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Error Compensation for Low-Density Circular
Gratings Based on Linear Image-Type Angular

Displacement Measurements
Hai Yu , Qiuhua Wan, Changhai Zhao , Qingyang Han, and Zhiya Mu

Abstract—The image-type angular displacement
measurement method based on linear image recognition
has garnered attention because of its higher frequency
response, strong fault tolerance, and high robustness.
In the small-size image angular displacement measuring
device, due to the limited pixel size, the circular grating
cannot place more lines when realizing single-channel
absolute coding recognition on a small diameter grating
disk. This leads to larger errors in angular displacement
measurement when the line density of the grating disk is
low. To improve the measurement accuracy of small-scale
displacement, the present work aimed to reduce this error
by studying the error compensation method involving
low-density grating disks. First, the mechanism of linear
image-type angular displacement measurements is de-
scribed, and a measurement algorithm based on linear scan
images is proposed. Second, the measurement error model
for low-density grating disks is established according to
the proposed measurement algorithm. Third, a simplified
error compensation algorithm based on a harmonic model
is developed. Finally, simulations and experiments are
performed to verify the performance of the proposed
algorithm. Simulation results show that the developed
harmonic compensation algorithm can effectively reduce
the error caused by the low-density circular grating. When
the proposed error compensation algorithm is applied
to a grating disk with a 62 mm diameter and 2N lines, the
measurement accuracy is improved from 8.14” to 4.78”. The
proposed error compensation algorithm can significantly
improve the accuracy of linear image-type angular
displacement measurements involving low-density grating
disks, and the results presented herein laid a foundation
for improving the accuracy and engineering applicability of
angular displacement measurement technology.

Index Terms—Error compensation, image-type displace-
ment sensor, low-density grating disk.
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I. INTRODUCTION

THE performance of digital displacement measurement
technology directly affects the technical capabilities of the

numerical control system [1], [2]. To date, the most commonly
used displacement measurement strategies include optical grat-
ing measurements [3], [4], capacitive grating measurements
[5], [6], and magnetic grating measurements [7], [8]. Among
these approaches, the grating measurement method is used in
a wide range of applications because of its high measurement
accuracy and ease in realizing large-scale measurements. Most
of the traditional grating displacement measurement methods
employ Moiré fringe measurements, which must rely on high-
density grating disks to achieve high resolution [9]. Additionally,
the traditional approach requires cooperation between multiple
coded channels to obtain absolute displacement measurements.
Therefore, there are cumbersome steps such as an alignment pe-
riod and a staggering phase during the assembly and adjustment
processes. Additionally, once the relative position of the optical
element changes, the preset signal relationship also changes,
resulting in inaccurate measurements and even serious errors.

Image-type angular displacement measurement (I-ADM)
technology represents a new photoelectric displacement mea-
surement method [10], which uses image sensors for pattern
recognition on a grating disk, and then performs displacement
measurements according to a digital image processing algo-
rithm [11], [12]. Owing to the high flexibility of the digital
image processing algorithm, I-ADM technology demonstrates
high robustness and fault tolerance [13]. By implementing
subpixel image recognition, I-ADM technology can achieve
high measurement resolution without relying on a high-density
grating disk. Therefore, I-ADM technology is a good candi-
date for studying high-performance displacement measurement
strategies.

Numerous scholars have launched research efforts investigat-
ing I-ADM. For example, Leviton [14] used an area scan image
sensor to receive grating patterns engraved with reference lines
and binary symbols, and the system’s angular resolution reached
0.01". Additionally, in 2008, Sugiyam et al. [15] employed ab-
solute displacement measurement technology with an area scan
detector to achieve 14-b I-ADM resolution on a circular grating
(diameter = 30 mm). Interestingly, Baji et al. [16] proposed a
displacement measurement method based on color recognition,
and ultimately achieved a measurement error of 1°. Although
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some scholars have implemented I-ADM technology based on
image sensors, challenges still remain, including the difficulty
in enhancing the measurement frequency response from the area
scan image sensor.

To improve the measurement frequency response, the use
of linear scan image sensors to recognize the pattern of a
grating disk has recently emerged as the main principle be-
hind linear scan image-type angular displacement measurements
(LI-ADM). Therefore, it is necessary to determine the suit-
able single-channel grating disks for LI-ADM. Previously, Kim
et al. [17] used an M-sequence phase-shifting coding method
to cooperate with a micro image detection system to real-
ize 13-b coding recognition on a 41.72 mm diameter grating,
and obtained an angle measurement accuracy of 0.044°. Mu
et al. [18] used M-sequence pseudorandom code to recognize
a 20-b pseudorandom sequence code. Yuan et al. [19] found
that angular measurement accuracy of 1.9" could be achieved
on a 79 mm diameter grating using a linear scan image sensor
combined with M-sequence coding. Although these studies have
generally met the needs of angular displacement measurements
based on linear scan images, the research foundation regarding
error compensation is still relatively limited in scope.

Our group previously proposed an error self-correction
method based on dual image sensors [20]. The correction method
for long period error using a single image sensor was also studied
[21]. According to previous research, LI-ADM technology has
great advantages in displacement measurement, but in the small-
size measuring devices, the diameter of the circular grating
used is relatively small. Due to the limited pixel size, when
the absolute measurement of a single code channel is realized
by an image sensor, the recognition of too dense lines cannot
be realized. Too dense lines will make the spacing between
lines very small, which leads to two problems: first, too dense
markings are not conducive to coding recognition. Second, it
is difficult to manufacture high-density code disks in industrial
applications. Therefore, when the size of the circular grating is
small, the number of lines will be reduced accordingly. Based
on these, it was determined that a low line density on the grating
disk in LI-ADM leads to errors when using a linear image sensor.
Therefore, the present work involves the development of a mea-
surement error compensation method for low-density grating
disks in LI-ADM. First, the error model of a low-density grating
disk is established, according to the LI-ADM mechanism. Then,
a harmonic error compensation algorithm that is suitable for
engineering applications is proposed. Finally, the proposed error
compensation method is applied to an experimental device to
verify the performance of the developed algorithm. Experiments
indicate that the proposed error compensation method can ef-
fectively reduce the measurement error caused by a low-density
grating disk. Therefore, the proposed method offers a theoretical
foundation for improving the accuracy of LI-ADM.

The layout of this article is as follows. Section II describes
the mechanism of LI-ADM, and describes the displacement
measurement algorithm. Section III establishes the measurement
error model involving a low-density grating disk, and proposes a
harmonic error compensation method. Section IV discusses the

Fig. 1. Schematic diagram of LI-ADM technology.

simulation verification, and Section V describes the experimen-
tal verification. Finally, Section VI concludes this article.

II. MECHANISM OF LI-ADM

A. Measuring Optical Path

LI-ADM technology is a flexible digital displacement mea-
surement technique that uses a parallel light source to illuminate
the grating disk and then projects the pattern on the disk onto the
linear scan image sensor. The angle information of the current
spindle rotation is transformed into the digital displacement
measurement value via a digital image recognition algorithm.
The measuring optical path is shown in Fig. 1.

The depiction in Fig. 1 includes the spindle, parallel light
beam, grating disk, and linear scan image sensor. To measure
the angular displacement, it is necessary to mark lines on the
grating disk. During measurement, the parallel light source and
linear scan image sensor are fixed, and the grating disk rotates
coaxially with the main shaft. After the linear scan image sensor
obtains the grating disk image, the processing circuit conducts
operations, including code recognition and code spacing subdi-
vision to obtain high-performance displacement measurements
and output.

B. Displacement Measurement Algorithm

To perform LI-ADM, the image processing algorithm must
achieve coding recognition and subdivision on the grating disk.
Detailed studies have investigated the early stages of the coding
recognition and decoding processes [22], [23]. Since the ultimate
measurement accuracy of LI-ADM depends on the subdivision
operation of the spacing between lines, only the subdivision
operation is discussed herein.

Assuming that 2N lines are evenly distributed on the grating
disk [Fig. 2(a)], then during the linear scan image acquisition, the
acquired image will contain at least two adjacent lines’ patterns
[Fig. 2(b)].

In Fig. 2(b), a and b represent two lines located on either side
of the image center point in an acquired image. For computa-
tional convenience, the x-o-y coordinate system was established,
with the midpoint of the image as the coordinate origin, the gray
value as the y-axis, and the pixel positions as the x-axis. The
centroid algorithm was used to calculate the centroids of line a
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Fig. 2. Distribution of subdivision reference lines.

Fig. 3. Actual physical position of 2N lines.

and line b, expressed as xa and xb, respectively, using (1).

xa(xb) =

∑
x∈a(b) x · y2(x)∑
x∈a(b) y2(x)

. (1)

Then, according to the relationship between lines a and b in
the coordinate system, the angular measurement operation can
be calculated using (2).

S = 2M
xa

xb − xa
(2)

where 2M represents the measurement multiple, which is the
mapping value of the line spacing. The larger the 2M value, the
higher resolution of the displacement measurement. However,
in practical application, subject to acquisition noise and other
factors, the value of 2M is generally less than 216 when no
denoising algorithm is used.

III. ERROR COMPENSATION OF LOW-DENSITY

CIRCULAR GRATING

A. Error Model Establishment

Because the circular grating in practical applications has a
given radian, the two adjacent lines have a corresponding angle
between them. This leads to a certain measurement error in the
algorithm presented in (2), and Fig. 3 shows the actual physical
position of 2N lines on the circular grating.

In Fig. 3, a polar coordinate system is established based on the
center of the grating disk. The linear scan image sensor intersects
with lines La and Lb at points A and B, respectively, and point C is

the center of the linear scan image sensor. The linear scan image
sensor can only detect the pixel position information in the x-axis
direction in such displacement measurements. Therefore, the
positions of points A and B can be calculated using the centroid
algorithm in (1). According to the relationship between ΔABO,
the relationships in (3) and (4) can be established,

BC = tan(θ) ·OC (3)

BA = tan(θ) ·OC + tan(ηN − θ) ·OC (4)

whereηN is the angle between adjacent lines. Its polar coordinate
form is expressed by (5).

ηN =
2π

2N
. (5)

According to the algorithm in (2), the length of BC in the
linear scan image corresponds to the value of xb, and the length
of BA corresponds to the value of xb-xa. Therefore, introducing
the relationships xb = BC and xb-xa = BA into (2) leads to (6).

S = ηN · BC

BA
= ηN · tan(θ) ·OC

tan(θ) ·OC + tan(ηN − θ) ·OC
.

(6)
Therefore, when the linear scan image sensor is used for

displacement measurements, the error can be calculated using
the measurement error model of the low-density code disk shown
in (7).

μ = S − θ =

[
ηN · tan(θ)

tan(θ) + tan(ηN − θ)
− θ

]
· 180

◦

π
. (7)

It can be seen, when θ = 0, ηN/2, or ηN, the error μ will be
zero. The range of (7) is proportional to the value of ηN, such
that the greater the angle ηN, the greater the error value μ.

B. Error Compensation Algorithm

To achieve error compensation, the derived error value must
be subtracted from the measured value. Because the error model
in (7) is relatively more complicated, when this equation is used
for error compensation, the algorithm implementation is also
more complicated. Therefore, the error compensation model
must be simplified.

To derive the changes in the error model, the error curves
corresponding to circles with various numbers of lines (2N =
26; 2N = 27; 2N = 28; 2N = 29) were plotted based on (7), as
shown in Fig. 4. As the value of N decreased, the amplitude of
the error curve gradually increased. When N > 8, the margin of
error was close to 0", and this negligible error could be ignored.

The error model curve in Fig. 4 indicates that within the range
of 0∼ηN, the fluctuation of the error approximately follows a
sine function. It is also clear that as the value of N decreases, the
value of ηN and the frequency of the error curve also decrease.
Based on the evaluated values of N, the change in the error
frequency curve was always 2N.

Therefore, when the number of lines is 2N, a harmonic
error component with a frequency of 2N is generated. Thus,
it is reasonable to assume that the harmonic component can
be approximately expressed as cNsin(2N·θ), where cN is the
harmonic coefficient. Overall, the measurement error caused by
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Fig. 4. Error curve for circles with various numbers of lines.

Fig. 5. Relationships between harmonic components.

a low-density grating disk is the sum of the sine components
of multiple frequencies, and the relationship between the sine
components of each period is shown in Fig. 5.

For different values of N, the compositions of harmonic
components are distinct (Fig. 5). The measurement error can
therefore be approximately expressed as the sum of all harmonic
errors with frequencies greater than 2N, as shown in the harmonic
error model of the low-density code disk:

μN ≈
∝∑

i=N

cN sin(2N · θ) ≈
∝∑

i=N

cN sin

(
2π · θ

ηN

)
(8)

where, corresponding to different values of N, the value of ηN
is also different.

Based on this, the angle measurement value after compensa-
tion can be calculated using (9), which represents the proposed
error compensation algorithm for LI-ADM.

θ′ = S − μN

≈ 2M
θ

ηN
− cN sin

(
2π · θ

ηN

)
− cN+1 sin

(
2π · θ

ηN/2

)

− cN+2 sin

(
2π · θ

ηN/22

)
− cN+3 sin

(
2π · θ

ηN/23

)

· · · (9)

TABLE I
ERROR COEFFICIENTS

In application, the θ/ηN value can then be computed.

θ

ηN
=

xb

xb − xa
. (10)

Incorporating (10) into (9) enables the compensation for the
measurement error caused by the low-density code disk.

IV. SIMULATION

A. Simulation of Model Coefficients

To accurately obtain the harmonic coefficient cN, the least-
squares method was used to fit the error values in (8).It can
be seen from (8) that when N = 5, the model in (8) includes
all harmonic error components when N = 6, N = 7, N = 8,
N = 9, N = 10, N = 11, etc. Therefore, in order to obtain
the coefficient cN when N = {11, 10, 9, 8, 7, 6}, N = 5
can be set directly. All model parameters can be obtained by
fitting the harmonic model when N = 5. The harmonic error
model (8) when N = 5 is fitted. The fitted objective function is
shown in (7).

By fitting, the cN coefficients obtained are shown in
Table I. In the error compensation operation, the coeffi-
cients in Table I will be directly used to achieve error
compensation.

B. Simulation of Model Parameters

To verify the accuracy of the harmonic error compensation
algorithm in (8), MATLAB software was used to simulate the
system. When N > 8, the amplitude of the error curve is very
small, so only simulations for the cases where N ≤ 8 were
included in the verification.

The data in Table I were substituted into (8) to calculate the
difference between the harmonic error model (8) and the real
model (7). The comparison curve between the error model and
harmonic model is shown in Fig. 6(a); the difference curves
obtained through simulations are shown in Fig. 6(b).

The error caused by the low-density code disk can be signifi-
cantly reduced by applying the proposed harmonic error model.
When N = 6, the differences between the harmonic error model
and the actual error model are less than ±0.3“. When N = 7, the
differences are less than±0.05”, and when N= 8, the differences
are almost zero.

Therefore, it can be concluded that the error compensation
algorithm based on the harmonic model in (8) can effectively
reduce the error induced by a low-density code disk.
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Fig. 6. Comparison curves. (a) Comparison curve of error model and
harmonic model. (b) Difference curves between the error model and
harmonic model.

Fig. 7. Principle of experimental coding.

V. EXPERIMENTS

To test the performance of the proposed error compensation
algorithm, an experimental grating disk with a diameter of
62 mm was designed. All lines were engraved in a circle with
a diameter of 57 mm, and there was a total of 2N = 64 lines in
the circle, as shown in Fig. 7(a). To ensure successful absolute
displacement measurements in the experiments, the correspond-
ing binary codes were marked between the 64 lines to identify
absolute position information. The values of the inserted binary

Fig. 8. LI-ADM experimental device.

Fig. 9. Pixel information of LI-ADM experimental device.

codes ranged between “000 000” and “111 111”, as shown in
Fig. 7(b).

Meanwhile, a displacement measurement device was de-
signed based on the principle of LI-ADM and using the ex-
perimental grating disk shown in Fig. 8.

Based on the measuring device in Fig. 8, the pixel information
collected by the linear scan image sensor is shown in Fig. 9. It
can be seen that the lines with wide pixel range in the figure are
“coded lines” and the lines with narrow image are “subdivision
lines.”

According to this experimental grating disk, when using the
measurement algorithm in (1), the subdivision multiple can be
defined as 2M = 217. Therefore, with 2N = 26 = 64 lines in
the upper circle, an overall M+N = 17+6 = 23-b LI-ADM
resolution can be achieved.

When we design the LI-ADM measuring device, “installation
error of shafting” must be controlled to the minimum. At the
same time, to eliminate the error caused by “shafting error” and
other factors when installing the grating code disk, the two image
sensors are respectively placed at the opposite diameter position
of the circular grating. The “installation” error is eliminated
through the average value of the measured data of two image
sensors. In the experiment of this article, the factors such as
“installation error” of grating code disk have been eliminated
by the dual image sensor.

A. Accuracy Test Before Error Compensation

To verify the accuracy of this LI-ADM system, a 17-
polyhedron and laser autocollimator were used for error detec-
tion with the experimental device, as shown in Fig. 10.
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Fig. 10. Error testing equipment.

TABLE II
ERROR WHEN USING THE PROPOSED GRATING DISK

TABLE III
ERROR WHEN USING N = 9 GRATING DISK

During the experiment, the 17-polyhedron was coaxially con-
nected to the experimental device, and then the error value was
collected by the autocollimator; up to 17 positions of error data
could be obtained. The results of these error tests are presented
in Table II, and the mean squared error of the values in Table II
is σ1 = 8.14′′.

B. Error Compensation Test

The error compensation algorithm proposed in (8) was applied
to the experimental testing device. Again, 17-polyhedrons were
considered for the error testing, and the obtained results are
presented in Table III. The mean squared error of the values in
Table III is σ2 = 4.78′′.

A comparison of the error curves before and after compen-
sation is shown in Fig. 11. It can be seen that the variation
range of error is reduced from {−8.5 ∼ 19.8} to {−1.6 ∼ 12.5}.

Fig. 11. Comparison of errors before and after compensation.

Fig. 12. Grating disk with 2N = 29 used for comparison.

The standard deviation of error is reduced from 8.14 “to 4.78”.
After applying the proposed error compensation algorithm, the
fluctuation range of the error curve was significantly reduced,
and the error compensation algorithm was deemed effective for
practical applications.

C. Accuracy Comparison Experiment

According to the error curve in Fig. 4, when a grating disk
with N = 9 was used, the measurement error based on the linear
image was almost zero. For this reason, the grating disks with
2N = 29 lines and 2N = 26 lines were considered when com-
paring the measurement errors. The grating disk designed with
2N = 29 lines is shown in Fig. 12.

The 62 mm diameter grating disk in Fig. 12 has 2N = 512
evenly distributed lines around the disk. After the accuracy test,
the error data obtained using the 2N = 29 grating disk is shown
as the red curve in Fig. 13. For comparison, the error curve of
the 2N = 26 grating disk after compensation is also plotted in
Fig. 13 (black curve).

The computational accuracy achieved when using an
N = 9 grating disk was σN=9 = 4.19′′, and the measurement
accuracy using an N = 6 grating disk after error compensation
was σN=6 = 4.78′′. These comparative results demonstrate
that the accuracy achieved by the two measurement methods
were similar. Therefore, although the line density of the N = 6
grating disk was relatively low, the error caused by the low-
density lines can be reduced following an appropriate error
compensation.
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Fig. 13. Error curve comparison.

VI. CONCLUSION

LI-ADM technology based on a single-track code disk could
achieve higher robustness and fault tolerance than traditional
photoelectric displacement measurement technology. Accord-
ing to previous research, when designing a small-size LI-ADM
device, the diameter of the circular grating used was also rela-
tively small. Due to the limited pixel size, the circular grating
could not place more lines when realized single channel absolute
coding recognition on a small diameter grating disk. However, in
the LI-ADM algorithm, lower-density lines lead to measurement
errors. Therefore, this article proposed an error compensation
method for low-density code disks.

First, the principle of LI-ADM technology and the displace-
ment measurement algorithm based on image recognition were
explained. Second, the measurement error caused by the low-
density grating disk was analyzed, and an error model was
established. Then, according to the established error model, an
error compensation algorithm was proposed. Finally, simulation
and experimental verifications confirmed that the proposed error
compensation algorithm could significantly reduce the measure-
ment error caused by the low-density marking coded disk. The
results presented herein provide a theoretical foundation for im-
proving the accuracy of image-type displacement measurement
technologies.

Of course, for the harmonic error in displacement measure-
ment, the error compensation method proposed in this article
was not the only one. In the follow-up research, we would
continue to study the method of removing harmonic error by
using multiple linear scan image sensors, so as to realize higher
precision displacement measurement.
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