFNN approximation error ρ is
Lipschitz disturbances, that is, ρ⩽ a, _ρ⩽ b
with constants a and b unknown.

Then, the following fast nonsingular integral terminal
sliding mode (FNITSM) surface [13] is defined

s¼ e2þ
R t
0 r1Θ e1,ω1,σ1,ε1ð Þþ r2Θ e2,ω2,σ2,ε2ð Þð Þdt,

Θ ej,ωj,σj,εj
	 
¼ sigσj ej

	 

, if ej

�� ��≤ εj,

diag ε
σj�ωj

j

� �
sigωj ej

	 

, if ej

�� ��> εj,

8<:
8>>><>>>: ð22Þ

where

j¼ 1,2,ε1 ¼ ε11,ε12, � � �,ε1n½ �T ,ε2 ¼ ε21,ε22, � � �,ε2n½ �T , ð23Þ

with ε1i,ε2i >0 for i¼ 1,2, � � �,n. Besides, r1,r2 ⩾ 0,
0< σ2 < 1, σ1 ¼ σ2

2�σ2
, and ω1,ω2 ⩾ 1.

Remark 1. Due to the integral terms, the
FNITSM surface promotes zero steady-state
error and alleviates chattering of the fol-
lowing proposed control law. Besides, it
guarantees the system state converges to
zero quickly. It is shown that Θ ej,ωj,σj,εj

	 

is like a barrier function. When the system
state is far from the equilibrium state, that is,
ej
�� ��> εj, the absolute value of Θ ej,ωj,σj,εj

	 

serves as a barrier variable gain which guar-
antees the fast convergence. When the system
state is close to the equilibrium state, that
is, ej

�� ��⩽ εj, the fractional power term
Θ ej,ωj,σj,εj
	 


promotes the system states con-
verge to zero in a finite-time. Note that com-
pared with the work of Li et al.[13], the added
p1 could provide a faster convergence rate
for e1.

To ensure the sliding motion occurs, the derivatives
of the sliding mode _s¼ 0 should be satisfied and written
as

LI ET AL. 3479
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_s¼ _esþW�TΦ Xð ÞþB qð ÞτcþB qð ÞΔ τcð Þ
þFnom q, _qð Þþρþ r1Φ e1,ω1,σ1,ε1ð Þ
þr2Φ e2,ω2,σ2,ε2ð Þ

ð24Þ

On the other hand, considering the integral terms in
Equation 22 and the input torque limitation of the actua-
tor, the FNITSM surface-based control scheme could
cause actuator saturation. Considering this issue, the fol-
lowing auxiliary compensator variable is proposed to
compensate for it.

_ζ¼

0, ζk k2 ⩽ ζ0,

�k1sig
α1 ζð Þ�k2sig

β1 ζð Þþk3Δτc

� sTB qð ÞΔτck k1þ0:5k3ΔτTc Δτc
ζk k22

ζ, ζk k2 > ζ0,

8>>><>>>: ð25Þ

where Δτc is defined in Equation 12, ζ∈Rn�1 is an auxil-
iary compensator variable vector, 0 < α1 < 1, β1 > 1. k1, k2,
and k3 are small positive constants and usually tuned by
simulations or experiments.

Remark 2. The initial value ζ0 is chosen
according to the saturation limits of the actua-
tor, while k3 is designed based on the magni-
tude of actuator saturation depth. Besides, the
subitem k1sigα1 ζð Þ and k2sigβ1 ζð Þ guarantee
the convergence of ζ to avoid possible over-
compensation of the actuator saturation.
Then, the robot manipulator follows the tar-
get trajectory and the required torque gradu-
ally decreases below the limited torque of the
actuator.

Equating Equation 24 to zero, the following control
law can be obtained:

τeq ¼�B�1 qð Þ_es�B�1 qð Þðr1Θ e1,ω1,σ1,ε1ð Þ

þr2Θ e2,ω2,σ2,ε2ð ÞþFnom q, _qð ÞÞ, ð26Þ

and

τNN ¼�B�1 qð Þ bWT
Φ Xð Þ

� �
: ð27Þ

It can be observed that the perturbation term is not
considered in Equation 26. And an auxiliary controller is
needed to overcome ARBFNN approximation errors. The
common power approach law is designed as

τa1 ¼�B�1 qð Þ a1 � sþa2sigα2 sð Þð Þ, ð28Þ

where a1,a2 > 0 and 0< α2 < 1. Besides, to compensate
for actuator saturation, the ASO is given as

τa2 ¼�B�1 qð ÞK1ζ�B�1 qð ÞK2sig
α1 sð Þ, ð29Þ

where 0< α1 < 1, K1,K2 > 0, K1 > k3.
Thus, the total control law is

τc ¼ τeqþ τNN þ τa1þ τa2: ð30Þ

Theorem 1. For the robot uncertain dynam-
ics in Equation 7 with the lumped uncertainty
and actuator saturation, if the equivalent con-
trol law designed in Equation 26–29, the system
tracking error e1 will converge to zero within a
bounded convergence time and no occurring of
singularity in Equation 30.

Proof 1. To ensure that the FNITSM surface s
and the auxiliary compensator variable ζ can
converge in a finite time, the following
Lyapunov function is considered:

V 1 ¼ 1
2
sTsþ1

2
ζTζ, ð31Þ

The time derivative of V1 is

_V 1 ¼ sT _sþ ζT _ζ: ð32Þ

Substituting Equation 30 into Equation 32 yields

_V1 ¼ sT _sþ ζT _ζ

¼ sT � eWT
Φ Xð Þ�K1ζ�K2sigα1 sð ÞþB qð ÞΔτcþρ�a1 � s�a2sig

α2 sð Þ
h i

þζT _ζ

¼ sT eWT
Φ Xð Þ� sTK1ζ� sTK2sigα1 sð Þþ sTB qð ÞΔτc

þsT ρ-a1� s-a2sig
α2 sð Þ½ �-k1ζTsigα1 ζð Þ-k2ζTsigβ1 ζð Þ

þk3ζTΔτc- sTB qð ÞΔτck k1-0:5k3ΔτTcΔτc,
ð33Þ

where eW ¼W� � bW is the error vector of the ARBFNN
weight.

Because of the inequalities:
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sTB qð ÞΔτc ⩽ sTB qð ÞΔτc
�� ��

1,

ζTΔτc ⩽
1
2
ζTζþ1

2
ΔτTc Δτc,

sTK1ζ ⩽ 1
2
sTK1sþ1

2
ζTK1ζ:

ð34Þ

According to the above inequalities, we can obtain

_V1 ⩽ sT eWT
Φ Xð Þ�1

2
sTK1s�1

2
ζT K1�k3ð Þζ�K2 sTs

	 
α1þ1
2

þsT ρ�a1 � s�a2sig
α2 sð Þ½ ��k1 ζTζ

	 
α1þ1
2

⩽ �2
α1þ1
2 K2

1
2
sTs

� �α1þ1
2

�2
α1þ1
2 k1

1
2
ζTζ

� �α1þ1
2

þsT eWT
Φ Xð Þþ sT ρ�a1 � s�a2sig

α2 sð Þ½ �
⩽ � κV

α1þ1
2

1 þZ

ð35Þ

where κ¼min 2
α1þ1
2 K2,2

α1þ1
2 k1

� �
and Z¼ sT eWT

Φ Xð Þþ
sT ρ�a1 � s�a2sigα2 sð Þ½ �. Assume that Z is bounded; then
according to Lemma 1, s and ζ will converge in a finite
time and the settling time can be calculated as

Ts ⩽
V1 0ð Þ1�α1þ1

2

κ 1� α1þ1
2

	 
 : ð36Þ

The adaptation laws for updating the weights of the
ARBANN, the centers, and the widths of the Gaussian
functions are designed as

_bW ¼� _eW ¼ΓW Φ Xð ÞsT � sk k2 bW� �
,

_bc¼�_ec¼�Γc sk k2bc,
_bb¼� _eb¼�Γb sk k2bb,

8>>><>>>: ð37Þ

where ec¼ c� �bc and eb¼ b� �bb are the error vectors
between the optimal value and the estimated value of the
center vector and width vector of the ARBFNN, respec-
tively. ΓW , Γc, and Γb are positive definite symmetric
matrixes.

Define the following Lyapunov function as

V2 ¼ 1
2
sTsþ1

2
ζTζþ1

2
tr eWΓ�1

W
eW� �

þ1
2
tr ecΓ�1

c ec	 

þ1
2
tr ebΓ�1

b
eb� �

: ð38Þ

The time derivative of V 2 is

_V 2 ¼ sT _sþζT _ζ� tr eWT
Γ�1
W

_bW� �
� tr ecTΓ�1

c
_bc� �

� tr ebTΓ�1
b

_bb� �
¼ sT � eWT

Φ Xð Þ�K1ζ�K2sigα1 sð ÞþBΔτcþ ρ�a1 � s�a2sig
α2 sð Þ½ �

n o
þζT _ζ� tr eWT

Γ�1
W

_bW� �
� tr ecTΓ�1

c
_bc� �

� tr ebTΓ�1
b

_bb� �
:

ð39Þ

Substituting the above adaptation laws Equation 37 to
_V2, one obtains

_V 2 ¼�sTK1ζ� sTK2sig
α1 sð Þþ sTB qð ÞΔτcþ sT ρ�a1 � s�a2sig

α2 sð Þ½ �
�k1ζ

Tsigα1 ζð Þ�k2ζ
Tsigβ1 ζð Þ� sTB qð ÞΔτc

�� ��
1�0:5k3ΔτTc Δτc

þk3ζ
TΔτcþ sk k2tr eWT bW� �

þ sk k2tr ecTbc� �
þ sk k2tr ebTbb� �

:

ð40Þ

According to the property of the Frobenius norm:

sk k2tr eWT bW� �
⩽ sk k2

W 2
max

4
,

sk k2tr ecTbc� �
⩽ sk k2

c2max

4
,

sk k2tr ebTbb� �
⩽ sk k2

b2max

4
,

8>>>>>><>>>>>>:
ð41Þ

where Wmax, cmax, and bmax are the maximum values of
the Frobenius norm of the W�, c�, and b� respectively.
Then, we obtain the positive variance constants kw, kc,
and kb which satisfy W 2

max ⩽ kw sk k2, c2max ⩽ kc sk k2, and
b2max ⩽ kb sk k2.

According to the above inequalities, one obtains

_V2 ⩽ �1
2
sTK1s�1

2
ζTK1ζ�K2 sTs

	 
α1þ1
2 þ sT ρ�a1 � s�a2sig

α2 sð Þ½ �

� k1 ζTζ
	 
α1þ1

2 þ sk k2
W 2

max

4
þ sk k2

b2max

4
þ sk k2

c2max

4
þ1
2
ζTk3ζ

⩽ �1
2
ζT K1�k3ð Þζ�2

α1þ1
2 K2

1
2
sTs

� �α1þ1
2

�2
α1þ1
2 k1

1
2
ζTζ

� �α1þ1
2

� a2 sk k2α2þ1
2 �kw

4
�kb

4
�kc

4
�ρ

� �
sk k2�a1 � sk k22:

ð42Þ

Combining Assumption 1, if a2 > sk k �2α2�1ð Þ
2

kw
4 þ kb

4 þ kc
4 þρ

	 

and K1 > k3, one obtains _V 2 ⩽ 0 and

0 ⩽ V2 ⩽ V2 0ð Þ. It denotes that eW , ec, and eb are bounded.
Combine Equations 35 and 36, we could conclude that
the FNITSM surface s and compensator variable ζ will
converge in a finite time. When the sliding mode s¼ 0 is
reached after the reaching time Ts and consequently _s¼
0 which allows the following equation to determine the
error dynamics of the system:
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_e2þ r1Φ e1,ω1,σ1,ε1ð Þþ r2Φ e2,ω2,σ2,ε2ð Þ¼ 0: ð43Þ

Then according to Lemma 1, the variable in
Equation 43 is local finite-time-stable to the equilibrium
point e1,e2ð Þ¼ 0,0ð Þ for any given initial condition.
Therefore, the ARBFNNs approximation error does not
need to converge to zero, and the system error will still
be stable. This completes the Proof 1.

The control block diagram of the proposed controller
is shown in Figure 2. The overall control block diagram
of the robotic manipulator consists of three parts, the
functions of which are as follows.

Part A is a FNITSM controller that achieves robust
high-precision control of robotic systems under the
lumped model uncertainty. It ensures fast finite-time
convergence with less chattering.

Part B is a ARBFNN controller, which is used to
approximate and compensate for the lumped uncertainty.
Benefits from the adaptive laws, the weights, centers, and
widths of the ARBFNN can be adjusted in real-time
through tracking error. In this way, an ARBFNN-based
controller neither requires a time-consuming training
process nor laborious parameters turning process. It is
suitable for real-time control.

Part C is an ASO controller, which is used to com-
pensate for the actuator saturation. It helps solve the

overshoot or instability issues in FNITSMC and promote
its performance development.

4 | DESIGN CONTINUOUS
APPROACH LAWS

Due to the hysteresis of the discontinuous switching
function in time and space, the state trajectory reaches
the sliding mode surface and converges to the origin
with inevitable chattering. Considering this defect, the
boundary layer approach and the sigmoid function are
widely adopted to alleviate chattering. When the state
trajectory approaches the sliding mode surface, the
convergence rate is artificially reduced to provide sig-
nificant chattering mitigation. However, a direct and
simple replacement will cause a tradeoff between the
steady error and the effects of removing chattering.
Then, literature [32] proposed a continuous fractional-
order power (CFOP) approach law. Its state trajectory
can eventually converge to the given switching plane
and alleviate the inherent chattering problem without
sacrificing control accuracy. Besides, in presence of
Lipschitz disturbances (not necessarily bounded) and
low-frequency disturbance, the super-twisting (STW)
algorithm is introduced to serve as a suitable alterna-
tive for the slow actuator dynamics [33]. However,

FIGURE 2 Block diagram of the proposed ARBFNN based FNITSMC scheme
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these continuous approach laws still require the exact
information of the disturbance's upper bound or its
time derivative to avoid exacerbating chattering and
guarantee the convergence of the sliding mode.

In this section, a novel continuous approach law com-
bining the saturation function and fast fractional-order
power (FFOP) approach law is proposed to further
improve the control performance of continuous approach
law.

Theorem 2. A novel continuous approach
law combining the saturation function and fast
fractional-order power (CFFOP) approach law
is defined as

① _s tð Þ¼� ρ1s tð Þþρ2Ξ s tð Þ,α3,β2,ε3ð Þð Þ,

Ξ s tð Þ,α3,β2,ε3ð Þ¼
sigβ2 s tð Þð Þ

εβ23
, if j s tð Þ j ⩽ ε3,

εβ2�α3
3 sigα3 s tð Þð Þ, if j s tð Þ j > ε3,

8>><>>:
ð44Þ

with ε3 ¼ ε31,ε32, � � �,ε3n½ �T and n is the degree of freedom of
the robot manipulator. Besides 0< β2 < 1, α3⩾1, ε3i > 0, ρ1
is gain of the linear term which can suppress the linearly
growing disturbance. ρ2 Ξ �ð Þj j>M1, M1 is the upper bound
of the disturbance. Then the variable s tð Þ in Equation 44
will converge to zero within finite time.

Proof 2. The proof of the convergence of
the NFITSM variable s is similar to Theo-
rem 1; hence, the proof is omitted here for
brevity.

Remark 3. The main advantage of the pro-
posed algorithm Ξ �ð Þ is that no demand of the
disturbance's upper bound or its time deriva-
tive. When the system state s tð Þ is far from
the equilibrium state, that is, s tð Þj j> ε3, the
absolute value of Ξ s,α3,β2,ε3ð Þ serves as a bar-
rier variable gain to guarantee a fast conver-
gence rate. When the system state s tð Þ is close
to the equilibrium state, that is, s tð Þj j ⩽ ε3,
the fractional power term Ξ s,α3,β2,ε3ð Þ guar-
antees the state convergence in a finite-time
without chattering. Furthermore, the small
parameter β2 can also suppress the chattering
to a certain extent [32].

Comparing with the proposed approach law
Equation 44, the common FFOP approach laws and
CFOP approach law can be expressed as

② _s¼�ρ1s�ρ2sig sð Þβ2 ,
③ _s¼�ρ1sig sð Þα2 �ρ2sig sð Þβ2 ,

④ _s¼�ρ1s�ρ2sat
sig sð Þβ2
εβ2

 !
, sat

sig sð Þβ2
εβ2

 !
¼

sig sð Þβ2
sig sð Þβ2
��� ��� , j s j > ε,

sig sð Þβ2
εβ2

, j s j ⩽ ε:

8>>>>><>>>>>:
ð45Þ

Figure 3 illustrates that case ① (i.e., CFFOP 44) is
superior to the other approach laws in terms of the con-
vergence rate. Then, we add high-frequency disturbance
Δ tð Þ¼ 5sin tð Þþ0:5sin 200πtð Þ, which includes the
lumped disturbance and high-frequency measurement
noise, to the prototypical dynamic systems ①�④.
Besides, the control outputs of the approach laws are lim-
ited to ±30Nm. The comparison results are depicted in
Figure 4. Note that the CFFOP approach law shows less
steady-state error and faster convergence rate under same
saturation output. On this aspect, the proposed approach
law is a simple and effective method and we further dem-
onstrate its performance in following simulation studies.

5 | SIMULATION STUDIES

To demonstrate the proposed control schemes' performance,
two simulation studies are conducted in this section. First, to
evaluate the robustness of the continuous control scheme,
three types of sliding mode controllers are employed to a
two-link robot manipulator with model uncertainties, exter-
nal disturbance, and actuator saturation for comparison. Sec-
ond, ARBFNN based continuous fast nonsingular integral
terminal sliding mode control of a two-link robot manipula-
tor with actuator saturation is presented to evaluate finite-
time convergence of the proposed controller and effective-
ness of ASO compensation. The turning parameters required
for the control laws Equations 48–50 are listed in Table 1.
MATLAB/Simulink is used to perform all simulations, and
the sampling time is set to 10�3 s.

As shown in Figure 5, we consider a two-link robot
manipulator for robust finite-time control of the trajec-
tory tracking. The dynamic of the robot manipulator by
the Lagrange equation can be given in Equation 6.

The dynamic parameters of the robot manipulator
[34] are utilized for simulation. Then, the robotic arm
dynamics are given

M qð Þ¼ m1þm2ð Þl21þm2l
2
2þ2m2l1l2c2þ J1 m2l

2
2þm2l1l2c2

m2l
2
2þm2l1l2c2 m2l

2
2þ J2

" #
,
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FIGURE 3 The comparison between (44)

and fractional power term (45) when ρ1 ¼ 1,

ρ2 ¼ 1, ε¼ ε3 ¼ 0:5, α3 ¼ 2, and β2 ¼ 0:5

FIGURE 4 The comparison between (44)

and fractional power term (45) when ρ1 ¼ 5,

ρ2 ¼ 6, ε3 ¼ 0:2, α3 ¼ 2, and β2 ¼ 0:25. (a) Sliding

variable s versus time. (b) Control output of the

approach laws

TABLE 1 Controllers parameters

for the proposed control system
Parameter Value Parameter Value

Error gain p1 2I Compensator power β1 1.5

FNITSM gain r1 3I Auxiliary constant ζ0 0.005

FNITSM gain r2 1.3I Auxiliary gain K1 diag(0.1,1.1)

FNITSM power w1,w2 1.2, 1.5 Auxiliary gain K2 0.1I

FNITSM power σ1,σ2 1/3, 1/2 RBFNN gain ΓW diag(100,50)

Positive scalar ε1 [0.2;0.2] RBFNN gain Γc 10I

Positive scalar ε2 [0.1;0.1] RBFNN gain Γb 20I

Positive scalar ε4 [0.1;0.1] CFFOP gain a3 15I

Compensator gain k1 0.05I CFFOP gain a4 I

Compensator gain k2 I CFFOP power β3 1/3

Compensator gain k3 0.05I CFFOP power α4 2.5

Compensator power α1 0.8

LI ET AL.3484
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C q, _qð Þ _q¼ �m2l1l2s2 _q
2
2�2m2l1l2s2 _q1 _q2

m2l1l2s2 _q
2
2

" #
,

G qð Þ¼ m1þm2ð Þl1gc1þm2l2gcos q1þq2ð Þ
m2l2gcos q1þq2ð Þ


 �
,

where ci ¼ cos qið Þ,si ¼ sin qið Þ i¼ 1,2ð Þ. The parameter
values are m1 ¼ 0:5kg, m2 ¼ 1:5kg, l1 ¼ 1m, l2 ¼ 0:8m,
J1 ¼ 5kg �m2, and J2 ¼ 5kg �m2. g¼ 9:8m=s2 is the acceler-
ation of gravity. Additionally, the unknown dynamics of
the manipulator are considered as 20% of the actual
dynamics.

mi ¼ bmiþ0:2bmi, Ii ¼bIiþ0:2bIi, i¼ 1,2:

The desired reference signals are given by

qd1 ¼ 1:25�7
5
exp �tð Þþ 7

20
exp �4tð Þ,

qd2 ¼ 1:25þexp �tð Þ�1
4
exp �4tð Þ,

8><>: ð46Þ

and the external disturbances considered are

τd1 ¼ 2sin tð Þþ0:5sin 200πtð Þ,
τd2 ¼ 2cos 2tð Þþ0:5sin 200πtð Þ:

�
ð47Þ

5.1 | Case 1

To better demonstrate the superiority of the proposed
control scheme with CFFOP approach law, two other
types of terminal sliding mode controllers are also intro-
duced in simulations for comparison, which are adaptive
fast nonsingular integral terminal sliding mode control
(AFNITSMC) of Li et al. [13] and adaptive nonsingular
fast terminal sliding mode control (ANFTSMC) of
Boukattaya et al. [34]. In the following comparison simu-
lations, the applied external disturbance is same, and the
control inputs are both limited to ±30 N.

The total control law of the proposed CFFOP-
FNITSMC scheme becomes

τc1 ¼ τeqþ τac1,

τac1 ¼�a3s�a4Ξ s,α4,β3,ε4ð Þ,

�
ð48Þ

Simulation results are presented in Figures 6–8. The
positions of joint1 and joint2 in comparison with the
desired trajectory are shown in Figure 6, and the tracking
errors and control input signals are illustrated in Figures 7
and 8. We can see that the proposed controller exhibits
faster global convergence rate and less chattering than the
other controllers. Compared with the AFNITSMC, the
CFFOP-FNITSMC scheme shows a faster convergence rate
and less overshoot. Besides, the control torques have less
chattering in comparison with ANFTSMC. On the other
hand, fast transient response requires more energy con-
sumption of the controller and would cause an overshoot
(even inevitably oscillation in AFNITSMC). In Case 1, satu-
ration function in Equation 11 is added to tackle the issue.

Besides, three commonly used indicators to illustrate
controllers' performance are introduced [15] to compare
the tracking performance. The integral of the absolute
value of the error (IAE) given by IAE ≔

R tf
0 e1 tð Þj jdt, the

integral of the time multiplied by the absolute value of
the error (ITAE) given by ITAE ≔

R tf
0 t � j e1 tð Þ j dt, and

the integral of the square value (ISV) of the control input
given by ISV ≔

R tf
0 τ

2 tð Þdt, where tf indicates the total
simulation time. The value of IAE and ITAE reflects the
convergence of the tracking errors while ISV illustrates
the energy consumption of the controller. The compari-
son results in Figure 9 illustrate that the proposed con-
troller can provide relatively satisfactory control accuracy
in terms of convergence rate and energy consumption.

5.2 | Case 2

In order to further demonstrate the effects of the actuator
saturation and effectiveness of ASO compensation, we

FIGURE 5 The architecture of the two-link robot

manipulators
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conduct two other types of CFFOP-FNITSMC schemes
with and without ASO for compensation. Additionally, in
the presence of relatively large external disturbances, the
above controller requires the upper bound of the

disturbance to guarantee the sliding is maintained. It
would cause chattering in control input since the
chattering is not eliminated completely and the upper
bound is hard to obtain exactly. Considering this issue,

FIGURE 6 Position tracking performance

of joint 1 and 2

FIGURE 7 Position tracking errors of joint

1 and 2
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we use the ARBFNN technique to compensate for the
system lumped uncertainty. And the approximation
errors are counteracted by robust subitems in controller.

In the following simulation, we assume that the mass
and inertia of joint 2 increase to 2.0 kg and 6.5 kg m2,
which represents the load variation of the robot manipu-
lator. Meanwhile, actuator saturation is considered in the
control scheme and the control inputs are both limited to
±30 Nm. And the value of parameter p1 is reset to
diag 8;6½ �ð Þ to increase the convergence rate and the actu-
ator saturation depth. Subsequently, we conduct

simulations to compare the performance of different con-
trol schemes: the proposed CFFOP-FNITSMC scheme
with 21-nodes ARBFNN compensation and ASO com-
pensation (with ASO):

τc2 ¼ τeqþ τANN þ τac1þ τa2,

τac1 ¼�a3s�a4Ξ s,α4,β3,ε4ð Þ,

�
ð49Þ

and the CFFOP-FNITSMC scheme but only with the
21-nodes ARBFNN compensation (without ASO):

FIGURE 8 Control input torques of joint1

and 2

FIGURE 9 Tracking performance of controllers
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τc1 ¼ τeqþ τANN þ τac1,

τac1 ¼�a3s�a4Ξ s,α4,β3,ε4ð Þ:

�
ð50Þ

Simulation results are presented in Figures 10–16.
The position and velocity of joint 1 and joint 2 in com-
parison with the desired trajectory are shown in Fig-
ures 10 and 11. And the position and velocity tracking

errors are illustrated in Figures 12 and 13. From
Figures 10–13, the proposed control law Equation 49
with actuator saturation compensation shows fast tran-
sient response and less overshoot. Note that the actuator
saturation in the FNITSMC will sacrifice the responding
speed of the system and the ASO can compensate for
actuator saturation and improve tracking errors'

FIGURE 10 Position tracking performance

of joint 1 and 2

FIGURE 11 Velocity tracking performance

of joint 1 and 2
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convergence rate. Benefit from the compensation of
ARBFNN, the control signals of control law Equation 49
and control law Equation 50 show continuous and
chattering free in Figure 14. Figure 15 depicts the con-
vergence of the sliding surface with and without actua-
tor saturation compensation. It can be observed that the

ASO greatly improves its transient response. Energy
consumption of controllers are presented in Figure 16.
From the histogram, we can further conclude that the
proposed controller Equation 49 can provide relatively
high control accuracy, the faster-responding speed with
lower control energy consumption. On this aspect, the

FIGURE 12 Position tracking errors of

joint 1 and 2

FIGURE 13 Velocity tracking errors of

joint 1 and 2
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ASO can help to promote the tracking precision and
minimize energy consumption of the integral terminal
sliding mode controller. Therefore, the proposed control
scheme can be used effectively for robot high-precision
tracking control in the presence of the lumped uncer-
tainty and actuator saturation.

6 | CONCLUSION

In this paper, an ARBFNN-based continuous FNITSMC
method is proposed for the robust high-precision control
of robotic systems. The stability of the proposed control-
ler is proven using Lyapunov theory. Numerical results

FIGURE 14 Control input torques of joint1

and 2

FIGURE 15 Sliding surfaces versus time

FIGURE 16 Energy consumption of

controllers
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show the effect of CFFOP approach law, ARBFNN, and
ASO compensation in continuous FNITSMC. And the
proposed method could have the following
improvements.

• The high-precision tracking control of the robot
manipulator can be realized under the lumped system
uncertainty with limited and chattering-free control
torques.

• Combined with the proposed CFFOP approach law,
the controller exhibits continuous and fast finite-time
convergence without requiring exact information of
the disturbance's upper bound or its time derivative,
which makes it easier to be applied to SMC.

• Because the actuator saturation is compensated with
ASO and the lumped uncertainty is compensated with
the ARBFNN, the proposed control scheme could pos-
sess several advantages such as less energy consump-
tion and stronger robustness.

However, further studies would be focused on con-
ducting systematic research on the actuator saturation
which probably exists in the finite-time and fixed-time
convergence controllers.
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