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A B S T R A C T   

The control of micro-vibrations is an increasingly significant aspect of the research related to 
high-precision equipment in spacecraft. As the scale and mass of these vibration sources become 
larger, the control precision required also increases, and the requirements for the vibration source 
ground test equipment are thus becoming more demanding. This paper therefore proposes a 
generalized disturbance force measurement system for large device vibration sources. The use of a 
redundant array of piezoelectric sensors can significantly increase the size, load capacity and 
stiffness of the platform. In addition, the D-optimal designs used by the system overcomes the 
redundant measurement errors introduced by array-based measurements. Based on the above, a 
more accurate 3D force decoupling expression is obtained using the linear decoupling algorithm 
of the full regression method. A system prototype is then designed and tested based on the results 
of this approach. Experimental results show that the system guarantees high load capacity (416 
kN) and stiffness, the dynamic relative error within the 8–800 Hz frequency range is less than 3% 
for a 3D generalized force in the force hammer test, and the relative error of the test system under 
sinusoidal excitation is within 5%; additionally, the linearity for generalized forces over the full 
range is within 0.1% full scale and the results are not affected by the characteristics of the 
measured object.   

1. Introduction 

Space-based optical payloads have important applications in the fields of Earth observation and deep space exploration and their 
imaging performances are being improved continuously. The ground resolution of remote sensing satellites has been improved 
recently from tens of meters to less than 0.5 m [1–3]. In addition, ground observation resolution of less than 0.1 m has been achieved in 
military reconnaissance satellites. Deep space exploration resolution has changed from the 0.007′′ achieved by the Hubble Space 
Telescope (HST) to the 0.004′′ resolution of the James Webb Space Telescope (JWST) [4–7]. For China’s large space telescope, the 
overall weight of the telescope may exceed 15,000 kg and the diameter of the main mirror is intended to be 2 m. The telescope’s field of 
vision will be 300 times that of the HST. Because of its complex structure, this telescope will be more sensitive to micro-vibrations. 
Therefore, to study the effects of micro-vibrations on the telescope system, it will be necessary to study the disturbance 
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mechanisms of the moving parts of the space telescope. Obviously, as the spacecraft becomes larger, its moving parts will also become 
larger; for example, in China’s telescope, the output of a control moment gyroscope (CMG) is 500 Nm and its mass is 90 kg. After the 
installation equipment is added, the measurement platform will generally need to support loads of more than 1 ton (six CMGs) for the 
micro-vibration ground test [8–11]. In addition, the diameter of each functional module is close to 2 m, which requires a larger 
installation plane for fixing and measuring during acceptance. Therefore, the improvements in size and load capacity will be required 
in the ground measurement system. Based on the premise of ensuring high measurement precision and rigidity, it is difficult for 
existing measurement system designs to meet the heavy load measurement requirements described above. 

Piezoelectric sensors have stronger abilities to bear heavy loads and also provide much greater robustness, which means that better 
performance is often provided in dynamic measurements with heavy loads of piezoelectric sensors [12–18]. Therefore, the current 
ground measurement systems for vibration sources mostly use piezoelectric systems. In the previous works [19–21] on piezoelectric 
measurement equipment, the Gough-Stewart platform was most commonly used, but its loose structure will reduce the rigidity of the 
platform significantly, which will limit the applicability of the Gough-Stewart platform for heavy load measurements. The orthogonal 
layout is mostly used by other platforms. For example, Li [22] designed a piezoelectric six-dimensional force measurement system for 
heavy loads that adopted a four-point redundant parallel configuration. However, the main intended purpose of this system was the 
static measurement of heavy loads without consideration of the effects of structural coupling. At the same time, the most commonly 
used Kistler-type multi-dimensional force measurement platform also adopted this type of layout. Xia [23] designed a novel gener-
alized disturbance force measurement platform for large device vibration sources. The use of eight piezoelectric sensors at different 
positions allowed the structural stiffness of their platform to be improved. This system added four horizontal sensors on the basis of the 
four-point configuration, which belongs to a four-point-strengthened structure as a whole. Li [24] has also developed a parallel 
piezoelectric sensor for heavy load applications using a load-sharing approach. The load-bearing capacity of the test system was 
improved effectively through appropriate structural design of the load sharing ring. The performance of lead zirconate titanate (PZT) 
piezoelectric thick-film pressure sensors was investigated by Liang [25], and a unimorph sensor structure was fabricated. Durand [26] 
invented a measurement sensor for connecting wrenches, which consisted of six piezoelectric cylinders and were fixed in different 
orientations between two plates. Sujan [27] improved the maximum hysteresis characteristics and nonlinear performance of the sensor 
by designing a stainless steel resonant pressure sensor that can be used for piezoelectric excitation. Because of the characteristics of 
piezoelectric materials, the structure used is generally a parallel configuration similar to that described above. 

Depending on the different working environments and test requirements, each of these measurement systems has a different 
structural design and different measurement principles that usually only require individual parameters to be designed. However, for 
the measurement requirements under high precision, heavy load and high rigidity conditions, the measurement principles above are 
likely to cause design conflicts. The main conflicts include the following: (1) Enlargement of the platform size will result in reduced 
stiffness and load capacity when using the traditional configuration. (2) To provide improved load capacity, it becomes necessary to 
strengthen the parallel link between the load platform and the base for load sharing. If the number of sensors is increased when using 
the traditional measurement strategy, unacceptable errors will be introduced. (3) Increasing the stiffness of the load platform will also 
affect the design of the system’s load capacity [28]. Based on the investigations and research described above, it is necessary to find a 
balance and achieve coexistence among the various parameters. 

This paper therefore proposes a measurement system based on a sensor array distribution and the corresponding measurement 
strategy. The design ideas are described here as follows. First, through use of an array of sensors and addition of parallel links, the 
upper limits for the platform size and the load capacity will be greatly increased. Second, based on use of the pre-vibration method, the 
mechanical characteristics of the measured vibration source will be understood. Third, via an optimization process to select the sensor 
set with the smallest error, the corresponding optimal measurement plan will be established for different vibration sources, thus 
improving the test precision. As a new test strategy, this paper only uses the three-dimensional (3D) generalized force measurement 
system for preliminary verification of the test results. Section 2 describes the basic design of the proposed system and establishes the 
decoupling error model. In Section 3, the operating principle and the optimization process for evaluation of the measured disturbance 
characteristics are analyzed theoretically, and a more precise formula for decoupling the forces is derived. Experiments are then 

Fig. 1. Basic model of the measurement system.  

M. Xia et al.                                                                                                                                                                                                            



Journal of Sound and Vibration 535 (2022) 117069

3

performed to verify the dynamic mechanical properties of the proposed measurement system in Section 4. The conclusions from the 
study are then summarized in the final section. 

2. Structure design and analysis 

As shown in Fig. 1, different measurement systems can be described using the same basic model: a base, a load platform and sensors 
connecting the load platform to the base. The most important parameters for the proposed measurement system are the platform size, 
the load capacity, the structural stiffness and the measurement precision. These parameters often affect each other in terms of the 
measurement principle. To meet the effectiveness requirements of the various parameters for ground testing of large spacecraft, a new 
system is designed based on the traditional systems from the viewpoints of the platform structure and the measurement strategy. 

2.1. Basic layout of the structure 

Fig. 2 contains a schematic that illustrates the working principle of the array system prototype. This layout ensures that parameters 
such as the platform size, the platform rigidity and the load capacity have higher upper limits by connecting additional sensors in 
parallel between the load platform and the base. During measurement, the platform is fixed onto a vibration isolation platform through 
its base and the vibration source to be measured is mounted on the load platform. When the vibration source is operational, a 
disturbance force is transmitted to the sensors, which produce sufficient output signals to decouple the disturbance from the measured 
vibration source. By taking sufficient optimization space requirements and the existing test conditions into account, the prototype in 
this paper uses a basic layout composed of 4 × 4 sensors (9134B, Kistler; sensitivity: − 3.8 pC/N; range: 26 kN; preload: 15–25 Nm), 
which can be used to solve for Mx, My and Fz (the force or moment in the directions of x, y and z). 

Because the load capacity and the resolution of the system are mainly determined by the force sensor, the stiffness design of the 
prototype is considered via finite element analysis (FEA). Structural coupling characteristics are required in the system in this paper to 
increase the optimization space [29,30]. For this reason, the load platform and base are made from thin plates with relatively low 
rigidity. The FEA model, which is based on MSC Nastran, is shown in Fig. 3(a). The model uses a 1/4 symmetry modeling method. The 
main element type is the hexahedral element (99.53%), the number of nodes is 10,531, the number of elements is 6803, and the 
number of MPCs (multipoint constraints) is 0. The components are connected by node coupling. From the MSC Nastran results, the 
fundamental frequency is 1173.1 Hz and the second-order natural frequency is 1227 Hz which are not in the frequency range of in-
terest 8–800 Hz. This fundamental frequency can cause weak structural coupling and meets the rigidity requirements of the platform. 
The same method was used for the FEA of the platform with 2 × 2 sensors. It can be observed from Fig. 3(b) that the fundamental 
frequency is 362.7 Hz and the second-order frequency is 646.5 Hz. From the above comparison, it can be found that the platform with 
4 × 4 sensors has better stiffness, which means that its load capacity has been greatly enhanced. Additionally when compared with the 
traditional configuration, the rigidity design of the proposed array layout is simpler and the design requirements for the load platform 
in particular are reduced. The system rigidity achieved through FEA has a high upper limit, which is the advantage produced by 
increasing the number of sensors used, but this also has a significant effect on the test precision. 

2.2. Decoupling error for redundant sensors 

Increasing the number of sensors used in connecting can improve both the stiffness and the load capacity of the system effectively. 
However, excessive redundant sensors may cause serious system errors when the calibration matrix is decoupled. The relevant theory 
is studied by Xia [23], as shown in Eq. (1): 

εa = 3εF + εV (1) 

Fig. 2. Basic structure of the array measurement system (not only limited to 4 × 4 sensors).  
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where εa, εV and εF are, respectively the relative error of the sensor calibration, the relative error of the measurement output V, and the 
relative error of the calibration force F. When the number of calibrated force vectors n satisfies the condition that n>6, the relative 
error associated with the calibration force matrix is amplified compared to n = 6. This indicates that system error magnification occurs 
due to redundant calibration. A similar conclusion will be obtained if the number of sensors is changed though a similar derivation in 
the Xia’s paper, i.e., redundant decoupling (redundant observation and calibration) will also cause significant amplification of the 
system error [31–33]. However, more random components are included in the environmental error and thus increasing the number of 
participating sensors can also improve the test precision effectively. Therefore, to improve the actual test precision, it is necessary to 
evaluate both the environmental noise and the characteristics of the measured object and then optimize the test strategy based on the 
results of this pre-vibration evaluation. Traditional measurement schemes cannot be optimized because of the system packaging. 
However, in systems with an array layout that contain sufficient numbers of sensors, it becomes feasible to use different measurement 
methods for the different vibration sources. This paper provides a method for selecting the appropriate sensor combination, to improve 
system test precision under the premise of ensuring that it has the required structural characteristics (i.e., its platform size, rigidity, and 
load capacity). 

3. Disturbance force decoupling and optimal strategy 

In an actual measurement process, the composition of the environmental noise, the mass and disturbance characteristics of the 
measured vibration source, and the mechanical processing and assembly errors of the system are all random variables. The sensitivity 

Fig. 3. Finite element models and cloud charts showing the first two order modes of two systems: (a) system with 4 × 4 sensors; (b) system with 2 ×
2 sensors. 

Fig. 4. Cloud chart showing sensitivity of sensors for Fz input: (a) time-domain maximum value; (b) frequency-domain RMS.  
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of the system’s internal sensors to the measured vibration source therefore cannot be predicted. 
When a vertical impact force is loaded at different points on the load platform of the prototype, the responses of each sensor are as 

shown in Figs. 4 and 5, which include the time-domain maximum value and the frequency-domain root mean square (RMS) statistics; 
while the maximum value provides more of a reflection of the transient response characteristics, the RMS results reflect the broadband 
response characteristics. The cloud image is generated via secondary polynomial fitting based on the real data for each point. Fig. 4 
shows the results obtained when the load is at the center position. Theoretically, the response of each sensor should be the same; in 
reality, however, because of the effects of the random variables mentioned above, the responses of each sensor show obvious con-
centrations. This is inevitable in actual tests, particularly for measurements of different vibration sources. Fig. 5 shows the results when 
the load is at the edge position. The sensor responses far away from the loading point are very small and are close to the environmental 
noise level, and are thus more susceptible to environmental effects. After decoupling using the calibration matrix, the errors will be 
amplified to different degrees. Therefore, depending on the different disturbance sources, the disturbance characteristics and the 
system response must be evaluated based on the pre-vibration results, and a high precision test strategy can then be constructed that 
will improve the test precision effectively. So the key to the current problem can be summarized as how many sensors are selected for 
decoupling, how decoupling is performed, and where the sensors are located. 

3.1. Environmental noise evaluation 

To evaluate the disturbance characteristics, it is necessary to pre-vibrate the measured vibration source in a manner similar to the 
principle of a vibration simulation system. The response signal of each sensor is then obtained by starting the measured vibration 
source or external excitation. 

First, the composition of the environmental noise must be evaluated to determine the number of sensors required to decouple the 
measured vibration source. Therefore, the coherence function is evaluated with reference to Eq. (2) to quantize the environmental 
noise. 

γ2 =

⃒
⃒Gfx(ω)

⃒
⃒2

Gff (ω)Gxx(ω)
(2)  

where Gfx(ω), Gff(ω) and Gxx(ω) are, respectively the mutual spectrum of input and output signals, the self-spectrum of the output 
signal and the self-spectrum of the input signal, and the power spectra can be calculated when the input and output signals are ob-
tained. Coherence function satisfies the following conditions: 

0 ≤ γ2 ≤ 1 (3) 

When γ2 = 1, the test signal is completely free from noise pollution; when γ2 = 0, the test signal is totally drowned by noise. 
Therefore, the coherence function is used to evaluate whether or not the random error component of the signal meets the conventional 
test conditions to determine if the process is redundant observation with the number of sensors m>6 or non-redundant observation 
with m = 6 (only 3D generalized forces are considered in this prototype and thus m = 3). This measurement strategy is intended to 
reduce the random errors by increasing the number of participating sensors, but to prevent introduction of systematic errors, non- 
redundant observation methods should be used when the environment is suitable. 

Fig. 5. Cloud chart showing sensitivity of sensors for Fz and Mx and My input: (a) time-domain maximum value; (b) frequency-domain RMS.  
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3.2. Decoupling of disturbance forces 

Second, once the number of sensors m has been determined, the decoupling of the disturbance forces will be carried out. Because 
the amplitude and frequency of micro-vibrations are distributed widely, the micro-vibration measurement and decoupling in this 
paper are based on spectral analysis. 

Let F(tk) and Ui(tk) be the time domain input signals and the output signals of the 16 sensors, respectively, where i means the ith 
sensor channel and tk is the sampling moment. The input signal F(ω) and the response signal Ui(ω) of the 16-way sensor in the fre-
quency domain can be obtained from the discrete Fourier transform equation: 

X(ωn) = DFT{x(tk)

}

=
∑N− 1

k=0
x(tk)e− j2πkn/N (4) 

Then the output signals of m sensors are arbitrarily selected for 3D force decoupling. There are numerous methods can be used for 
3D force decoupling. The decoupling algorithm based on the generalized inverse solution of matrices is used to decouple 3D force and 
get the optimal channel group considering the economy of computer resources during calculation and the superiority of Matlab in 
solving matrices. 

The vector F(ω) = [Mx(ω) My(ω) Fz(ω)]T is used to represent the force input signal, and U(ω)=[U1(ω) U2(ω) … Um(ω)]T represents 
the voltage output signal, and B(ω) is the constant error matrix, then the relationship between the force and voltage is shown in Eq. (5): 

⎡

⎢
⎢
⎢
⎢
⎣

U1(ω)
U2(ω)
U3(ω)

⋮
Um(ω)

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

V11(ω) V21(ω) V31(ω)

V12(ω) V22(ω) V32(ω)

V13(ω) V23(ω) V33(ω)

⋮ ⋮ ⋮
V1m(ω) V2m(ω) V3m(ω)

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎣
Mx(ω)
My(ω)
Fz(ω)

⎤

⎦+ B(ω) (5) 

The Eq. (5) can be written as Eq. (6): 

U(ω) = V(ω)F(ω) + B(ω) (6) 

The calibration matrix V(ω) can be obtained by means of the generalized inverse of the matrix in order to minimize the index J = B 
(ω)TB(ω). 

Ṽ(ω) = U(ω)F(ω)T( F(ω)F(ω)
T)− 1 (7) 

Substituting Eq. (7) into Eq. (6), the calculation gives a least squares estimate of F(ω): 

F̃(ω) =
(
Ṽ(ω)TṼ(ω)

)− 1Ṽ(ω)TU(ω) (8) 

The decoupling of the three-dimensional forces is now completed. 

3.3. Optimization algorithm 

There are 16 sensors that can be selected for the solution of Eqs. (7) and (8). What will be discussed is which m sensors can form the 
optimal sensor set so that the decoupling produces the least error. Define Ṽcs(ω) to be a subset of 16 sensors containing columns 
corresponding to m sensors selected. Ṽcs(ω) is called the candidate set. With respect to a randomly selected subset, the approximate 
solution to Eq. (8) can be expressed as: 

F̃(ω) ≅ F̂(ω) =
(
Ṽcs(ω)TṼcs(ω)

)− 1Ṽcs(ω)TU(ω) (9) 

However Eq. (9) suffers from ill-conditioning. U(ω) is prone to measuring errors practically and being ill-conditioned often occurs 
in the inverse problem identified by Eq. (9). Small variation (e.g. noise) in U(ω) can lead to a large error in the estimation of F̂(ω). The 
accuracy of F̂(ω) relies on choice of sensors’ positions. The crucial question is how to find the optimal Ṽcs(ω). 

If the errors in output measurements are statistically independent and the standard deviation of one is σ, then the covariance matrix 
for F̂(ω) can be given by Eq. (10): 

var(F̂(ω)) = σ2( Ṽcs(ω)TṼcs(ω)
)− 1 (10)  

where (Ṽcs(ω)
TṼcs(ω))− 1 is known as the sensitivity of Ṽcs(ω). When σ2 is certain, minimizing the sensitivity of Ṽcs(ω) will improve 

the accuracy of F̂(ω). Consequently, optimum selection of the locations of sensors can minimize the sensitivity of Ṽcs(ω). 
For a given number of sensors 16, the optimal Ṽcs(ω) is searched to determine a sensors locations that provide the least variance in 

the force estimation. It is key to find the optimal combination of sensors to maximize |Ṽcs(ω)TṼcs(ω)| where Ṽcs(ω) is obtained by Eq. 
(7) using m sets of output data U(ω). Designs maximizing |Ṽcs(ω)TṼcs(ω)| is called D-optimal designs where D indicates determinant 
[34–36]. In this paper, sequential exchange algorithms are used. 

The m sensors from the 16 are selected randomly, then substitute the output data into Eq. (7) to initialize Ṽcs(ω). Out of the 
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remaining sensors, one sensor is then selected. Among these m + 1 sensors, the m sensors are chosen to make |Ṽcs(ω)
TṼcs(ω)|

maximum and the remaining one should be deleted. This process of selecting and deleting sensors continues until here is no further 
improvement in the value of |Ṽcs(ω)

TṼcs(ω)|. The final Ṽcs(ω) is the D-optimal design Vopt(ω), then the optimal sensor combination by 
Vopt(ω) can be get. Once Vopt(ω) and, in turn, the optimal sensor combination are determined, Uopt(ω) can also be obtained. F̂(ω), 
which is an approximation to F̃(ω), is then estimated using the deterministic form of Eq. (9) as: 

F̃(ω) ≅ F̂(ω) =
(
Vopt(ω)

TVopt(ω)
)− 1Vopt(ω)TUopt(ω) (11) 

The process of D optimization is shown in Fig. 6. 

3.4. Improvement of force decoupling 

Although the above method decouples the 3D forces in a less computationally complex, less time-consuming and faster way, but the 
calculation decoupling forces by finding the generalized inverse matrix does not take the bias value into account when the voltage 
matrix is zero, which makes the solution to certain errors. 

The optimal sensor combination must be obtained through the analysis in the previous subsection, then the corresponding output 
data need to be selected for a more accurate 3D force decoupling calculation. m × h sets of data from m sensors (each sensor can get h 
sets of data by tapping h different points) are chosen to be used for linear decoupling based on full regression method. 

Assume that the output data of the optimal sensors are U1k(ω), U2k(ω), …, Umk(ω), where m represents the number of selected 
sensors and k = 1,2, …,h implies the location of each input of force. Similarly, the input forces were measured with h sets. Let the linear 
relationship between the force Fz(ω) in the z-direction and the voltage values U1(ω), U2(ω), …, Um(ω) of the m optimal channels be as in 
Eq. (12): 

Fz(ω) = β0(ω) + β1(ω)U1(ω) + β2(ω)U2(ω) + ⋯ + βm(ω)Um(ω) + ε(ω) (12) 

Eq. (12) is the regression equation, where β0(ω), β1(ω), β2(ω), …, βm(ω) are the regression coefficients and ε(ω) is the residual error. 
The regression coefficients can be calculated from the h sets of test data. Substitute test data into Eq. (12): 

Fzk(ω) = β0(ω) + β1(ω)U1k(ω) + β2(ω)U2k(ω) + ⋯ + βm(ω)Umk(ω) + εk(ω) (13)  

where εk(ω) is the error of each test. Let the estimate of βi(ω) (i = 0,1,2, …,m) be bi(ω) and the estimate of εk(ω) be ek(ω). Eq. (13) can be 
rewritten as Eq. (14): 

Fzk(ω) = b0(ω) + b1(ω)U1k(ω) + b2(ω)U2k(ω) + ⋯ + bm(ω)Umk(ω) + ek(ω) (14) 

Let the valuation of Fzk(ω) be F̂zk(ω)as shown in Eq. (15). 

Fig. 6. The process of D optimization.  
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F̂zk(ω) = b0(ω) + b1(ω)U1k(ω) + b2(ω)U2k(ω) + ⋯ + bm(ω)Umk(ω) (15) 

Combining Eqs. (14) and (15) yields ek(ω): 

ek(ω) = Fzk(ω) − F̂zk(ω)
= Fzk(ω)− (b0(ω) + b1(ω)U1k(ω) + b2(ω)U2k(ω) + ⋯ + bm(ω)Umk(ω))

(16) 

The values of each bi(ω) can be found by least squares method that minimizes the sum of squares of residuals ek(ω). 

Q =
∑h

k=1
ek

2(ω) =
∑h

k=1
[Fzk(ω) − F̂zk(ω)]2 (17) 

From the extreme value principle, it follows that bi(ω) must satisfy that the partial derivatives of Q with respect to each bi(ω) are 0 if 
Q is to be minimized. 

∂Q
∂bi(ω)

= 0 (i= 1, 2,⋯,m) (18) 

Eq. (19) can be deduced from Eq. (18): 

∑h

k=1
[Fzk(ω)− (b0(ω)+ b1(ω)U1k(ω)+ b2(ω)U2k(ω)+⋯ + bm(ω)Umk(ω))]= 0 (19) 

The average value of each test data is shown in Eqs. (20) and (21): 

Ui(ω) =
1
h
∑h

k=1
Uik(ω) (i= 1, 2,⋯,m) (20)  

Fz(ω) =
1
h

∑h

k=1
Fzk(ω) (21) 

Substituting Eqs. (20) and (21) into Eq. (17) yields b0 as shown in Eq. (22): 

b0(ω) = Fz −
∑m

i=1
bi(ω)Ui(ω) (22) 

To facilitate the calculation of Eq. (22), the variables Uik(ω) and Fzk(ω) can be written in the form of deviations from the mean of the 
measured data, respectively: 

U′

ik = Uik(ω) − Ui(ω) (i= 1, 2,⋯,m) (23)  

F′

zk = Fzk(ω) − Fz(ω) (24) 

Eqs. (25)–(27) Can be easily obtained by substituting Eqs. (23) and (24) into Eqs. (15)–(17). 

F̂zk(ω) = Fz +
[
b1(ω)U

′

1k(ω)+ b2(ω)U
′

2k(ω)+⋯ + bm(ω)U
′

mk(ω)
]

(25)  

ek(ω) = Fzk(ω) − F̂ zk(ω)

= F′

zk −
[
b1(ω)U

′

1k(ω) + b2(ω)U
′

2k(ω) + ⋯ + bm(ω)U
′

mk(ω)
] (26)  

Q =
∑h

k=1
ek

2(ω) (27) 

Eq. (18) can be written as Eq. (28): 

−
∂Q

2∂b1
=

∑h

k=1

[
F

′

zk(ω)− (b1(ω)U
′

1k(ω) + ⋯ + bm(ω)U
′

mk(ω))
]
U

′

1k(ω) = 0

−
∂Q

2∂b2
=

∑h

k=1

[
F′

zk(ω)− (b1(ω)U
′

1k(ω) + ⋯ + bm(ω)U
′

mk(ω))
]
U′

2k(ω) = 0

⋮

−
∂Q

2∂bm
=

∑h

k=1

[
F′

zk(ω)− (b1(ω)U
′

1k(ω) + ⋯ + bm(ω)U
′

mk(ω))
]
U′

mk(ω) = 0

(28) 

Writing the above equation in the form of a matrix yields Eq. (29). 
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⎡

⎢
⎢
⎣

b1(ω)
b2(ω)

⋮
bm(ω)

⎤

⎥
⎥
⎦

T⎡

⎢
⎢
⎣

S11(ω) S21(ω) ⋯ Sm1(ω)
S12(ω) S22(ω) ⋯ Sm2(ω)

⋮ ⋮ ⋱ ⋮
S1m(ω) S2m(ω) ⋯ Smm(ω)

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

S1y(ω)

S2y(ω)

⋮
Smy(ω)

⎤

⎥
⎥
⎦

T

(29)  

where Sij(ω) =
∑h

k=1U′

ik(ω)U
′

jk(ω), Siy(ω) =
∑h

k=1F′

zk(ω)U′

ik(ω). 
The specific expression of Eq. (15) can be obtained from the above calculation. Similarly, the expressions of Mx(ω) and My(ω) with 

respect to U1(ω), U2(ω), …, Um(ω) can be derived, respectively. If the expression of the signal in the time domain can be got, the force 
signal in the frequency domain can be substituted into Eq. (30): 

x(tk) = IDFT{X(ωn)

}

=
1
N

∑N− 1

k=0
X(ωn)e− j2πkn/N (30) 

From the above analysis, the optimal combination of sensors from 16 sensors and decoupled the three-dimensional forces can be 
acquired. 

4. Experimental verification 

Experimental section mainly includes verification of the rigidity and the dynamic linearity of the array measurement system 
prototype; verification of the selection of optimal sensor combinations for vibration experiments and the process of solving three- 
dimensional force expressions, i.e., pre-vibration experiments; completion of the disturbance force testing, detection of the dy-
namic force measurement precision, and verification of the theories above [23]. 

4.1. Dynamic mechanical performance test 

Fig. 7 shows the dynamic mechanical performance test system, the system includes system prototype, loading equipment, charge 
amplifier, a data acquisition device (precision: ±0.1 dB; VRAI820–24bit, M + P, Germany), PC and an impact hammer (086C03, PCB; 
sensitivity: 2.25 mV/N; resolution: 0.02 N-rms; range: ±2200 N-pk.). 

The distribution of the sensors of the force measurement platform is shown in Fig. 8. No sensors are arranged on the axis, thus 
ensuring that any m sensors can be decoupled from the 3D generalized force. Where, a1=b1=0.15 m, a11=b11=0.05 m. 

In order to verify the dynamic linearity, the broadband impact of different amplitudes are input through loading equipment and the 
FRF (frequency response function) curves of each sensor are detected. It can be seen from the FRF curve as shown in Fig. 9 that the 
fundamental frequency of the system is 1174 Hz at a sampling frequency of 8192 Hz (the bandwidth is 0.0625 Hz–3200 Hz, the 
effective coefficient is 2.56). The simulated result was 1173.1 Hz. These two values are extremely close that even the simulation model 
does not need to be modified, which also shows the advantage in stiffness simulation for the array measurement system. In order to 
provide sufficient space for the improvement of structural stiffness, the load platform is designed to be thin plate. By strengthening the 
load platform and base, the fundamental frequency of array system can be easily increased. 

Fig. 7. Dynamic mechanical performance test system.  
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And the relative error between the FRF curves can be used to characterize the dynamic linearity as shown in Fig. 9. The results show 
that the dynamic linearity of each sensor can be guaranteed within 0.1% full scale, but it is affected by the power frequency (50 Hz and 
its harmonics) in the red square of Fig. 9(b). Comparing the sensor response of position 6 and position 9, after filtering the FRF curves 
has a translation, which is introduced by the existing bad test environment, which is difficult to avoid during the micro-vibration test. 

4.2. Pre-vibration experiment 

As shown in Fig. 10, loading equipment is mounted on the platform at the position 2–7 (the diagonal of mounting position are 
sensor 2 and 7). There are nine loading points on the loading equipment, and impact force can be applied to the points of loading 
equipment (see in Fig. 11) using the hammer. 

This experiment takes point 1, 5, and 9 to input the broadband impact force. Each point was loaded three times, and the average 
values of the hammer and sensor signals can be used as the measured data to reduce the effects of random errors. The frequency 
domain response curve of the system and the FRF curve can be both produced using a data sampling frequency of 2048 Hz, and a 
sampling time of 16 s. The length of each element Vij(ω) of the calibration matrix is 32,768, which has an effective bandwidth of 1/ 
16–800 Hz (the effective coefficient of V(ω) is 2.56.). 

The non-redundant observation with a sensor number of 3 (m = 3) is chosen by the calculation of the coherence function by Eq. (2). 
It can be considered that there is little interference from the environment when the value of the coherence function is greater than 0.8, 
and the green line in the Fig. 12 is the labeled line of the coherence function equal to 0.8. From the coherence function plot in Fig. 12, it 
can be known that the noise of the environment interferes little with the experiment (because of the bad low frequency characteristics 
of piezoelectric ceramics, it is acceptable that the coherence function is poor at low frequencies). 

The input signal and response signal in the frequency domain are obtained by Eq. (4). Since the applied load is not on the mounting 
surface of platform, the calibration forces need to be converted into equivalent forces that act on the center O of the mounting surface, 
i.e., 

F(ω) = CF′

(ω) (31)  

where F(ω) denotes the load equivalent to the center of the platform mounting surface, and F’(ω) is the calibration forces. From the 
installation position 2–7 of the loading equipment, C can be obtained as: 

C =

⎡

⎣
− 0.15 − 0.10 − 0.05
− 0.05 0 0.05

1 1 1

⎤

⎦ (32) 

Therefore, Eq. (5) can be rewritten as: 

Fig. 8. Distribution position parameters of the sensors.  
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Fig. 9. Frequency response function curve of the system: (a) Sensor of position 6; (b) Sensor of position 9.  

Fig. 10. Test system and equipment position 2–7.  
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⎡

⎢
⎢
⎣

U11(ω) U15(ω) U19(ω)

U21(ω) U25(ω) U29(ω)

U31(ω) U35(ω) U39(ω)

⎤

⎥
⎥
⎦

=

⎡

⎢
⎢
⎣

V11(ω) V12(ω) V13(ω)

V21(ω) V22(ω) V23(ω)

V31(ω) V32(ω) V33(ω)

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

− 0.15 − 0.10 − 0.05

− 0.05 0 0.05

1 1 1

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

F1(ω) 0 0

0 F5(ω) 0

0 0 F9(ω)

⎤

⎥
⎥
⎦+ B(ω)

(33)  

where F1(ω), F5(ω), and F9(ω) represent the input forces through points 1, 5, and 9 and Ui1(ω), Ui5(ω), Ui9(ω) (i = 1,2,3) indicate the 
voltage output values of any three sensors corresponding to 1, 5 and 9 points. 

The derivation of Eq. (33) yields the calibration matrix Ṽ(ω) of any three sensors: 

Ṽ(ω) = U(ω)[CF(ω)]
− 1 (34) 

The Ṽ(ω) calculated from any three selected sensors can be used to initialize the candidate set Ṽcs(ω). And the three optimal sensors 
can be obtained by the above D-optimal designs. Finally, point 3, 6, and 7 is the best sensor combination. Subsequently, by substituting 
the output data of these three sensors into Eq. (20)–(29), a more accurate expression for disturbance force can be obtained. 

Next, the improvement of the selection method of the initial set of Ṽcs(ω) and the improvement of the selection of the sensor order 
when using D optimization need to be verified. 

Fig. 13(a) shows the response RMS values of each sensor when the equipment is installed at positions 2–7 and impacted at point 5 
(Position 2–7.5). From this, it can be clearly observed that the optimal three positions of sensors are close to where the vibration source 
is installed. Besides, the quality of the spectrum response curve is not the same for sensors at different locations from Fig. 13(b). 

With the above analysis, the following improvements in D-optimization can be verified: 

Fig. 11. Layout of the load points for the calibration process: (a) Front view; (b) Top view.  

Fig. 12. Coherence function plot (Frequency range:8–800 Hz).  
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(1) The initial set of Ṽcs(ω) is selected by replacing the arbitrary selection with sensors that are closer to the center of mass of the 
vibration source.  

(2) Replace the random selection in sequential exchange algorithms mentioned above with a selection according to the distance 
from the vibration source. 

As seen in Table 1, the average times of optimization among the method using the traversal had been compared, the method using 
the unimproved D optimization, and the method using the improved D optimization in sensor selection, and the calculation using the 
improved D optimization was significantly less. 

4.3. Dynamic precision test 

Finally, the dynamic precision based on the relative error of the platform using the optimal sensor combination is tested. The 
installation position of the equipment is the same as Fig. 10. 

The equipment is installed at positions 2–7 and impacted at point 6 (Position 2–7.6) with hammer. Fig. 14 is the comparison di-
agrams of measured forces with input generalized forces at position 2–7.6, where (a) is a comparative graph about Fz, (b) is a 
comparative graph about My. The sensitivity and load capacity of the system in this paper are mainly determined by sensors, whose 
sensitivity can reach − 3.8 pC/N, and the maximum load can reach 416 kN (26 kN × 16 = 416 kN). 

The dynamic test errors of the three components can be obtained by comparing the equivalent input excitation with the test results. 
The relative error is calculated from: 

ξi
(
ωj
)
=

⃒
⃒Fobi

(
ωj
)⃒
⃒ −

⃒
⃒Fi

(
ωj
)⃒
⃒

⃒
⃒Fi

(
ωj
)⃒
⃒

× 100%,
(
i= 1, 2, 3; j= 1, 2⋯nfft

)
(35)  

where Fi(ωj) and Fobi(ωj) are both frequency domain complex matrices. To obtain the relative error, both Fi(ωj) and Fobi(ωj) use the 
magnitude of each element, where i represents the three components of the generalized force, and j is the element number of the 
matrix, which represents different frequencies. An error analysis of the three components of the disturbance force in each band allows 
comparison to be made between the actual values and the test results (see Table 2). The dynamic relative error is mostly within 3% for 
all three components in the 8–800 Hz range. 

Fig. 13. RMS value of each sensor and spectrum response curve under impact input at position 2–7.5: (a): RMS value; (b): spectrum response curve 
of point 5 and 7. 
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According to the above test results, compared with the traditional systems, the measurement precision of the new system has been 
significantly improved: In the measurement of large-mass vibration source, the change of stiffness of the traditional system is more 
obvious, as shown in the green box in Fig. 15(a), which will cause the distortion of the original calibration matrix at high-frequency 
[23]. However, The stiffness of array measurement system in this paper increases significantly when the size of the platform is the 
same, and the validity of the calibration matrix will be guaranteed to a certain extent, as shown in Fig. 14; Meanwhile, the new system 
adopts the optimal strategy for different vibration sources measurement, which can eliminate sensors that are not sensitive to the 
measured source. Relatively, the traditional systems always retain insensitive sensors data. The decoupling process will cause sig-
nificant loss of measurement precision, as shown in the green box in Fig. 15(b). Compared to Fig. 14, there are significant drift and 
Signal to Noise Ratio (SNR) reduction in the decoupled signal (Measured force in Fig. 15). Avoiding the situation in Fig. 15 that often 
occurs in traditional system is also the advantage of the array measurement system and its algorithm. 

In addition, the actual in-orbit vibration source disturbance is simulated through a six-dimensional disturbance simulator [37] to 
examine the precision of the platform under multi-frequency sinusoidal excitation. The test system is shown in Fig. 16. The simulator is 
mounted on the load platform of the test system through the tooling and the target disturbance force output of the lower platform of the 
simulator is achieved through closed-loop control (relative error of the simulator is within 3.33%). 

In the Fig. 17 a1, b1 and c1, the disturbance outputs (Mx, My, Fz) of the in-orbit CMG and cryocooler are simulated, where 46.7 Hz, 
116.7 Hz, 233 Hz are the CMG disturbance frequencies, 80 Hz, 160 Hz, 240 Hz are the cryocooler disturbance frequencies, and the 8 Hz 
excitation is to detect the low frequency characteristics of the system. The low excitation magnitudes in a1, b1, and c1 and the lim-
itations of the simulator’s precision make it possible to introduce interference frequencies in the test. Therefore, as shown in Fig. 17 a2, 
b2 and c2, the excitation magnitude on the basis of a1, b1 and c1 is increased to detect the linearity of the system under different 
amplitude perturbations, and it can be observed that the interference frequency introduced is significantly reduced after increasing the 
magnitude of excitation. The data in the Fig. 17 are summarized in the Table 3. 

As can be seen from the above table, the difference between the measured value and the input value at 8 Hz is large due to the poor 
low frequency characteristics of the piezoelectric ceramic, and the measurement precision at the rest of the frequency is high. The 
relative error of the test system is within 5% and the linear characteristics are stable, and these meet the initial design requirements. 

5. Conclusion 

This paper has described the analysis, design and testing of a dynamic force measurement system based on an array sensor for large 

Table 1 
Comparison of the average number of times for different methods.  

Methods Traversal Unimproved D optimization Improved D optimization 

Average times (s) 560 32 5  

Fig. 14. Comparison of measured forces with input generalized forces under position 2–7.6: (a) Fz; (b) My.  
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moving devices in spacecraft. The system uses an array of piezoelectric sensors to increase its platform size, stiffness and load capacity, 
while the precision is improved through use of an efficient optimization algorithm based on pre-vibration. The experimental results 
obtained from the system prototype show that the system guarantees a high load capacity and high stiffness (fundamental frequency: 
1174 Hz; load capacity: 416 kN; dynamic linearity: less than 0.1% full scale (FS)). The dynamic precision in the 8–800 Hz range can 
reach less than 3% for the 3D generalized force in the force hammer test and the relative error of the test system under sinusoidal 
excitation is within 5%, which confirmed the feasibility of the array measurement in the vibration source ground test. 
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original draft. Enyang Zhang: Investigation. Chunyang Han: Formal analysis, Writing – original draft. Zhenbang Xu: Conceptual-
ization, Formal analysis. 

Table 2 
Dynamic relative measurement errors in the 8–800 Hz range.  

Frequency range Relative error (%) 
Fz Mx My 

8–50 Hz 1.58 1.34 2.21 
50–100 Hz 2.23 1.57 1.41 
100–150 Hz 1.25 1.68 2.11 
150–200 Hz 1.15 1.78 1.89 
200–250 Hz 1.36 1.47 1.58 
250–300 Hz 0.99 1.18 1.27 
300–350 Hz 0.87 1.12 0.86 
350–400 Hz 0.68 1.07 0.78 
400–450 Hz 0.78 0.68 1.08 
450–500 Hz 0.65 0.70 0.87 
500–550 Hz 1.37 0.88 1.25 
550–600 Hz 1.25 0.91 0.96 
600–650 Hz 0.98 1.11 1.26 
650–700 Hz 0.78 1.89 1.37 
700–750 Hz 1.58 1.75 1.72 
750–800 Hz 2.11 1.98 1.80  

Fig. 15. Disadvantages of traditional measurement systems and their decoupling algorithms: (a) Insufficient stiffness of the system [23]; (b) Loss of 
measurement precision. 
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Fig. 16. Test system with simulator.  

Fig. 17. Comparison of the input force generated by the simulator and the force measured by the platform.  
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Table 3 
Data of the input force generated by the simulator and the measured force at different magnitudes.  

Frequency (Hz) 8 46.7 80 116.7 160 233 240 

Fz (N) a1-Input 1.125 2.81 0.35 0.81 0.25 2.5 0.021 
a1-Measured 0.18 2.93 0.34 0.78 0.26 2.21 0.031 
a2-Input 2.368 20 10 8 6 2 2 
a2-Measured 0.86 20.8 9.79 8.05 6.2 2.12 1.88 

Mx (Nm) b1-Input 0.48 1.41 0.034 3.5 0.01 0.2 0.008 
b1-Measured 0.024 1.38 0.03 3.68 0.013 0.18 0.008 
b2-Input 0.042 2 1 3.5 1 0.2 0.2 
b2-Measured 0.031 2.1 1.03 3.65 0.91 0.19 0.19 

My (Nm) c1-Input 0.192 1.13 0.065 1.1 0.025 0.02 0.011 
c1-Measured 0.052 1.13 0.066 1.08 0.023 0.018 0.009 
c2-Input 0.12 2 2 2 1 1 1 
c2-Measured 0.0066 2.08 1.97 1.88 0.92 1.02 1.01  
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