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a b s t r a c t

Piezo-actuated stages are widely used in nanopositioning applications. However, they not only have
inherent static hysteresis characteristics but also have dynamic rate-dependent hysteresis nonlinearity.
Therefore, to address dynamic hysteresis nonlinearity and uncertainty in the model parameters, an
adaptive switching-gain sliding mode controller with a proportional–integral–derivative surface is
designed. In particular, the combination of Bouc–Wen model and second-order linear system is used
to describe the dynamic hysteresis process. To improve the robustness and reduce chattering in the
sliding mode control method, an adaptive switching-gain is added to the controller without knowing
in advance the upper bound of uncertainties. Finite-time convergence conditions of the closed-loop
system are also analyzed. Finally, the proposed control method is implemented in real time on an ARM
experimental platform. Comparative experimental results demonstrate excellent tracking performance
and robustness. The dynamic hysteresis characteristics are suppressed effectively, and this result
provides a powerful reference for engineering applications.

© 2021 Published by Elsevier Ltd on behalf of ISA.
l-
1. Introduction

The piezo-actuated stage plays an important role in microma-
ipulators [1], laser communication [2,3], surgical devices [4], fast
teering mirrors [5], and other devices because of its advantages
f high precision, fast response, and large output force. However,
piezo-actuated stage has undesirable nonlinear behavior, which
s its main limitation in positioning applications. The nonlin-
ar behavior, specially the hysteresis, is a special memory-based
onlinear phenomenon between input voltage and output dis-
lacement. The behavior exhibits not only a static hysteresis loop
ut also dynamic rate-dependent characteristics, as illustrated
n Fig. 1. This implies that, when the input control signal rate
f the piezo-actuated stage is increased, the hysteresis loop be-
omes fatter and rounder. This characteristic not only induces
rrors in the system, but it also causes control difficulties be-
ause it is difficult to model and can even cause instability in
he close-loop controller [6]. This issue has become the main
hallenge for high-precision tracking control of piezo-actuated
tages [7]. Therefore, a control algorithm that is robust to dynamic
ysteresis nonlinearity should be developed.

∗ Corresponding author.
E-mail addresses: zhongshiwang@ciomp.ac.cn (Z. Wang), xur@ciomp.ac.cn

R. Xu), wangln@cust.edu.cn (L. Wang), d.tian@ciomp.ac.cn (D. Tian).
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Proportional integral derivative (PID) control is a typical rep-
resentative of model-free control methods. PID control is widely
used in industrial piezoelectric ceramic controllers because of
its good robustness and ability to tune parameters easily [8,9].
However, as the frequency of the input signal increases, the rate-
dependent characteristic causes the signal phase to lag severely,
causing the performance of the PID controller to decline sharply.
To achieve high-precision tracking control, many methods based
on an accurate hysteresis model have been proposed in the
existing literature. The model-based approaches develop a more
accurate mathematical model. Generally, the main hysteresis
models for piezo-actuated stages are operator-based or differentia
equation-based models [10]. At present, the Preisach model [11],
Krasnosel’skii–Pokrovskii model [12], and Prandtl–Ishinskii model
[13] are the most common operator-based models. However,
operator-based models have many parameters and a large amount
of calculation; hence, it is difficult to apply them in micropro-
cessor chips. The differential-equation-based models, such as the
Duhem model [14], Backlash-like model [15], and Bouc–Wen
model [16], are described by a differential equation, which is
closer to a linear system and more suitable for our study.

Based on these models, many controllers have been designed
to compensate for the hysteresis nonlinearity and improve track-
ing performance in piezo-actuated stages. Some researchers have

effectively reduced the effect of hysteresis using feedforward
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Fig. 1. Dynamic rate-dependent hysteresis characteristics.

nd disturbance observer techniques [17,18]. Ming et al. devel-
ped a composite model predictive control with feedforward
ysteresis compensation based on an inverse multiplicative struc-
ure. Their results show that its feedforward control enables it
o enhance the positioning performance of the piezo-actuated
tages [19]. Al Janaideh et al. applied the Prandtl–Ishlinskii feed-
orward technique to construct an H-infinity feedback control
rom the feedforward controlled actuator, which demonstrates
he efficiency of the calculated controller [20]. However, the
ystem is affected by external disturbances and uncertainty in the
odel parameters in addition to the internal dynamic hysteresis
haracteristic. Sliding mode control (SMC) provides an alterna-
ive way to deal with these issues and has been widely used
o remove the disturbances for tracking control in piezoelectric
ystems [21,22]. However, a limitation of this approach is the
xistence of the switching strategy. To reduce chattering, it has
een reported in [23] that an adaptive sliding mode controller
ith a proportional–derivative sliding surface improves perfor-
ance in simulations. Xu presented the precision motion control
f a piezoelectric nanopositioning stage using a scheme consisting
f an adaptive sliding mode control with uncertainty and distur-
ance estimation [24], which has been proved in theory under
yapunov stability.
Compared with classical stability, the main feature of finite-

ime control is that the state variables in dynamic systems con-
erge to the equilibrium point in finite time and remain constant
hereafter [25]. Finite-time stability can obtain fast, transient,
nd highly accurate performance [26]. Plestan et al. proposed a
daptive-gain sliding mode controller that is robust to uncertain-
ies and disturbances [27]. In order to achieve the best dynamic
erformance, a dynamic hysteresis compensation method was
eveloped by using a robust adaptive integral sliding mode con-
roller, and the positioning error can converge to zero in finite
ime [28]. Xu proposed an adaptive integral terminal sliding-
ode third-order finite-time control strategy specifically for mo-

ion tracking control in the piezo-actuated system [29]. How-
ver, few existing sliding mode controls for solving piezoelec-
ric problems use finite time theory, which is not conducive to
he application of piezo-actuated stages in practical engineering.
oreover, there is a lack of mature literature on the implemen-

ation of adaptive finite-time sliding mode control in embedded
icroprocessors.
Based on the above observation, this paper proposes a finite-

ime adaptive sliding mode control (FASMC) method with a PID
liding surface. The aim is to address dynamic hysteresis non-
inearities and uncertainty in the model parameters. Compared
ith current research achievements, the major contribution of
 t

437
this study is the design and implementation of a novel FASMC
strategy.

(a) To improve the robustness and reduce chattering of the
sliding mode controller, an adaptive switching-gain is
added to the sliding mode controller with a PID sliding
surface. Without knowing in advance the upper bound of
the uncertainties, the adaptive switching-gain is dynami-
cally tuned to ensure the sliding mode is established. Then,
the gain is adjusted to obtain a value that is ‘‘sufficient’’ to
eliminate the perturbations and uncertainties.

(b) To demonstrate its excellent tracking performance and ro-
bustness, the finite-time convergence conditions were an-
alyzed, and the FASMC method was implemented in real
time on an ARM microprocessor.

The remaining sections of this paper are organized as follows.
Section 2 describes how the piezo-actuated stage is modeled by
the combination of Bouc–Wen model and second-order differ-
ential function. In Section 3, the design process of the adap-
tive switching-gain sliding mode controller is presented and the
finite-time convergence condition is demonstrated. Section 4 de-
scribes the model identification and experimental results. Finally,
the conclusions of this study are presented in Section 5.

2. Dynamic hysteresis modeling

A piezoelectric stage is a complex motion system that can be
divided into a linear part and a hysteresis nonlinear part [10].

(1) Linear model. Piezo-actuated stages often use a flexure-
inge-guided mechanism to provide motion through elastic de-
ormations [30]. This monolithic design has no sliding parts, thus
voiding backlash and friction nonlinear characteristics, which
akes the model closer to a second-order linear system. The

inear part can be described by a general dynamic model that in-
ludes the electrical and mechanical modeling and is represented
y the following second-order differential equation [7]:

ẍ(t) + bsẋ(t) + ksx(t) = kem(kampu(t) − h(t)), (1)

here m, bs, and ks are the equivalent parameters of mass, damp-
ng, and stiffness, respectively; x(t) is the output displacement of
he piezo-actuated stage; kem is an electromechanical transducer
oefficient for describing the piezoelectric effect; kamp is the gain
f the driving amplifier; u(t) is the control voltage for the driving
mplifier; and h(t) represents the voltage due to the hysteresis
ffect.
(2) Hysteresis nonlinear model. Among the differential-equation-

ased models, the Bouc–Wen model is the most common and
uitable for our study. Thus, the hysteresis nonlinear model
f a piezo-actuated stage can be described by the following
ifferential equation:

˙(t) = αu̇(t) − β|u̇(t)|h(t) − γ u̇(t)|h(t)|, (2)

here ḣ(t) and u̇(t) denote the derivative of the voltage affected
y hysteresis and the input control voltage, respectively. The
agnitude and shape of the hysteresis loop is determined by

hree parameters: α, β , and γ .
To facilitate the control design, a more general form is given

y combining Eqs. (1) and (2) as{
ẍ(t) = a0ẋ(t) + a1x(t) + a2(u(t) + ∆(t)) + a3h(t)

ḣ(t) = αu̇ − β|u̇|h(t) − γ u̇|h(t)|
, (3)

here a0 = −
bs
m < 0, a1 = −

ks
m < 0, a2 =

kemkamp
m > 0,

nd a3 = −
kem
m < 0. Further, ∆(t) represents an equivalent

nstructured uncertainty that includes external disturbances and
he uncertainty of the model parameters.
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This model divides the piezo-actuated stage system into lin-
ear and nonlinear parts, representing the dynamic and hystere-
sis characteristics respectively. Since it is based on differential
equations, it has the advantage of clear physical meanings for
the parameters, simple controller design, and easy parameter
identification.

3. Controller design

The most important task of controller design based on the
dynamic hysteresis model (Eq. (3)) is to develop an effective
strategy for achieving high-precision command tracking control
while compensating for the unstructured uncertainty.

3.1. Sliding mode controller with PID surface

The SMC strategy is a common method for making the output
of the nonlinear system track the command signal [31]. To design
a SMC law to attenuate the hysteresis of the piezo-actuated stage,
the displacement error is defined as

e(t) = x(t) − xd(t), (4)

where xd(t) is the desired output displacement of x(t). The first-
and second-order derivatives are easily obtained as

ė(t) = ẋ(t) − ẋd(t) and ë(t) = ẍ(t) − ẍd(t). (5)

Compared with the traditional sliding mode surface, i.e., the
proportional–derivative surface, an integral term is used to im-
prove the transient response and reduce the steady-state error
in the sliding surface [32,33]. Then, a PID sliding mode surface is
defined as

s(t) = kspe(t) + ksi

∫ t

0
e(τ )dτ + ksdė(t), (6)

where ksp, ksi, and ksd are the proportional, integral, and derivative
parameters of the sliding mode surface, respectively.

For the model (3), the sliding mode controller is designed in
two parts as follows:

u(t) = ueq(t) + un(t), (7)

where

ueq(t) =
1
a2

[ẍd(t) − a0ẋ(t) − a1x(t) − a3h(t)

−
ksp
ksd

ė(t) −
ksi
ksd

e(t)],
(8)

un(t) = −ksmcsgn(s(t)). (9)

Here, ksmc is the switching gain of the sliding mode controller and
sgn() represents a symbolic function.

Theorem 1. If the parameters of the model (3) are known con-
stants, and the state variable ∆(t) is bounded by D, then, using the
PID sliding mode surface (6) and the sliding mode control law (7),
the closed-loop system is asymptotically stable when the switching
gain ksmc is selected as

ksmc > D. (10)

roof. Based on the model (3), the time derivative of s(t) in
q. (6) is derived as follows:

˙(t) = kspė(t) + ksie(t) + ksdë(t)
= kspė(t) + ksie(t) + ksd(ẍ(t) − ẍd(t))
= kspė(t) + ksie(t) + ksd[a0ẋ(t) + a1x(t)

(11)
+ a2(u(t) + ∆(t)) + a3h(t) − ẍd(t)].
438
Substituting Eq. (7) into Eq. (11) yields

ṡ(t) = a2ksd[∆(t) − ksmcsgn(s(t))]. (12)

The Lyapunov function candidate is considered as

V (t) =
1
2
s2(t). (13)

hen, the time derivative of V (t) is obtained as

˙ (t) = s(t)ṡ(t). (14)

ubstituting Eq. (11) into V̇ (t) yields
˙ (t) = a2ksd[∆(t)s(t) − ksmcsgn(s(t))s(t)]

= a2ksd[∆(t)s(t) − ksmc |s(t)|].
(15)

f ∆(t) is bounded by

∆(t)| ≤ D, (16)

here D is the upper bound of the equivalent unstructured un-
ertainty, then
˙ (t) ≤ a2ksd[|∆(t)||s(t)| − ksmc |s(t)|]

≤ a2ksd[D|s(t)| − ksmc |s(t)|]
= a2ksd(D − ksmc)|s(t)|.

(17)

Here, because parameters a2 and ksd are positive, it can be
asily obtained that ksmc must be chosen to be larger than D so
hat the derivative of the Lyapunov function becomes negative
efinite. Thus, the system is asymptotically stable under this
ondition, which allows the state to reach the sliding surface
= 0 [26]. □

emark 1. Eq. (17) implies that the system states will not leave
he sliding surface after reaching it, due to the negative part V̇ (t).
ased on the definition of the PID sliding surface, the param-
ters should be selected so that the characteristic polynomial
sds2 + ksis + ksp = 0 is strictly Hurwitz, i.e., a polynomial with
oots located strictly in the left half of the complex plane. This
ondition ensures the tracking error satisfies limt→∞ e(t) = 0
nd limt→∞ ė(t) = 0 and that x → xd and ẋ → ẋd as t →

∞. Therefore, the SMC with a PID surface guarantees a zero
steady-state tracking error.

Remark 2. The first- and second-order derivative of the desired
displacement ẋd(t), ẍd(t) are required to obtain the controller (7).
In practical application, the desired displacement command is
often predefined. Hence, it is reasonable to calculate the con-
troller (7) from ẋd(t) and ẍd(t). For the derivative of the displace-
ment ẋ(t) in the controller (7), a lowpass filter is typically used
to remove the sensor noise because displacement x(t) is obtained
by the sensor.

3.2. Finite-time adaptive switching-gain sliding mode control

In practical application, on the one hand, the model parame-
ters identified offline include some uncertainty. To ensure stabil-
ity, the switching gain should be improved. However, excessive
switching gain can result in the system chattering. On the other
hand, the equivalent unstructured uncertainty changes with re-
spect to the environment and command signal. The equivalent
unstructured uncertainty considered in ∆(t) is a variable state
parameter. The fixed switching gain of the sliding mode con-
troller (7) will lead to poor tracking performance and robustness.
To improve this, an adaptive switching part is added to the sliding
mode controller (7). This adaptive switching-gain is designed
to resist the uncertainty in the model parameters and sudden
external disturbances. Because the new adaptive term is adjusted
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nline, this method can compensate for the shortcomings of the
MC method and achieve highly accurate tracking control of a
iezo-actuated stage.
The control law (7) is rewritten as

(t) =
1
a2

[ẍd(t) − a0ẋ(t) − a1x(t) − a3h(t)]

−
ksp
a2ksd

ė(t) −
ksi

a2ksd
e(t)

− ksmcsgn(s(t)) − η̂(t)sgn(s(t)),

(18)

where η̂(t) is the adaptive switching gain and satisfies the adap-
tive rule
˙̂η(t) = −kapη̂(t) + |s(t)|, (19)

here kap is a positive constant that determines the convergence
ate of the adaptive switching gain exponentially.

heorem 2. If the parameters of the model (3) are known constants
nd the state variable ∆(t) is bounded, then, using the adaptive slid-
ng mode control law (18) and the adaptive rule (19), the closed-loop
ystem has semi-global practical finite-time stability.

roof. We choose a new Lyapunov function V2(t),

2(t) =
1
2
s2(t) +

a2
2

η̃2(t), (20)

here η̃(t) = D − η̂(t). (To simplify the writing, the follow-
ng proof omits (t).) Then, the first derivative of the Lyapunov
unction is
˙2 = sṡ + a2η̃ ˙̃η. (21)

ubstituting Eq. (11) into the above equation yields
˙2 = s[kspė + ksie + ksd(ẍ − ẍd)] + a2η̃ ˙̃η

= a2ksd[∆ · s − (ksmc + η̂)|s|] + a2η̃ ˙̃η.
(22)

Based on Eq. (18), the adaptive sliding mode control law is
related to the ratios ksp

ksd
and ksi

ksd
. Thus, letting ksd = 1, Eq. (22)

can be simplified to

V̇2 = a2(∆ · s − ksmc |s| − η̂|s| + η̃ ˙̃η)

≤ a2(D|s| − η̂|s| − ksmc |s| + η̃ ˙̃η)

= a2(η̃|s| − ksmc |s| + η̃ ˙̃η).

(23)

According to ˙̃η = −˙̂η, Eq. (23) is

V̇2 ≤ a2(η̃|s| − ksmc |s| − η̃(−kapη̂ + |s|))
= a2(−ksmc |s| + kapη̃η̂)
= a2(kapη̃(D − η̃) − ksmc |s|)

= a2(kapDη̃ − kapη̃2
− ksmc |s|)

≤ a2(kap(
D2

+ η̃2

2
) − kapη̃2

− ksmc |s|)

= a2(
kap
2

D2
−

kap
2

η̃2
− ksmc |s|).

(24)

ubstituting kap
2 η̃ −

kap
2 η̃ into Eq. (24) yields

˙2 ≤ a2(
kap
2

D2
+

kap
2

η̃ −
kap
2

η̃ −
kap
2

η̃2
− ksmc |s|), (25)

here
kap
2

D2
+

kap
2

η̃ −
kap
2

η̃2
=

kap
2

(D2
+

1
4

−
1
4

+ η̃ − η̃2)

=
kap
2

(D2
+

1
4

− (
1
2

− η̃)2)

≤
kap (D2

+
1
).

(26)
2 4
439
Thus, kap
2 D2

+
kap
2 η̃ −

kap
2 η̃2 has an upper bound ς0 as follows:

ς0 =
kap + 4kapD2

8
. (27)

Eq. (25) is simplified as

V̇2 ≤ a2(ς0 −
kap
2

η̃ − ksmc |s|)

= −a2(
kap
2

η̃ + ksmc |s|) + a2ς0

≤ −a2min{
kap
2

, ksmc}(η̃ + |s|) + a2ς0.

(28)

Moreover, because

V 0.5
2 = (

1
2
s2 +

a2
2

η̃2)
1
2

≤
1

√
2
|s| +

√
a2
2

η̃

≤ max{
1

√
2
,

√
a2
2

}(η̃ + |s|).

(29)

ombining inequality (28), we can obtain

˙2 ≤ −
a2min{

kap
2 , ksmc}

max{ 1
√
2
,

√
a2
2 }

· V 0.5
2 + a2ς0. (30)

Let ν =
a2min{

kap
2 ,ksmc }

max{ 1√
2
,

√
a2
2 }

. Then, we have

Tr ≤
2V 0.5

2 (0)
κθ0

, (31)

here

=
(1 − θ0)ν2V 0.5

2 (0)
(1 − θ0)νV 0.5

2 (0) − a2ς0
. (32)

Here, V2(0) is the initial value of the Lyapunov function and θ0
is a scalar from 0 to 1. The closed-loop system has semi-global
practical finite-time stability and tracking error e(t) converges to
a small neighborhood around the origin in finite time Tr [25]. □

4. Experiment

In this section, the model identification and verification are
first presented. To evaluate the effectiveness of FASMC, an exper-
imental system was set up to compare FASMC with PID control
and SMC, and the results are described.

4.1. Experimental setup

The experimental system includes a piezo-actuated stage,
piezoelectric driving module (PDM), power supply, computer, and
ARM microprocessor, as illustrated in Fig. 2.

The piezo-actuated stage is a P-542.2 (PI, Germany), and the
PDM is an E-509.X3-503.00 (PI, Germany). The stroke of the
piezo-actuated stage is 0∼200 µm. Switching power is used for
the power supply of the ARM-based control system, and 28 VDC
is provided. The experiment was carried out on an STM32F407
microprocessor, which is an ARM microprocessor with a 32-bit
Cortex-M4 CPU and floating point unit. Its frequency can reach
168 MHz, which is a guarantee of high computation. The sam-
pling time is set to 0.0002 s. ARM realizes real-time debugging
through ST-LINK and communicates with the computer through
an RS422-USB data line. The control algorithm was implemented
in ARM. The control voltage is calculated and sent to PDM through
the digital–analog converter. The PDM can provide a high volt-
age drive signal. Simultaneously, the feedback signals of strain
gauge sensor are collected and sent to the ARM through an
analog–digital converter.
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Fig. 2. ARM-based control system. (a) Experimental setup. (b) Control system
tructure block diagram.

Fig. 3. Estimation results for the linear model. (a) Command and feedback
ignals. (b) Magnitude and frequency.

.2. Model identification and validation

.2.1. Linear model identification
The sinusoidal signal generated by the ARM microprocessor

as used to identify the model of the linear part. Its amplitude
as set to 6 V, which is also typically used in practice, and the

requency was gradually increased from 1 Hz to 150 Hz. The
ontrol and feedback voltage signals were used to estimate the
ransfer function of the linear part in Fig. 3.

It is observed that the magnitude of feedback signal decreases
ith the increase of frequency in Fig. 3(a). According to the
odel (3), a second-order transfer function is used to fit the
440
Table 1
Parameter settings of the bat-inspired optimization algorithm.
Parameters Values

Number of bats 50
Loudness 0.25
Pulse rates 0.35
Frequency range [0,3]
Number of iterations 1000
Parameters for loudness update 0.05
Parameters for pulse rates update 0.95

Fig. 4. Validation of the bat-inspired optimization algorithm. (a) Convergence;
(b) Repeatability.

magnitude–frequency curve in Fig. 3(b). The transfer function is
estimated by the least squares method as follows:

G(s) =
0.981 × 4002

s2 + 2 × 0.85 × 400s + 4002 . (33)

According to the estimated results in Eq. (33), we obtain the
ollowing model parameters: a0 = −680, a1 = −160, 000, and
3 = −156, 960. Parameter a2 contains not only the gain of the
inear part but also the gain of the nonlinear part. Thus, the value
f a2 is given later.

.2.2. Nonlinear model identification based on the bat-inspired op-
imization algorithm

The nonlinear model was identified using the bat-inspired
ptimization algorithm [34]. First, some parameters in the bat-
nspired algorithm that need to be determined are available.
hrough trial and error, the initial values for the parameters were
elected and are listed in Table 1.
Using the parameters in Table 1, the convergence and re-

eatability results of the bat-inspired algorithm were verified by
he current best fitness and the global best fitness. The current
alue of the best fitness with respect to the number of iterations
s shown in Fig. 4(a), and the global best fitness values of 10
dentification trials are shown in Fig. 4(b).

From Fig. 4, it is clear that the bat-inspired optimization al-
orithm can quickly converge to a better fitness value from the
nitial state. In addition, the global best fitness of the algorithm
as good repeatability.
The sinusoidal signal with an amplitude of 8 V and frequency

f 1 Hz was generated to draw the hysteresis loop. Five periods of
ata were used for identification, and the results of the nonlinear
nd estimation models are shown in Fig. 5.
The model accuracy was quantitatively assessed on the basis

f global goodness-of-fit measures: the maximum error (MAXE),
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Fig. 5. Results of nonlinear model identification.

Table 2
Parameters of the dynamic hysteresis model.
Parameters Values

a0 −680
a1 −160000
a2 179750
a3 −156960
α 0.3180
β 0.6662
γ −0.0255

root-mean-squared error (RMSE), and maximum relative devia-
tion (MRD), calculated as follows:

MAXE = max|xi − x̂i|, (34)

MSE =

√1
n

n∑
i=1

|xi − x̂i|
2
, (35)

RD =
MAXE
max(xi)

× 100%, (36)

here xi is the actual measured displacement and x̂i is the nu-
erically estimated displacement by the model.
Fig. 5 shows that the model identification result of the bat-

nspired optimization algorithm is very close to the actual sys-
em output. Quantitatively, the MAXE is 2.8013 µm, RMSE is
.1694 µm, and MRD is 1.75%. Thus, the obtained model param-
ters capture the hysteresis characteristics of the piezo-actuated
tage. All final parameter values of the dynamic hysteresis model
re listed in Table 2.

.2.3. Dynamic hysteresis model validation
To evaluate the accuracy of the dynamic hysteresis model

3), experiments were performed to compare the output of the
stimated model and actual model based on the parameters
btained in Table 2. In the experiment, sinusoidal signals with
requencies of 1, 5, and 10 Hz were each given to the system. The
utputs of the estimated and actual models are shown in Fig. 6.
he deviation between the outputs of the estimated and actual
odels is given in Table 3.
The results show that the behavior of the estimated model

s close to that of the actual system. At 1 Hz, the MAXE of the

isplacement is 2.8564µm, which includes the model parameter

441
Fig. 6. Output of the estimated and actual models. (a) 1 Hz; (b) 5 Hz; (c) 10 Hz.

Table 3
Accuracy of the dynamic hysteresis model.

1 Hz 5 Hz 10 Hz

MAXE (µm) 2.8564 5.6014 8.9169
RMSE (µm) 1.2413 2.7117 5.2760
MRD 1.79% 3.5% 5.57%

estimation error of 2.8013µm. Here, uncertainty in model pa-
rameters is the main source of error. As frequency increases, the
nonlinear behavior becomes more severe. This will increase the
uncertainty of the model parameters, leading to some difficulties
in the controller design.

4.3. Experimental results

To demonstrate the effectiveness of the FASMC, sinusoidal
and compound signals were used as the desired displacement
command to implement tracking control experiments. Then, a
100 g load was added to the piezo-actuated stage to investigate
the robustness of the FASMC. In the experiment, PID control and
SMC were selected for comparison.

For fairness, a lowpass filter with a cutoff frequency of 400
rad/s was selected in the signal differential process of the three
methods. To reduce the jitter of the sliding mode, we used the
saturation function instead of the switching function, and the
boundary layer of saturation function sat(s) was set to 500 both
n the SMC and FASMC. Considering the influence of these pa-
ameters on the performance of the controller, the values of the
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able 4
ontrol parameters of different controllers.
Controllers Parameters

PID kp = 0.15, ki = 300
SMC ksp = 300, ksi = 300000, ksd = 1, ksmc = 0.2
FASMC ksp = 300, ksi = 300000, ksd = 1, ksmc = 0.2,

kap = 4000

Fig. 7. Tracking results for 1 Hz sinusoidal signals.

parameters were adjusted experimentally. The parameter ksmc
is positively related to the amplitude of the control signal, but
increasing it also causes the signal to oscillate. Then, the values
of ksp and ksi are related to the rate at which the error con-
verges to zero when the system reaches the sliding surface. After
some trial-and-error preliminary experiments, we selected three
groups of parameters with better performance, where FASMC was
chosen to be the same as SMC for comparison, and they are listed
in Table 4.

4.3.1. Tracking results for sinusoidal signals
An experimental test was conducted in which sinusoidal sig-

nals were tracked, where the reference command is described by
xd(t) = 80 sin(2π ft − 0.5π ) + 80 µm; that is, the stroke was
160µm. The frequency was set to 1, 5, and 10 Hz. The tracking
results are presented in Figs. 7∼ 9, where the displacement, the
racking error, and the control value u(t) of The three methods
re given, respectively. To evaluate the advantages of FASMC,
he adaptive switching-gain η̂(t) and its derivative ˙̂η(t) are also
shown.

A total of ten complete sinusoidal periods were selected to
compare the displacement tracking results. It can be observed
that the tracking performance of the PID control is the worst.
In particular, as frequency increases, the PID control has a large
442
Fig. 8. Tracking results for 5 Hz sinusoidal signals.

Table 5
MAXE, RMSE, and MRD of sinusoidal signal tracking results with the three
methods.
Command PID SMC FASMC

MAXE (µm) 2.3850 0.5046 0.4499
1 Hz RMSE (µm) 1.4333 0.1351 0.1215

MRD 1.49% 0.32% 0.28%
MAXE (µm) 10.5796 1.1305 0.9919

5 Hz RMSE (µm) 7.2945 0.5103 0.4144
MRD 6.61% 0.71% 0.62%
MAXE (µm) 22.5370 3.7325 2.4282

10 Hz RMSE (µm) 14.9374 1.8875 1.3261
MRD 14.09% 2.33% 1.52%

tracking error. Both the SMC and FASMC methods can track a
sinusoidal signal with higher accuracy than PID control.

The unstructured uncertainty of the model increases as fre-
quency increases. Figs. 7–9 clearly demonstrate that FASMC is ca-
pable of high precision sinusoidal command tracking, and the er-
rors are guaranteed to converge to a small neighborhood around
the equilibrium point in finite time. Also, all signals are guar-
anteed to have practical semi-global finite-time stability of the
system even though the nonlinear systems are subject to the
unstructured uncertainty. Further, the peak-to-peak value of the
adaptive switching-gain gradually increases as the frequency in-
creases. From this evidence, the advantages of the FASMC grad-
ually appear. For quantitative comparison, the MAXE, RMSE, and
MRD values of the three methods are listed in Table 5. Note that
the error is calculated using the last five periods.

The MAXE, RMSE, and MRD of the SMC and FASMC methods
are lower than those of the PID control method. The dynamic
hysteresis model proposed in this study well describes the hys-
teresis nonlinear characteristics of the piezoelectric system. The
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Fig. 9. Tracking results for 10 Hz sinusoidal signals.

able 6
AXE, RMSE, and MRD of the compound signal tracking results with the three
ethods.
Command PID SMC FASMC

MAXE (µm) 10.0063 2.7297 1.4142
Compound sin RMSE (µm) 4.8624 0.7751 0.4632

MRD 6.02% 1.64% 0.85%
MAXE (µm) 0.8351 0.5717 0.4730

Compound tri RMSE (µm) 0.3288 0.1227 0.1041
MRD 0.52% 0.36% 0.30%

controller based on the model can compensate for the rate-
dependent characteristics of the piezo-actuated stage, and the
switching gain can resist the equivalent unstructured uncertainty
of the model. The FASMC method has the best sinusoidal tracking
performance. Using the MRD as an example, the MRD of the three
sinusoidal signals are 0.28%, 0.62%, and 1.52%, respectively, which
are lower than the values of SMC by 12.5%, 12.7%, and 34.8%,
respectively.

4.3.2. Tracking results for compound signals
To further evaluate the performance of the FASMC method, a

ulti-frequency and multi-amplitude sinusoidal signal was used
or the tracking experiment. The signal is described by xd(t) =

8 sin(2π t) + 24 sin(10π t) + 20 sin(20π t) + 100µm. Another
ulti-amplitude triangular signal was also used with the fol-

owing amplitude changes: [0, 80, 60, 160, 100, 120, 0] µm. The
ompound signal tracking results, including the displacement, the
racking error, the control value u(t), the adaptive switching-
ain η̂, and its derivative ˙̂η are depicted in Figs. 10 and 11. The
erformance indices were calculated for all three methods, and
he results are compared in Table 6.
 c

443
Fig. 10. Compound sinusoidal signal tracking results.

Similarly, as the command signal changes, the system state
variables converge. Because of the better and faster action of
the adaptive gain, the FASMC obtains the best tracking perfor-
mance, with significant improvements in tracking accuracy and
transient performance. In the tracking experiment of compound
sinusoidal signal, the MAXE, RMSE, and MRD of FASMC decrease
from the values of 2.7297 µm, 0.7751 µm, and 1.64% obtained
by SMC to 1.4142 µm, 0.4632 µm and 0.85%, respectively. In
he tracking experiment for the compound triangular signal, the
AXE, RMSE, and MRD of FASMC decrease from the values of
.5717 µm, 0.1227 µm and 0.36% obtained by SMC to 0.4730 µm,
.1041 µm and 0.30%, respectively. This result demonstrates that
he dynamic hysteresis of the piezo-actuated stage has been
uccessfully countered.

.3.3. Results for robustness to unstructured uncertainty
In practical application, the dynamic hysteresis behavior of

he piezo-actuated stage is related not only to the input com-
and but also to the weight of load. The tracking experiments
ere implemented by mounting loads onto the piezo-actuated
tage to evaluate the robustness of the FASMC to unstructured
ncertainty. Because the previous experiments verified that the
ID control has the worst performance, this experiment only
ompares SMC and FASMC. We mounted a 100 g load onto the
iezo-actuated stage to carry out the motion tracking experi-
ents with the FASMC method. The five input signals described
bove were again applied, and the tracking results with the load
re compared in Table 7.
The results in Table 7 reveal that FASMC still has better track-

ng performance than SMC under the condition of a 100 g increase
n the load. To compare the robustness of the FASMC, the per-
entage improvement in MRD from SMC to FASMC was calculated
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able 7
AXE, RMSE, and MRD of tracking results with a 100-g load.
Command SMC FASMC

MAXE (µm) 0.6003 0.5119
1 Hz RMSE (µm) 0.1793 0.1384

MRD 0.38% 0.32%
MAXE (µm) 1.6119 1.1378

5 Hz RMSE (µm) 0.7117 0.4895
MRD 1.01% 0.71%
MAXE (µm) 5.4611 2.9904

10 Hz RMSE (µm) 2.7044 1.5328
MRD 3.41% 1.87%
MAXE (µm) 2.9940 1.5200

Compound sin RMSE (µm) 0.7462 0.4972
MRD 1.87% 0.91%
MAXE (µm) 2.2443 0.5179

Compound tri RMSE (µm) 0.5776 0.1143
MRD 1.40% 0.32%

Fig. 12. Percentage improvement in MRD from SMC to FASMC.
444
both with no load and a 100-g load, and the results are shown in
Fig. 12.

With a 100-g load, the percentage improvements in MRD
from SMC to FASMC are 15.8%, 29.7%, 45.2%, 51.3%, and 77.1%,
respectively, whereas the values are 12.5%, 12.7%, 34.8%, 48.2%,
and 16.7% without a load. These results demonstrate that the
FASMC has better robustness when the unstructured uncertainty
increases.

5. Conclusion

This paper introduced a finite-time adaptive sliding mode
control algorithm for high-precision tracking of a piezo-actuated
stage system. The proposed FASMC method can adaptively cap-
ture the dynamic hysteresis characteristics and exhibits robust-
ness against unstructured uncertainty.

When tracking a sinusoidal signal with a frequency of 10 Hz
and amplitude of 160µm, the FASMC algorithm obtains the small-
est tracking error, with an MRD of 1.52%, whereas the MRD of
the SMC algorithm is 2.33%. The percentage improvement in MRD
from SMC to FASMC is 34.8%. In addition, the MRD of FASMC and
SMC are 1.87% and 3.41% after adding a 100-g load, respectively.
The percentage improvement in MRD is 45.2%.

The results of the ARM-based experiments show that FASMC
improves the tracking performance and robustness of the piezo-
actuated stage system when compared with PID and SMC. More-
over, the dynamic hysteresis characteristic have been suppressed
effectively, and this result provides a powerful reference for en-
gineering application. In future research, we will investigate the
application of the FASMC algorithm in the piezo-actuated stage
when the control voltage is saturated.
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