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ABSTRACT Triangular cavities are increasingly used in cavity ring-down spectrometers (CRDS) to
compensate for the existence of optical feedback and other disadvantages of straight cavities. However,
at the same time, the difficulty of the cavity mounting alignment process is increased. Consequently, the fast
and stable establishment of resonance between the optical source and the triangular ring-down cavity has
been widely explored for CRDS-based applications. The Hermite-Gaussian theory has unique advantages
for the description of the Gaussian resonant beams characteristics in triangular cavities, while the theory
is of great importance for the alignment in high finesse triangular ring-down cavities. Along these lines,
in this work, the eigenfrequency separation characteristics of the Hermite-Gaussian modes in the triangular
cavity, in the meridional and sagittal planes, as well as the excitation and transmission characteristics of the
first-order mode in the high finesse cavity were verified. A static alignment method was established for the
high-finesse triangular ring-down cavity, and the transmission suppression of the Hermite-Gaussian modes
by the high-finesse cavity was overcome in the experiment. Finally, by leveraging the advantageous features
of the fundamental and the first-order mode that are complementary to each other, the tilt and axis shift
errors of each specified plane with directional high accuracy can be aligned. The static alignment scheme of
the triangular cavity based on the Hermite-Gaussian theory that was established here paves the way for the
mounting alignment of the CRDS instrument before the ring-down experiment, whereas the system accuracy
of CRDS is further improved.

INDEX TERMS CRDS, Hermite-Gaussian mode, misalignment, triangular cavity.

I. INTRODUCTION
In recent years, the cavity ring-down spectroscopy (CRDS)
technique has been used extensively in the field of trace gas
detection in complex environments due to its advantages,
in terms of detection speed and accuracy. It has been also used
to measure the concentration of trace gases in-ground, space
and deep sea for environmental protection, resource detec-
tion, etc. [1]–[6]. CRDS has been also recently employed in
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fields such as biomedicine for the prevention and diagnosis
of several diseases, which has further broadened its potential
application [7], [8]. It also has powerful advantages in terms
of detection of nuclear particles and explosives, etc. [9]–[11].
Recently, CRDS has been implemented in the fields of Boltz-
mann constant determination by optical thermometry and
isotope ratio measurement [12], [13], which requires a higher
accuracy from the instrument.

In order to improve the accuracy and stability of the
instrument, the CRDS has undergone a series of structural
developments, especially the core structures such as the light
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source and the ring-down cavity (CDR). The light source
undergoes the transformation from the pulsed light source to
the continuous-wave laser. The CDR as a critical structure
induced the improvement from straight to triangular cavity.
The triangular cavity improves the optical feedback of the
straight cavity and the standard tool effect [14], which further
enhances the frequency stability of the light source. Neverthe-
less, the difficulty of the system installation and adjustment
is increased.

Interestingly, achieving stable resonance between the light
source and the resonant cavity is regarded as a key technology
for CRDS-based instruments. Most of the existing solution
ideas rely on the improvement of dynamic frequency stabi-
lization [15], [16]. The PDH method has become a common
approach among the existing dynamic frequency stabilization
techniques [17], [18]. More specifically, the PDH method is
a dynamic adjustment method to maintain stable CDR reso-
nance during the measurement. However, the existence of a
relatively high precision mounting alignment is a prerequisite
for achieving the resonance effect. The high-finesse cavity
also suppresses the transmission of the HGS modes (HGS
modes refer to modes other than the fundamental mode),
which makes alignment more difficult. The precise align-
ment between each cavity mirror and the laser source prior
to the ring-down experiment is called the static alignment
technique.

The analysis based on the Hermite-Gaussian (HGS) the-
ory is widely used in the field of gravitational-wave mode
cleaners and other fields during the static mounting alignment
phase. Several mature applications of the HGS theory in the
field of straight cavities and four-mirror cavities have been
reported in the literature [19]–[22]. As far as the theoretical
study of the HGS of triangular cavities is concerned, the mis-
alignment of triangular cavities with different structures has
been studied by Song [23], whereas a systematic summary of
the frequency, mode, and polarization characteristics of the
triangular cavity has been presented by Saraf [24]. However,
the high-precision static alignment technique of triangular
cavities based on HGS modes has not been investigated.

As the demands for CRDS precision metrics are con-
stantly increased, higher finesse cavities are used to enhance
the effective absorbed light range in the cavity. The higher
reflectivity increases the time constant of the cavity, thus
enabling an improved theoretical detection accuracy of the
instrument [25]–[27]. However, this technique also leads to
a decrease in the cavity throughput, and the optical energy
of the system is reduced. As a result, the detector’s noise is
regarded as the primary factor that limits sensitivity and limits
the manifestation of a high accuracy static alignment [28].

We have to underline that the existing PDH methods can
achieve dynamic stabilization of the cavity resonance. How-
ever, high-precision static alignment of the cavity mirror with
the light source is required before the dynamic stabilization
process to achieve high-precision trace gas concentration
measurements. No such complete static alignment scheme
has been proposed yet. Although static alignment schemes

based on HGS theory have been investigated in straight
cavities and four-mirror annular cavities, the triangular cav-
ity needs to be subjected to a more complicated alignment
process due to its more complex structure than the straight
cavity. In addition, the use of high finesse cavities reduces
the optical energy of the system. Therefore, the proposed
static alignment scheme of high finesse triangular CDR is
considered quite significant for CRDS to achieve theoretical
sensitivity.

Under this direction, in this work, the sources of mount-
ing difficulties in CRDS based on high-finesse triangular
CDR and the final solutions were systematically analyzed.
Then, a high-precision static alignment method based on the
first-order HGS mode was proposed based on the unique
HGS mode frequency separation characteristics of the tri-
angular cavity. The transmission suppression of the HGS
mode by a high-finesse cavity was refined in the experi-
mental scheme. Finally, a perfect scheme combining both
the fundamental mode monotonicity and the first-order mode
split-plane alignment property was developed. Interestingly,
the split-plane directional alignment of the triangular cavity
system has been realized for the first time. The alignment
efficiency and accuracy during the process of CRDS high
finesse ring-down cavity mounting is not only improved but
also the resonance theory system of the high finesse triangular
cavity is validated.

The goal of this work is to elaborate on the theoretical
system and implementation scheme of the high-precision
static alignment scheme. In Section 2, the limitation of sensi-
tivity by the high finesse triangular CDR is firstly analyzed.
Subsequently, the frequency separation characteristics of the
same order HGSmode unique to the triple resonant cavity are
explored, as well as the excitation and transmission character-
istics of the first-order mode are derived. In Section 3, exper-
iments are established based on the frequency separation
characteristics of theHGSmode in themeridional and sagittal
planes to verify the excitation relation of the maladjustment
to the first-order mode. Since the first-order mode exhibits
non-monotonicity as the misalignment error is increased,
Section 4 establishes a refined static alignment scheme based
on the original scheme by combining the monotonicity of the
fundamental mode to overcome the drawbacks of the first-
order mode. The conclusions are given in Section 5.

II. HERMITE-GAUSSIAN MODE EXCITATION AND
TRANSMISSION CHARACTERISTICS OF A HIGH FINESSE
TRIANGULAR CDR CAVITY
The CRDS system based on a triangular CDR uses the
same triangular ring resonant cavity as the gravitational wave
detection mode cleaner and the laser gyroscope systems.
However, the transmission energy of the system is suppressed
due to the extremely high cavity reflectivity and narrow
source linewidth of CRDS. The first part of this chapter
systematically analyzes the underlying origins of energy loss
in the high-finesse triangular CDR and derives the sensitivity
expressions for this system. In the second part, the theoretical
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root of this work is introduced, and the various excitation
properties of first-order HGSmode. The frequency separation
characteristics of the first-order mode in the triangular cavity
and the transmission characteristics of the first-order mode in
the high-finesse cavity are also analyzed.

A. SENSITIVITY ANALYSIS OF HIGH FINESSE TRIANGULAR
CAVITY CRDS SYSTEM
The time constant is regarded as an important measure of the
CRDS system and it depends on the reflectivity of the cavity.
The ring-down time τ0 of the cavity is given by equation (1)
[29], where τ0 represents the time taken for the light intensity
to ring-down to e−1 of the initial intensity.

τ0 =
l

c(1− R)
(1)

where l is the length of the passive cavity, c stands for the
speed of light, and R denotes the reflectivity of the cavity
mirror. In order to increase the time constant of the CDR,
the cavity reflectivity of the CDR was generally considered
99.9% or more, whereas to achieve the measurement accu-
racy at the ppb (part per billion) level, the reflectivity of some
cavities even reached the value of 99.997% [23].

Without considering the loss of other factors, the final
transmitted light intensity of the triangular cavity can be
expressed as follows (2):

I0trans = I0
T1T2

1+ R1R2R3 − 2
√
R1R2R3 cosϕ

(2)

where R1R2R3 and T1T2T3 are the reflectance and trans-
mittance of P1P2P3, respectively, and ϕ denotes the phase
difference of light in one round trip in the cavity. When
resonance is reached, cosϕ =1.
The final transmitted light intensity of a triangular cavity

is also influenced by multiple factors. Firstly, the loss due
to the linewidth of the light source and the cavity linewidth
was analyzed, while the loss due to the linewidth difference
between them is called linewidth ratio loss. The linewidth of
a high finesse cavity can be expressed as follows (3):

1ωfwhm =
FSR
F

(3)

where FSR is the free spectral range of the cavity and F is
the finesse of the cavity, which is determined by the cavity
mirror reflectance. The linewidth ratio loss is also denoted
by χ . From (4), it can be concluded that the increase of the
cavity’s reflectivity leads to an elevated linewidth ratio loss.

χ =
1vinF
FSR

(4)

where 1νin is the line width of the light source.
During the actual detection, in addition to the line-to-width

ratio loss, cavity surface absorption and scattering losses,
beam line shape mismatch loss, mode mismatch loss and
other factors take also place. The complete expression of

the final light energy emitted from the triangular cavity is
calculated as follows (5):

Etrans =
√
T1T2e−iϕ

∞∑
n=1

[√
R1R2R3e−iϕ

]n−1
·
√
χ · S · U · VEin (5)

where S is the loss coefficient of absorption and scattering
from the cavity surface, which is determined by the cavity
mirror, and U denotes the mismatch coefficient between the
light source and the beam line shape in the cavity, which
depends on the beam shaping effect of the matching mirror,
and V represents the fundamental mode loss coefficient that
can be expressed from equation (6). The currently known
causative factor is the increase of the mode volume due to
the misalignment mismatch.

V =
P00

m∞,n=∞∑
m=0,n=0

Pmn

(6)

where P00 represents the power of the base mode and Pmn is
the power of the other HGS modes.

The sensitivity of a CRDS system in the ideal case is
generally expressed by equation (7), which is the ratio of
the loss of light in one round trip 1I in the cavity to the
most intense light intensity ICmax established in the cavity.
Although this method describes sensitivity, it is applicable to
common situations. However, the sensitivity limit for the case
where detector noise dominates has not been widely known
until recently [14].

δI =
1I
IC max

(7)

where 1I is determined by k .

κ = (1− T1 − T2 − T3 − S − αL) (8)

As the cavity reflectivity increases, the suppression of the
transmitted energy by the high-finesse cavity reaches the
order of 10−8 or even higher, as is shown by equation (5).
When δI is less than the minimum detection limit of the
detector, the actual sensitivity is limited by the detector itself
regardless of the single round-trip loss of the CDR. Therefore,
the sensitivity of the triangular cavity is limited by both the
time and the intensity responses.

On top of that, when the finesse of the system is low,
the light range energy loss for one week is large. Since the
time response is the main factor limiting the sensitivity, the
sensitivity can be expressed by equation (7). Under this per-
spective, as the finesse of the resonant cavity becomes larger,
the light energy loss per cycle is well below the detection limit
of the detector. In the case the sensitivity is affected by the
intensity response, it can be expressed by equation (9) [14]:

σα =

√
2σln τ
leff Np

(9)
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where σlnτ is the ratio of experimental RMS noise in the
ring-down [30], which mainly includes noise introduced by
the detection electrons (amplifier noise, thermal noise circuit
resistance, or detector dark current), noise generated by the
data acquisition system (digital oscilloscope quantization),
and noise generated by changes in experimental conditions
(cavity path length variation or laser-cavity mode coupling).
In addition, leff is the effective path length, Np represents
the number of photons reaching the detector. Obviously by
increasing leff ,, Np is decreased, and increasing Np while
maintaining the effective path length constant is considered
an important tool. Consequently, if the reflectivity of the
cavity mirror is reasonably designed with the same cavity
finesse, the sensitivity of the instrument can be improved.

The transmission coefficient of the triangular CDR can be
expressed as kT , whereas as can be seen from Eq. (11), both
R1 and R2 have the same impact on the final transmission
coefficient. Obviously, R1, R2, and R3 have also the same
impact on the finesse of the cavity, but the increase of R3
has a weaker suppression of the transmission coefficient
than the input and output mirrors. This effect allows the
use of an increased end-mirror reflectivity to ensure cavity
refinement, while R1 and R2 can be reduced. Thereby, the
limitations in detector intensity response are decreased. The
above-mentioned analysis provides the basis for the choice
of the cavity mirror in the experiment. The conclusion is also
in striking agreement with the impedance matching theory
of the triangular resonant cavity. Full power injection can
be achieved by placing T1, and T2 above T3 by roughly 102

magnitudes.

kT =
(1− R1) (1− R2)

1+ R1R2R3 − 2
√
R1R2R3

π 6√R1R2R3
1− 3√R1R2R3

(10)

B. FREQUENCY SEPARATION CHARACTERISTICS OF
TRIANGULAR CAVITY FIRST-ORDER HGS MODE
In many reports in the literature where resonant cavities
have been examined, an appropriate combination of geo-
metrical optics and diffraction theory has been used as a
classical theory. More specifically, Hermite-Gaussian func-
tions are increasingly used for the expression of lasers. The
q-parameter of a Gaussian beam in a resonant cavity can be
expressed as follows: 1

q =
1
ρ
− i λ

πω2 by using its wavefront
curvature ρ and beam waist size ω. The beam waist ω can be
expressed as follows (11):

ω2
0 =

∣∣∣∣ λ

2πC

√
4− (A+ D)2

∣∣∣∣ . (11)

When the cavity structure meets the stability condition,
|A+ D| < 2, the propagation of the Gaussian beam q param-
eter can be equated to the propagation equation q2 =

Aq1+B
Cq1+D

of an ordinary spherical wave. The ABCD parameter can be
expressed as follows (13) [31]:

M =

∣∣∣∣A B
C D

∣∣∣∣

=

∣∣∣∣ 1− 2(L1+L2)
R L1 + L2 + L3 −

2L3(L1+L2)
R

−
2
R 1− 2L3

R

∣∣∣∣ . (12)

During the actual CRDS setup, the matching of the external
laser beam to the cavity mode determines the accuracy of
the instrument. As a result, the fundamental mode coupling
is only achieved when the light source is perfectly aligned
and matched to the cavity mode. Any deviation from this
condition will result in an increase in the mode volume. Any
misalignment of the passive cavity and the light source in
the CRDS system also reduces the energy of the outgoing
fundamental mode Gaussian beam and leads to an increase
in the ring-down curve fitting error. The limitation of the
HGS modes (other than the fundamental mode) has been an
important factor to improve the accuracy of the instrument.

The unique HGS mode separation property of the triangu-
lar cavity provides the necessary theoretical basis for solving
the triangular cavity alignment problem [24]. The separation
characteristics of the HGS mode can be explained as fol-
lows: the triangular ring cavity with a spherical reflector has
different resonant frequencies for the same order modes in
two orthogonal planes due to astigmatism. For example, the
TEM10 in the meridional plane and the TEM01 in the sagittal
plane in the triangular cavity have different eigenfrequencies,
which is the essential difference between the triangular cavity
and the straight cavity.

Unlike the polarization theory in which the resonant fre-
quencies of s-light and p-light are different, the eigenfre-
quency separation of the triangular cavity, where the same
order HGS mode in two orthogonal planes exists, can be
explained by the Gouy phase [32]. The frequency interval
between each order mode of the triangular cavity and the light
source can be estimated by equation (13). By assuming that
the PDH can stabilize the cavity mode frequency at the center
frequency of the light source, 1νmn denotes the frequency
interval between the HGS mode and the fundamental mode.

1vmn =
FSR
π

(m+ n) arccos

(√
1−

L
R

)
+
FSR
2
(1− (−1)m)

2
. (13)

Thus, the eigenfrequencies of TEM10 and TEM01 are1ν10
and 1ν01, respectively, with an interval of FSR/2.

1v10 =
FSR
π

arccos

(√
1−

L
R

)
+
FSR
2

1v01 =
FSR
π

arccos

(√
1−

L
R

)
(14)

Since Sayeh proposed the parameters for the misalignment
mismatch in a resonant cavity [22], the relationship between
the excitation of the first-order mode in a triangular cavity
and the misalignment mismatch has been discussed in detail
[23]. When only the mismatch exists, the excitation of the
first-order mode can be expressed as follows (15):

A1/A0 =
(
2πe−2

)−1/4
(εν − qLvαv) ω0 (15)
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FIGURE 1. Triangular CDR optical path diagram.

FIGURE 2. Variation of the transmission coefficient of a triangular
ring-down cavity with reflectivity of cavity mirrors.

where εv is the transverse shift of the optical axis between
the injected beam and the intracavity beam, and αv stands
for the tilt of the optical axis between the injected beam and
the intracavity beam. Due to the orthogonality of the HGS
mode [33], εv and αv in the meridian plane (x-z plane) were
analyzed as an example, and the y-z plane can be equatedwith
it. Moreover, qLv and ω0 are the q-parameters and beam waist
of the intracavity beam. The relationship between excitation
and misalignment error of the first-order mode under each
triangular cavity structure is depicted in Fig. 3.

By comparing Fig. 2ac with bd, it can be argued that the
excitation of the first-order mode caused by the axis tilt is
larger than the axis transverse shift. The excitation of the
first-order mode by the misalignment shows a tendency to
increase and then decrease with the error. When the error is

FIGURE 3. Eigenfrequency distribution and transmission intensity of the
first-order mode in the meridional and sagittal planes. The radius of the
sphere represents the radius of curvature of the end-mirror for different
cavity structures.

gradually increased, the excitation of the first-order mode is
enhanced. However, when the error is increased to a certain
degree, the energy of the first-order mode is also lost sharply
as the energy of the system is decreased. The angle a between
P1 and P2 will not affect the misalignment sensitivity, and the
cavity will be more sensitive to the misalignment error when
the radius of curvature of P3 is increased.

The conditions analyzed above include the perfect trans-
mission, while the transmission suppression of the resonant
cavity is not considered. The high reflectivity mirror in the
high-finesse triangular cavity exhibits a stronger suppression
of the transmission of the HGS mode than that of the fun-
damental mode. The transmission intensity of the first-order
mode in the high-finesse cavity can be expressed by equation
(16), from which it can be observed the transmission inten-
sity of TEM10 and TEM01 is proportional to F2. Therefore,
achieving stable detection of first-order mode in high-finesse
cavities is the key to first-order mode-guided mounting align-
ment. Overcoming the suppression of the first-order mode
by high finesse cavities in a high-precision static alignment
scheme is regarded of vital importance for enhanced trans-
mission intensity.

I10
I00
=

(
2πe−2

)−1/2
(εv − qLvαv)2 ω0

2[
1+ 4F2

π2 sin2
(
arccos

(√
1− L

R

)
+

π
2

)]1/2 ,
I01
I00
=

(
2πe−2

)−1/2
(εv − qLvαv)2 ω0

2[
1+ 4F2

π2 sin2
(
arccos

(√
1− L

R

))]1/2 . (16)

III. EXPERIMENT
The implementation of a high-precision static alignment
scheme based on first-order modes (TEM10, TEM01) firstly
requires overcoming the suppression of HGS modes by a
high-finesse cavity. A series of approaches such as optical
power amplifiers were adopted in the experiments to improve
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the detection efficiency of the first-ordermode. The following
points should be highlighted for the experiments. (1) The
purpose of this work is the development of a high-precision
static alignment of the cavity HGS mode without measuring
the ring-down absorption of the gas, and therefore no phys-
ical solid cavity was used. (2) The system in Figure 6 was
mounted on the same vibration isolation stabilization plat-
form. (3) A static high-precision alignment of the light source
with the laser in the cavity was achieved by the alignment
mirrorsM1 andM2 controlled by the piezoelectric transducer
(PZT). (4) All six-dimensional precision adjustment frames
(APFP-XYZTθ ) and CRD mounts (standard mirror mounts-
902-0008) were centered in line with the centers of the optical
elements. (5) Matching mirrors were designed. It is also nec-
essary to simulate the beamwaist radius of the two orthogonal
planes in the whole optical path, and design the column lens
so that the radii of the two orthogonal planes in the cavity are
the same. The aim is to reduce the even-order HGS modes
excited by astigmatism.

In order to improve the detection efficiency of the first-
order mode, a polarization splitting method different from the
conventional cavity ring-down experiments was used in the
experiments. The s-polarized light was used as the reference
beam to which a phase-modulated sideband was added in the
experiment. The p-polarized light was also employed as the
intracavity test beam to achieve a higher transmission coeffi-
cient. For achieving a higher finesse of the s-polarized light,
the transmittance in P1 and P2 was smaller than that of p-
polarized light. Therefore, the impedance matching condition
will be broken and the injected power will be reduced. Enter-
ing the cavity is p-polarized light. The optical power amplifier
is regarded as a booster optical amplifier (BOA1082P) that
amplifies only p-polarized light.

The 2 MHZ single-mode laser emitted from the light
source (DFB, EP1653-DM-B) firstly passes through the beam
splitter and polarizing beam splitter. Then, the p-polarized
light was passed through the matching mirror, M1, M2, and
optical power amplifier into the CDR. The round-trip length
of the triangular cavity was L=420mm, and the reflectivity of
P1 and P2 at 1653 nm was 99.997%. Additionally, the radius
of curvature of P3 was 1 m, the reflectivity was 99.97%,
and the angle between P1 and P2 was 88.542◦. Therefore,
the finesse of the cavity is about 26000 according to the
finesse equation (17) of the triangular cavity. The S-polarized
light emitted from the polarizing beam splitter was mixed
with the cavity emitted light after the frequency sidebands
after the phase modulator was added. The cavity length was
also scanned by the PZT (PZT, P-841.10) controlled by the
locking servo mechanism to lock the center frequency of
the light source at the eigenfrequency of the fundamental
mode in the cavity. For the ramp signal of the light source
scan, a 15 Hz ring-down wave with a modulation range
slightly larger than the FSR of the cavity was used, which
was about 718 MHz. Thus, the resonance of the funda-
mental mode was ensured. It is important to note that the
piezoelectric element attached to the end-mirror needs to be

FIGURE 4. Power transfer in misalignment systems with first-order mode
of Gaussian laser beams. The excitation intensity of the first-order mode
varies with (a) αx ; and (b) εx at end-mirror radius R=1000, L=420 mm
and varying angle α of the P1P2 clamp angle. The excitation intensity of
the first-order mode varies with (c) αx and (d) εx when the angle a =
88.56◦, L = 420 mm, by varying R/L.

calibrated before the experiment to eliminate the hysteresis.
After establishing the resonance of the fundamental mode, the
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FIGURE 5. Distribution of the transmission intensity of the first-order
mode as a function of (a) αx and (b) εx when the finesse of the triangular
CDR varies.

frequency was swept by the control source of the wavelength
meter (WaveCapture R©FBGA-s). The sweep range is given
by equation (14). The sweep was performed in the same
way as the fundamental mode resonance was established.
The light emitted from the CDR was focused on the detector
through a large diameter short focal length lens. The optical
signal was detected by using an InGaAs Switchable Gain
Detector (thorlab PDA10CS2) and the output is fed to a
digital oscilloscope (MSO, MSO6104A).

The introduction of misalignment error in the experiment
was achieved by PZT controlling the alignment mirror M1
with M2. The tilt error was realized by the tilt of M2, and the
axial shift error was realized by the simultaneous tilt of M1
andM2. To investigate the relationship between the misalign-
ment error and the first-order mode excitation intensity, it is
first necessary to control M1 and M2 to scan within the error
range of 1◦ and 1.4 mm, and then detect the excitation value
of the first-order mode. During the data analysis of misalign-
ment errors, in order to eliminate repeatable residuals caused
by oscilloscope channel crosstalk, multiple measurements
need to be averaged to reduce the error. When the average
number of times exceeds 64, the overall noise cannot be

FIGURE 6. Structure diagram of triangular cavity static alignment
experiment.

FIGURE 7. Variation of the first-order mode (TEM10) power transfer ratio
after the introduction of (a) αx and (b) εx in the meridional plane.

reduced further. Each error value corresponds to the average
of 64 times the first-order mode excitation intensity.

Figure 7 shows the TEM10 excitation in the meridional
plane. As can be observed, the TEM01 in the sagittal plane
exhibits an excitation trend consistent with that of TEM10
in the experiment. In addition, the excitation intensity of
the first-order mode in the experiment revealed a slower
excitation enhancement and faster excitationweakening com-
pared to the theoretical value in Eq. (16). This effect can
be explained due to the gradual decrease of the light energy
entering the detection system with the increase of the mis-
alignment error.

The experiment also verified the independence of the first-
order modes in two orthogonal planes, whereas the fre-
quency separation property of the triangular cavity provided
a theoretical basis for obtaining the error information of the
two planes independently. The trend of the excitation of the
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FIGURE 8. The first-order mode power transfer ratio follows a
non-monotonic pattern as the misalignment increases, while the
fundamental mode power transfer ratio is decreased monotonically.
800-1000 indicates different radii of curvature for P3.

first-order mode does not correspond to the trend of a specific
amount of misalignment. A perfect static alignment scheme
needs more information support.

IV. FURTHER DISCUSSION
Although the correlation between the first-order mode and
the misalignment error was verified experimentally, it was
limited by the following two points. More specifically, the
excitation of the first-order mode was limited by noise and
cannot respond when the error is too large (αv > 0.5◦ and
εv >0.7 mm) and too small (αv < 0.1◦ and εv <0.1 mm).
Another limitation of this scheme is the inability to determine
the alignment mirror adjustment direction from the trend of
the first-order mode. When the excitation of the first-order
mode is detected to be weakened, the misalignment error at
this time may correspond to both increasing and decreasing
cases. It is thus obvious that the calibration direction cannot
be obtained directly from the first-order mode information.

A complete mounting scheme requires the acquisition of
more mode information. The excitation of the fundamental
mode has been analyzed in detail in the study of Song [23].
The excitation of the fundamental mode showed monotonic
weakening as the error was increased, which exactly com-
pensates for the shortcoming of the first-order mode. The
relationship between the fundamental mode and themisalign-
ment error can be found in equation (18).

The frequency separation characteristics of the first-order
mode of the triangular cavity and the monotonicity of the
fundamental mode provide the conditions for achieving

a high-precision static alignment of the triangular cavity.
In order to achieve the alignment in the x-z plane during the
alignment, it is necessary to obtain the fundamental mode
and TEM10 information in the same error case successively.
For the alignment of the x-z plane, it is necessary to read the
fundamental mode and the TEM10 excitation of the two error
points separately, where the TEM10 determines the plane
information and the fundamental mode determines the adjust-
ment direction. The sagittal plane was aligned in the same
way as the meridional plane, by using the information from
TEM01 and the base model.

V. CONCLUSION
In this work, the eigenfrequency separation characteristics of
the same-order HGS mode specific to the triangular cavity
were systematically analyzed based on the Hermite-Gaussian
theory. The excitation characteristics were derived for differ-
ent cavity structures with the first-order mode as an example.
The sensitivity equation and the transmission characteristics
of the HGSmodewere studied for a high-finesse cavity. In the
experiment, the transmission suppression of the first-order
mode by the high finesse triangular cavity was overcome,
and a static alignment scheme based on the eigenfrequency
separation property of the first-order mode was designed.
Finally, the fundamental mode information was added to
compensate for the non-monotonicity drawback of the first-
order mode. The theory and method of the static alignment
stage of high finesse triangular CDR that was proposed in this
work, verifies the feasibility of the HGS mode information to
achieve accurate alignment, while a new improved idea for
CRDS to achieve an enhanced theoretical sensitivity was also
provided.
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