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Abstract

An inertially stabilized platform (ISP) is a gimbal used to hold a camera. It is essential for
isolating the attitude sway during an imaging process. To make the platform more compact,
the implementation of an ISP with a spherical mechanism has been proposed. However,
this design introduces complex non-linear coupling characteristics, significantly increasing
the complexity of control. This study aims to solve this problem and present an algorithm
to achieve high-performance inertial stabilization control. To achieve this, kinematic and
dynamic models were established, and the proposed control algorithm was then designed
in three parts. Gravity compensation control was set up in the internal loop to counter the
influence of unbalanced gravity moment. An adaptive sliding-mode-assisted disturbance
observer (ASMADO) was also included in the joint space to decouple the influence
of complex non-linear characteristics on the platform. Further, a feedback controller
was added to the workspace based on the kinematic model. This design simplifies the
control algorithm for novel ISPs with a spherical mechanism. It effectively compensates
for the complex non-linear characteristics and enables superior inertial stabilization
control. Experimental results show that the proposed method effectively decreases the
motion isolation error for the line-of-sight of the camera compared to traditional control
methods.

1 INTRODUCTION

An inertial stabilization platform (ISP) is a mechanism installed
on a moving carrier to isolate the attitude disturbance of the
carrier by controlling the rotation of the platform and the three
respective axes. The platform-installed load maintains a stable
attitude in the inertial space. An ISP is an essential device used
to isolate the attitude motion of a vehicle [1, 2]. Camera-carrying
ISPs are widely used in aerial remote sensing and vehicle-
mounted or shipborne optical monitoring to obtain clear and
stable images [3–5]. ISPs are generally motor-driven multi-axis
mechanical frames. In traditional designs, the axes are gener-
ally perpendicular to each other [6]. As a result, the motors
and corresponding sensor are symmetrically arranged around
the central cameras, which limits the camera mounting space.
Therefore, to carry a larger caliber camera, mechanical frames
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are often larger in size, which increases the weight and size of
the system. Thus, the installation space of the camera is limited
within a fixed size and weight range [7].

A tandem spherical mechanism with three degrees of free-
dom is a potential solution to this problem. By making the axes
intersect at acute angles, the motors and corresponding sensors
can be placed centrally. More open installation space can be
reserved for the camera. However, in a traditional ISP, the
original roll, pitch, and yaw motion of the camera are driven by
their respective motors. If a spherical mechanism is employed to
build an ISP, each attitude motion would be driven by multiple
motors. Additionally, owing to the central installation of the
motors, mechanical balancing is challenging. More complex
coupled kinematics and dynamics are introduced in the ISP.
Further, as in traditional ISP, friction and other non-linear
disturbance torques still exist in each axis [8]. These factors
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TIAN ET AL. 1195

significantly increase the difficulty of inertial stabilization
control for such an ISP.

To achieve superior control performance, the coupled
motion and dynamics must be compensated. The primary task
is to handle complex disturbances. In previous works, several
researchers proposed inertial stabilization control algorithms
that simplify the ISP into several independent motor driven
frames. To weaken the influence of non-linear disturbances in
the system, several non-linear control methods have been pro-
posed [9–11].

Robust control methods are highly stable and reliable [12],
but they generally require a high-order controller that is imprac-
tical to engineer. Sliding mode controls are insensitive to
changes in system parameters and disturbances [13]. However,
there is a “chattering phenomenon”, which becomes more sig-
nificant with the increase of switching gain. The neural network-
based control method is computationally complex and is not
suitable for application in ISPs with real-time requirements [14,
15]. Additionally, double-compensated controllers [16] or active
disturbance suppression control based on the least mean multi-
plication method [17] have also been used to compensate dis-
turbances caused by changes in parameters. These simplified
treatments have largely facilitated the design of the controller. In
the traditional ISP control method, the kinematics and dynam-
ics are simple and decoupled. However, controlling an ISP with
the coupled characteristics of a spherical mechanism remains a
problem. Further, even in an effectively designed gimbal system,
dynamic mass imbalances always exist, degrading the control
performance. Therefore, uncertain dynamics need to be con-
sidered [18–20].

An ISP with a spherical mechanism is a special control sys-
tem. Each degree of freedom of the camera’s line-of-sight is
coupled with the motion of more than two motors. Traditional
simplification is not feasible in this case. Coupling is a common
problem in multi-degree-of-freedom parallel actuators, such as
Delta mechanisms and Stewart platforms [21]. For such paral-
lel mechanisms, model-free control strategies [22] or neural net-
work methods [23] have been used to handle the uncertainty and
coupled motion. However, these algorithms are limited by large-
scale real-time computational problems. Therefore, to solve the
problem of redundancy in the control algorithm [24, 25], made
improvements to the common Stewart platform by proposing a
decoupling mechanism. However, not every parallel mechanism
can achieve simplified control through effective design.

Further, compared with a parallel mechanism, the ISP with a
spherical mechanism has a certain particularity [26]. This type
of actuator has three rotational degrees of freedom that dif-
fer from parallel Delta and Stewart platforms. The three atti-
tude motions, namely, roll, pitch, and yaw, are driven by three
rotational motors. There are no complex multiple-motion pairs,
such as the use of spherical, revolute, and planar pairs simulta-
neously in a single actuator. Therefore, a systematized controller
design for the ISP with a spherical mechanism is necessary but
has not been developed.

The present study aims to fill this gap in ISP develop-
ment. Considering the disadvantages of traditional frame struc-
ture photoelectric stabilization platforms, such as large volume,

heavy weight, and small load ratio, this study adopts the photo-
electric stabilization platform scheme with a compact spherical
mechanism. Although the motors of the spherical mechanism
are concentrated together to expand the load installation space,
there is still no complete solution to the unbalanced mechani-
cal structure problem and the kinematic-dynamic coupling. In
this study, the kinematics and dynamics model of the spherical
mechanism is established first, and an unbalanced torque com-
pensation controller is designed based on the model. For the
kinematic coupling problem between the workspace and the
joint space, a Jacobian matrix is derived to establish the map-
ping relationship between them. Aiming at solving the coupling
problem in dynamics, an adaptive sliding-mode-assisted distur-
bance observer (ASMADO) is used to observe and compen-
sate the coupling term. Compared with the traditional DOB,
the inner loop controller enhances the ability of the system to
suppress complex disturbances, which is the main objective of
decoupling design . It is worth noting that the application of
the ASMADO on the photoelectric stabilization platform of
the spherical mechanism is an extension of this method, which
enables the application of this type of controller in the com-
plex multi-input and -output system. Furthermore, a feedback
controller is designed in the outer loop (workspace) to track the
three-axis attitude velocity command. Thus, the controller fol-
lows a complete and systematic strategy.

The remainder of this paper is organized as follows. Section 2
establishes the kinematic and dynamic models of the ISP with
a spherical mechanism and presents the control problem. Sec-
tion 3 describes the control strategy design. In Section 4, the
proposed control method is verified via experimental results.
Finally, Section 5 summarizes the study.

2 MODELING AND PROBLEM
FORMULATION

In this study, an ISP with series spherical mechanism was
used to achieve camera movement in the roll, pitch, and yaw
dimensions. The angles of all the links of the platform can be
determined by a set of 3 × 1 joint vectors. The space formed
by these joint vectors is the joint space. The set of spatial points
accessible to the reference points describing the motion of the
load camera is the workspace. To realize the control of the
ISP, a set of oriented series spherical mechanism coordinate
systems was first established. Then, the control problem was
formulated.

2.1 Coordinate system

The spherical mechanism consists of three rotating pairs and
three rods connecting the movable base and the camera load at
the end of the mechanism. The three axes of the three rotat-
ing pairs intersect at one point in the inertial space. The three
axes are distributed on the three sides of the tetrahedron, and
the angle between any two axes is acute. However, the angles of
the photoelectric stabilization platform of the traditional frame
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1196 TIAN ET AL.

FIGURE 1 Coordinate system for ISP with spherical mechanism

TABLE 1 D-H parameter table

i-1 i i+1 𝜽i−1 𝜶 i

0 1 2 𝜃0 𝛼1

1 2 3 𝜃1 𝛼2

2 3 – 𝜃2 𝛼3

structure are all right angles, so the proposed spherical mech-
anism design scheme provides a larger load installation space.
Figure 1 shows a schematic of the coordinate system that illus-
trates the relationship between the joints and linkage angles of
the mechanism. Unlike the orthogonal frames, this mechanism
has a compact structure in which the rotating pairs intersect
obliquely. The three axes of rotation intersect in space at a point
O. The rotating pairs 1, 2, and 3 move on a spherical surface
with O as the center. Let the center of the sphere be the origin
of the coordinate system.
{O} is the global coordinate system in the inertial space; {O0}

is the local coordinate system connecting to the base of the ISP,
which coincides with the global coordinate system. {O1,2,3} are
the local coordinates of the joints 1, 2, and 3, respectively. 𝛼i

indicates the relative angle between the zi−1 axis and the zi axis,
that is, the angle between the joint axes. 𝜃i+1 indicates the angle
between the xi axis and the xi+1 axis, that is, the rotation angle
of the joint.

In Figure 1, Q is a point on the camera mounted on the ISP
with a spherical mechanism. A vector is used to represent the
position of the point Q in space. The position vector of Q in
the coordinate system {O0} is [qx , qy, qz ]T . The position vector
of Q in the coordinate system {O3} is [0, 0, 1]T , where qx , qy,
and qz are the camera’s roll, pitch, and yaw angles, respectively.

The D-H parameters of the spherical mechanism (shown in
Table 1) can be used for modeling. The direction of the rotating
pair of the series spherical mechanism was selected as the z-
direction of the coordinate system, the common perpendicular
direction of the plane where the mechanism link and the rotat-
ing pair axis are located was selected as the x-direction, and the
y-direction was determined by the right-hand rule. Accordingly,

the coordinate system of the series spherical mechanism was
established, as shown in Figure 1.

According to the coordinate transformation principle of the
D-H method, the transformation matrix Ti+1

i from coordinate
system {Oi} to coordinate system {Oi+1} is as follows

T1
0 =

⎡⎢⎢⎢⎣
cos 𝜃0 − sin 𝜃0 0

cos𝛼1 sin 𝜃0 cos 𝜃0 cos𝛼1 − sin𝛼1

sin 𝜃0 sin𝛼1 cos 𝜃0 sin𝛼1 cos𝛼1

⎤⎥⎥⎥⎦, (1)

T2
1 =

⎡⎢⎢⎢⎣
cos 𝜃1 − sin 𝜃1 0

cos𝛼2 sin 𝜃1 cos 𝜃1 cos𝛼2 − sin𝛼2

sin 𝜃1 sin𝛼2 cos 𝜃1 sin𝛼2 cos𝛼2

⎤⎥⎥⎥⎦, (2)

T3
2 =

⎡⎢⎢⎢⎣
cos 𝜃2 − sin 𝜃2 0

cos𝛼3 sin 𝜃2 cos 𝜃2 cos𝛼3 − sin𝛼3

sin 𝜃2 sin𝛼3 cos 𝜃2 sin𝛼3 cos𝛼3

⎤⎥⎥⎥⎦. (3)

2.2 Kinematic modeling

To describe the kinematics conversion process clearly, the
derivation is performed by considering the point Q on the series
spherical mechanism as an example. Suppose that the position
vector of Q in the global coordinate system {O0} is [qx , qy, qz ]T .
The position vector of Q in the coordinate system {O3} is
[0, 0, 1]T . Then, the relationship between the global coordinate
system and the local coordinate system of the mechanism is as
follows

Q =
[
qx qy qz

]T
= T3

0

[
0 0 1

]T
, (4)

T3
0 = T1

0T2
1T3

2 =

⎡⎢⎢⎢⎣
t11 t12 t13

t21 t22 t23

t31 t32 t33

⎤⎥⎥⎥⎦. (5)

Positive kinematics is the process of solving for the attitude
of the load camera based on the angle of each joint. Sup-
pose that the rotation angles are [𝜃0, 𝜃1, 𝜃2]T of the rotating
sub in the joint space and the transformation matrix T3

0.
Then, the attitude angles [qx , qy, qz ]T in the workspace can be
expressed as

⎧⎪⎪⎨⎪⎪⎩

qx = A tan 2
(
t32∕ cos qy, t33∕ cos qy

)
qy = A tan 2

(
−t 2

31,
√

t 2
11 + t 2

21

)
qz = A tan 2

(
t21∕ cos qy, t11∕ cos qy

)
.

(6)
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TIAN ET AL. 1197

Suppose that the desired attitude angles are [qx , qy, qz ]T . Solv-
ing for them yields the joint rotation angle 𝜃i .

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜃0 = arctan

(
q7, ±

√
q2

8 − q2
7

)
− arctan

(
q9, q10

)
𝜃1 = arccos

cos𝛼2 cos𝛼3 −
(
q1 cos𝛼2 − q2 sin𝛼2

)
sin𝛼2 sin𝛼3

𝜃2 = arctan

(
q3, ±

√
q2

4 − q2
3

)
− arctan

(
q5, q6

)
, (7)

where

q1 = cos qy cos qz

q2 = − sin qz cos qx + sin qx sin qy cos qz

q3 = − sin qy cos qz − sin qx cos qy sin qz

q4 =
√

q2
5 + q2

6

q5 = sin 𝜃1 sin𝛼2

q6 = cos 𝜃1 sin𝛼2 cos𝛼3 + sin𝛼3 cos𝛼2

q7 = cos 𝜃1 cos 𝜃2 − sin 𝜃1 cos𝛼3 sin 𝜃2

q8 =
√

q2
9 + q2

10

q9 = cos qx cos qy

q10 = sin qx cos qy cos qz − sin qy sin qz .

(8)

The mapping of the position relationship between joint space
and workspace has been established above. To obtain the veloc-
ity mapping relationship, the angle vector is derived, which gives
following Jacobi matrix:

J =

⎡⎢⎢⎢⎣
J11 J12 J13

J21 J22 J23

J31 J32 J33

⎤⎥⎥⎥⎦, (9)

where

J11 = sin 𝜃1 sin𝛼1

J12 = cos 𝜃2 sin 𝜃1 sin𝛼1 + cos𝛼1 sin 𝜃1 sin𝛼2

+ cos 𝜃1 cos𝛼2 sin 𝜃2 sin𝛼1

J13 = cos𝛼1(cos 𝜃3 sin 𝜃2 sin𝛼2 + cos𝛼2 sin 𝜃3 sin𝛼3

+ cos 𝜃2 cos𝛼3 sin 𝜃3 sin𝛼3)

+ sin 𝜃1 sin𝛼1(cos 𝜃2 cos 𝜃3 − cos𝛼3 sin 𝜃2 sin 𝜃3)

FIGURE 2 Force analysis of an ISP with a spherical mechanism

+ cos 𝜃1 sin𝛼1(cos 𝜃3 cos𝛼2 sin 𝜃2 − sin 𝜃3 sin𝛼2 sin𝛼3

+ cos 𝜃2 cos𝛼2 cos𝛼3 sin 𝜃3)

J21 = cos 𝜃1 sin𝛼1

J22 = cos 𝜃2 cos𝛼1 sin𝛼2 − sin 𝜃1 sin 𝜃2 sin𝛼1

+ cos𝜃1 cos 𝜃2 cos𝛼2 sin𝛼1

J23 = cos𝛼1(cos 𝜃3 cos𝛼2 sin𝛼3 − sin 𝜃2 sin 𝜃3 sin𝛼2

+ cos 𝜃2 cos 𝜃3 cos𝛼3 sin𝛼2)

− sin 𝜃1 sin𝛼1(cos 𝜃2 sin 𝜃3 + cos𝜃3 cos𝛼3 sin 𝜃2)

− cos 𝜃1 sin𝛼1(cos𝛼2 sin 𝜃2 sin 𝜃3 + cos 𝜃3 sin𝛼2 sin𝛼3

− cos 𝜃2 cos 𝜃3 cos𝛼2 cos𝛼3)

J31 = cos𝛼1

J32 = cos𝛼1 cos𝛼2 − cos 𝜃1 sin𝛼1 sin𝛼3

J33 = cos𝛼1(cos𝛼2 cos𝛼3 − cos𝜃2 sin𝛼2 sin𝛼3)

− cos 𝜃1 sin𝛼1(cos𝛼3 sin𝛼2 + cos 𝜃2 cos𝛼2 sin𝛼3)

+ sin 𝜃1 sin 𝜃2 sin𝛼1 sin𝛼3 (10)

2.3 Dynamic modeling

Figure 2 shows the force on the mechanism. In the figure, ci is
the center of mass of the joint ith. mig is the gravitational force of
the joint ith. Fi ∈ R3, Ni ∈ R, respectively, are the inertial force
and inertial torque acting on the center of mass of the connect-
ing rod in the coordinate system {Oi}. fi ∈ R3, ni ∈ R, respec-
tively, are the inertial force and inertia torque acting on joint ith
in the coordinate system {Oi} from joint (i − 1)th. ri+1 ∈ R3 is
the vector of distances from joint ith to joint (i + 1)th. rci ∈ R3 is
the vector of distances from joint ith to the center of mass of the
connecting rod ith. 𝜏i ∈ R3 is the torque on joint ith. ni ∈ R3,
fi ∈ R3, respectively, represent the inertial forces and moments
of inertia of joint (i − 1)

th
on joint ith in the coordinate system

{Oi}.
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1198 TIAN ET AL.

Combining the Newton-Euler recurrence dynamics equa-
tions, the inertial torque on the connecting rod ith is calculated
as (11).

ni =Ni + Ti
i+1ni+1 + rci

× Fi + vi+1 × Ti
i+1fi+1. (11)

The joint torque is then calculated based on the compo-
nent of the torque applied by link ith to link (i + 1)th in the z

direction.

𝝉 =

⎡⎢⎢⎢⎣
𝜏1

𝜏2

𝜏3

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
nT

1 Z1

nT
2 Z2

nT
3 Z3

⎤⎥⎥⎥⎦, (12)

where Zi = [0 0 1]T denotes the unit vector of the coor-
dinate system {Oi} in the z direction. The detailed solution
procedure can be found in Appendix A.

Considering the existence of unmodeled forces in the system,
such as friction and external disturbances on the frames, they are
uniformly recorded as forces F(𝚯).

Let𝚯 = [𝜃1, 𝜃2, 𝜃3]T , 𝚯, 𝚯̇, 𝚯̈ ∈ R3 represent the angle vec-
tor, angular velocity vector, and angular acceleration vector,
respectively, of the connecting rods. The dynamical equation can
be written as (13).

Ml (𝚯)𝚯̈ + Cl (𝚯, 𝚯̇)𝚯̇ + G(𝚯) + F(𝚯) = 𝝉. (13)

Ml (𝚯) is the inertia matrix of the mechanism. Cl (𝚯, 𝚯̇) is the
Coriolis and centrifugal force matrix of the mechanism. G(𝚯)
represents the gravity terms.

Ml (𝚯) =

⎡⎢⎢⎢⎣
M11 M12 M13

M21 M22 M23

M31 M32 M33

⎤⎥⎥⎥⎦, (14)

Cl (𝚯, 𝚯̇) =

⎡⎢⎢⎢⎣
C11 C12 C13

C21 C22 C23

C31 C32 C33

⎤⎥⎥⎥⎦, (15)

G(𝚯) =

⎡⎢⎢⎢⎣
G1

G2

G3

⎤⎥⎥⎥⎦, (16)

G1 = a3m3g(sin 𝜃3 cos𝛼1 sin𝛼2 sin 𝜃1

+ cos𝛼2 cos 𝜃2 sin𝛼1 sin 𝜃1 + cos 𝜃3 sin𝛼1 sin 𝜃1 sin 𝜃2)

− a2m2g sin𝛼1 sin 𝜃1 sin 𝜃2

,

(17)

G2 = − a3m3g sin 𝜃3(cos𝛼2 sin𝛼1 sin 𝜃1

+ cos 𝜃1 sin𝛼2 sin 𝜃2 + cos𝛼1 cos 𝜃2 sin𝛼2 sin 𝜃1)
,

(18)

G3 = 0. (19)

Here, mi is the mass of the rod. Gravitational acceleration
kg = [0 0 −g]T = [0 0 −9.8]T . ai is the length of the
connecting rod ith.

The ISP is a coupled mechanism. The rotation of the con-
necting rod ith affects that of the connecting rod (i + 1)th. This
complexity negatively affects the design of the controller. In this
study, the system is decoupled based on the principle of treating
non-linear coupling terms as disturbances.

Suppose that

Ml (𝚯) = M(𝚯) + ΔM(𝚯)

=

⎡⎢⎢⎢⎣
M11 0 0

0 M22 0

0 0 M33

⎤⎥⎥⎥⎦ +
⎡⎢⎢⎢⎣

0 M12 M13

M21 0 M23

M31 M32 0

⎤⎥⎥⎥⎦,
(20)

Cl (𝚯, 𝚯̇) = C(𝚯, 𝚯̇) + ΔC(𝚯, 𝚯̇)

=

⎡⎢⎢⎢⎣
C11 0 0

0 C22 0

0 0 C33

⎤⎥⎥⎥⎦ +
⎡⎢⎢⎢⎣

0 C12 C13

C21 0 C23

C31 C32 0

⎤⎥⎥⎥⎦.
(21)

The dynamical equation can be rewritten as{
M(𝚯)𝚯̈ + C(𝚯, 𝚯̇)𝚯̇ + G(𝚯) = 𝝉 + d(𝚯, 𝚯̇, 𝚯̈)

d(𝚯, 𝚯̇, 𝚯̈) = ΔM(𝚯)𝚯̈ + ΔC(𝚯, 𝚯̇)𝚯̇ + F(𝚯),
(22)

where M(𝚯) is the equivalent inertia matrix, C(𝚯, 𝚯̇) is the
equivalent damping ratio, and d(𝚯, 𝚯̇, 𝚯̈) represent an equiv-
alent disturbance.

2.4 Problem formulation

In the previous subsections, we presented the complete kine-
matics and dynamics modeling of the optoelectronic stabilized
platform spherical mechanism. According to (6)–(9), it is known
that each degree of freedom corresponding to the load camera
at the end of the mechanism is driven by two or more rotating
pairs. Accordingly, to control the motion of the load camera, a
multi-motor coupling control scheme is required. By contrast,
according to the dynamic formulas (20)–(22) of the mechanism,
this coupling relationship also exists in its dynamic characteris-
tics, that is, the rotating pair movement direction is not in a one-
to-one correspondence with the camera movement direction.
Following the derivation of the kinematic and dynamic models
above, it can be seen that each rotation of the attitude angle of
the camera’s line of sight is coupled to the rotation of the three
joints. To achieve inertial stabilization of such an ISP, 𝝉 must
be designed to isolate the attitude motion of the base, which
is mounted on a moving carrier. This control quantity should

 17518652, 2022, 12, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/cth2.12296 by C

as-C
hangchun Institute O

f O
ptics, Fine M

echanics A
nd Physics, W

iley O
nline L

ibrary on [05/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



TIAN ET AL. 1199

FIGURE 3 Overall control structure of the ISP

handle the gravitational unbalance, coupling, and external
disturbances.

3 PROPOSED CONTROL METHOD

This section presents the controller design for inertial stabiliza-
tion control of the ISP.

3.1 Overall control structure

Combined with the general control system, for a complex mech-
anism with internal and external disturbances, such as an spheri-
cal mechanism, relying on a simple DOB alone will be limited by
the system bandwidth, resulting in limited system performance.
Aiming at the special-controlled object of the spherical mecha-
nism, we propose an ASMADO control method for multi-input
and -output systems. The proposed control method not only
expands the application scenario of the ASMADO from single-
input and -output to multi-input and -output systems, but also
realizes the decoupling and high-performance control of the
new photoelectric stabilization platform mechanism scheme.
The control is composed of three parts. A gravity compensa-
tion control 𝝉g is designed based on the dynamic model in the
joint space. To deal with the coupling and external disturbance,
an internal-loop control 𝝉d is added based on the concept of
an ASMADO. A feedback controller 𝝉c is designed to realize
the inertial stabilization in the workspace, and a Jacobi matrix is
used to connect the workspace and the joint space. The control
quantity is designed as

𝝉 = 𝝉c − 𝝉g − 𝝉d . (23)

Figure 3 shows the block diagram of the control sys-
tem. In the workspace, the referred angular velocity vector is
(q̇r

x , q̇
r
y , q̇

r
z )T . The actual angular velocity vector is (q̇x , q̇y, q̇z )T .

The error between the expected angular velocity of the camera

and the actual angular velocity response is

eW =
[
eWx , eWy, eWz

]T
. (24)

In the joint space, the expected angular velocity of the
ISP is denoted as (𝜃̇r

1, 𝜃̇
r
2, 𝜃̇

r
3)T . The actual angular velocity is

(𝜃̇1, 𝜃̇2, 𝜃̇3)T .

⎡⎢⎢⎢⎣
𝜃̇1

𝜃̇2

𝜃̇3

⎤⎥⎥⎥⎦ = J−1

⎡⎢⎢⎢⎣
q̇x

q̇y

q̇z

⎤⎥⎥⎥⎦. (25)

Then, the angular velocity error in the joint space is

eJ =
[
eJ1, eJ2, eJ3

]T
. (26)

The diagram shows the control implementation method in such
an ISP.

3.2 Gravity compensation control

The ISP is an asymmetric structure. The unbalanced moment of
gravity affects the inertial stabilization control. Gravity compen-
sation is essential. In this study, active compensation was used
to eliminate the influence of unbalanced moments. Let the plane
O0 − x0y0 of the global coordinate system {O0} in Figure 1 be
the zero point of potential energy. The item of gravity can be
compensated by designing the control 𝝉g = [𝜏g1, 𝜏g2, 𝜏g3]T .

⎧⎪⎨⎪⎩
𝜏g1 = G1

𝜏g2 = G2

𝜏g3 = G3.

(27)

3.3 Design of ASMADO

The function of 𝝉d is to suppress non-linear coupling factors
and uncertainty perturbations in the system. There is a reason-
able assumption.

Assumption 1. [27]: The elements in vector d(𝚯, 𝚯̇, 𝚯̈) are
unknown and bounded. There exists a positive number dboundi

that satisfies

|||ḋi (𝜃, 𝜃̇, 𝜃)||| ≤ dboundi . (28)

First, a non-linear disturbance observer(DOB) is designed.
Let the estimate of disturbance be ‚d(𝚯, 𝚯̇, 𝚯̈). The estimation
error of the disturbance is

ed = d(𝚯, 𝚯̇, 𝚯̈) − ‚d(𝚯, 𝚯̇, 𝚯̈). (29)
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1200 TIAN ET AL.

Introducing auxiliary variables 𝜻 = [𝜁1, 𝜁2, 𝜁3]T , the DOB is
designed as follows

{
𝜻̇ = −L𝜻 − L(𝝉c + 𝝉g + LM(𝚯)𝚯̇ − C(𝚯, 𝚯̇)𝚯̇)
‚d(𝚯, 𝚯̇, 𝚯̈) = 𝜻 + LM(𝚯)𝚯̇,

(30)

where L = diag[l1, l2, l3] is the observer gain.
There is a transition process in the estimation of disturbance

by the DOB. An observation error occurs as the disturbance
changes. To handle this error, an adaptive sliding mode tech-
nique is used to compensate the residual interference quantity
ed using an additional 𝝉s .

Consider an auxiliary system with the same dynamic model as
the ISP. Suppose that the error between the velocity responses
of the real system and the auxiliary system is eJ = [eJ1, eJ2, eJ3]T

[28]. An integral sliding mode surface is selected as

s = 𝝀eJ + ∫
t

0
eJ dt , (31)

where 𝝀 = diag[𝜆1, … , 𝜆n], 𝜆i > 0.
The integral sliding mode surface can avoid the second

derivative of the variable in the control rate and enhance the
stability of the controller.

The approach rate is designed as

ṡ = 𝝀ėJ + eJ = 𝜼̂ sgn(s) + 𝜺s. (32)

where

𝜼̂ = diag
[
𝜂1 𝜂2 𝜂3

]
, (33)

𝜺 = diag
[
𝜀̂1 𝜀̂2 𝜀̂3

]
. (34)

Here, 𝜀i > 0 and 𝜂i > 0 are constants. 𝜂i is the variable switch-
ing gain that is used to suppress chattering in the system. The
adaptation rate is designed

̇̂𝜂i =
𝜎1i

Mii
|si | − 𝜎2i

Mii
𝜂i . (35)

Here, 𝜎1i and 𝜎2i are positive numbers.
Then, the design of the ASMADO for the ISP with a spheri-

cal mechanism can be obtained as follows{
𝝉d = 𝝉s + d̂(𝚯, 𝚯̇,𝚯)
𝝉s = C(𝚯, 𝚯̇)eJ − M(𝚯)𝝀−1

eJ + 𝜼̂ sgn(s) + 𝜺s
. (36)

The ASMADO method is stable. ed , s, eJ are ultimately con-
sistent and bounded. For simplification, the proof is provided
in Appendix B.

3.4 Feedback control design

The angular velocity error in the workspace is eW . Proportional-
integral-derivative (PID) control is used to design the feedback
controller. First, the PID controller in the workspace is designed
as

𝝉pid = kpeW + ki ∫ eW dt + kd ėW . (37)

kp = [kpx , kpy, kpz ]T , ki = [kix , kiy, kiz ]T , kd = [kdx , kdy, kdz ]T

are the gain vectors of the PID controller.
The control 𝝉pid is a variable of the workspace. The control

quantity 𝝉pid cannot be used directly for the control of the ISP.
Then, the vector transformation of 𝝉pid is used to obtain the
control value in the joint space.

𝝉c = J−1𝝉pid. (38)

Remark 1. The gravity compensation controller, ASMADO,
and PID were designed in this study. Among them, the gravity
compensation controller does not need to perform the parame-
ter adjustment process. The parameter adjustment processes of
the ASMADO and PID controllers are introduced next. Nei-
ther the ASMADO nor PID involves the adjustment of a sin-
gle parameter. Let us take the ASMADO as an example. The
ASMADO involves three sets of parameters, 𝝀, 𝝈1, and 𝝈2,
which should first adjust the switching gain 𝝀 to achieve sta-
ble mechanism control, then adjust the adaptive gain 𝝈1, 𝝈2
to improve the controller response speed. At the same time,
each set of parameters contains three variables, which, respec-
tively, correspond to the three degrees of freedom of the cam-
era. In the parameter adjustment process, it is recommended to
follow the order of azimuth, pitch, and roll. When the switch-
ing gain 𝝀 is too large, the system will oscillate; if it is too
small, it will not achieve good stability. The parameter adjust-
ment process of adaptive gain 𝝈1, 𝝈2 and the PID kp, ki , kd is
similar.

Remark 2. The proposed control method is a systematic design
framework for systems under coupled complex perturbations
with uncertainties. Modelable disturbances such as gravity can
be compensated for based on the dynamics model. The other
factors are further compensated via an ASMADO-based con-
troller. For the coupling relationship between the workspace
and the joint space, the Jacobian matrix can realize the mutual
transformation between them. The above design ideas can be
extended to other multi-degree-of-freedom parallel actuators or
other robots.

4 EXPERIMENTS

Comparison experiments were implemented to verify the valid-
ity of the proposed method. This section describes the develop-
ment of the experimental system.
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TIAN ET AL. 1201

FIGURE 4 Experimental system

4.1 Experimental setup

Based on the model description in Section 2, a prototype of the
photoelectric stabilization platform with a spherical mechanism
is established, as shown in Figure 4. It can be clearly seen from
the figure that the positional relationship of the three rotating
pairs of the experimental prototype is relatively compact, the
axes intersect at one point in the inertial space, and any two
axes are not orthogonal. To facilitate the experiment, a perma-
nent magnet synchronous motor and an encoder are coaxially
installed on the shaft of each joint of the experimental proto-
type. The encoder can obtain the rotation angle and angular
velocity of the motor. The end link is connected to the load
frame, and a camera with an image tracking function is installed
in the load frame, which can measure the amount of missed tar-
get. The monitor can show the real-time tracking image of the
camera. An inertial measurement unit (IMU) is installed under
the payload frame to measure the real-time pose of the payload
camera. The optical axis of the load camera is parallel to the roll
axis of the IMU, which is convenient for evaluating the control
effect. Above the base of the photoelectric stabilization plat-
form is the experimental prototype controller DSP28335, and
the bottom is fixedly connected to the Stewart Platform. When
the three roll, azimuth, and pitch directions of the Stewart Plat-
form are given, a sinusoidal command with an amplitude of 7◦

and a frequency of 300 Hz is applied. Then, the shaking of the
Stewart Platform can be regarded as an external disturbance to
the prototype. This experiment evaluates the visual axis stabil-
ity performance of the controller by comparing the ability of
the PID, PID+DOB, and the proposed method to isolate the
shaking of the Stewart Platform. At the same time, the tracking
image and miss amount of the camera can also intuitively reflect
the control effect of the controller. Furthermore, to verify the
stability and effectiveness of the newly proposed method, the
sliding mode surface parameters, adaptive gain parameters, and
decoupling effects are also observed and analyzed. The control
algorithm design flow is shown in Figure 5.

By removing the internal loop anti-interference control or
replacing the ASMADO with a traditional non-linear DOB,
comparative cases were also tested to verify the effectiveness of
the proposal. Three cases were considered in the experiments:
using only PID control, using PID control and the DOB, and
using the proposed method.

FIGURE 5 Control algorithm design flow

TABLE 2 Experimental parameters

Variable Motor 1 Motor 2 Motor 3

𝜃i −39.65 26.46 26.46

M 1.42 × 10−4 6.25 × 10−5 5.56 × 10−5

C 0.25 × 10−3 4.54 × 10−4 1.67 × 10−4

Kp 0.006 0.005 0.35 × 10−2

Ki 0.3 0.2 0.1

𝝀 0.568 0.137 0.332

𝜺 0.004 0.53 × 10−2 0.007

𝝈1 0.7 0.6 1.0

𝝈2 230 230 200

By identifying the parameters of the experimental ISP in
Figure 4, the parameters of the gravity compensation control
are

𝜏g1
= 0.2725 sin𝛼1 − 0.0337 sin𝛼2 + 0.5237 sin 𝜃1, (39)

𝜏g2
= 0.2383 sin𝛼1 + 0.0421 sin𝛼2 + 0.1249 sin 𝜃2. (40)

Other parameters are given in Table. 2. The sampling time of
the control system was 1 ms. To ensure an objective compari-
son, each control method was given the same gains.

4.2 Experimental results

Figure 6a–c, respectively, illustrates the attitude of the camera
(roll (qx ), pitch (qy), and yaw (qz )) under the three control meth-
ods. These attitude responses reflect the isolation of the ISP
from external movement. Owing to the influence of the unbal-
anced torque of gravity, the attitude of the mechanism shifts
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1202 TIAN ET AL.

FIGURE 6 Angular position of the IMU in the (a) roll (qx ) direction, (b)
pitch (qy ) direction, and (c) yaw (qz ) direction

FIGURE 7 RMS values of the angular position. (a) roll direction, (b) pitch
direction, (c) yaw direction

when only PID or PID with the DOB are used. The attitude
does not fluctuate near zero. Figure 7a–c shows the comparison
of the root mean square (RMS) error of the attitude responses
using the three methods. The proposed method effectively iso-
lates external motion and achieves the smallest error.

Figure 8a–c, respectively, illustrate the attitude of the motor
𝜃1, 𝜃2, 𝜃3 under the three control methods. Figure 9a–c show
a comparison between the root mean square (RMS) error of
the attitude responses using the three methods. The proposed
method effectively isolates external motion and achieves the
smallest error. The above two sets of curves demonstrate the
ability of the controller to interfere with the estimated compen-
sation at each joint.

Figure 10 shows the curve of the control values in each
motor. There is no significant oscillation in the control value of
the proposed method compared with traditional control meth-
ods. The difference between the proposed and traditional meth-
ods illustrates the ability to compensate the unbalance torque,
coupling, and complex disturbances.

FIGURE 8 Angular position of the joint in the (a) roll (qx ), (b) pitch (qy ),
and (c) yaw (qz ) directions

FIGURE 9 RMS values of the joint angular position. (a) roll, (b) pitch,
and (c) yaw directions

FIGURE 10 Motor control input for the three methods. (a)–(c) joints
1-3, respectively
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TIAN ET AL. 1203

FIGURE 11 Sliding mode surface of ASMADO. (a) joint 1, (b) joint 2, (c)
joint 3

FIGURE 12 Adaptive gain of ASMADO. (a) joint 1, (b) joint 2, (c) joint 3

Figures 11 and 12 capture the curves of the sliding mode sur-
face and adaptive gain of the proposed method, respectively.
When the system is subjected to a large external shock, the
adaptive gain rapidly increases in response to it. The sliding
mode surface rapidly converges toward zero after being sub-
jected to external perturbations. This set of curves demon-
strates the existence and convergence of the sliding mode sur-
face of ASMADO.

The mapping of the coupling relationship between the
workspace and the joint space in kinematics is established by
the Jacobian matrix. In dynamics, the decoupling of the cou-

FIGURE 13 Motor 1 model identification results (a) before and (b) after
decoupling

pling relationship refers to the separation of M and C from
ΔM and ΔC, and the coupling separation via the ASMADO.
The terms ΔM and ΔC are estimated and compensated. Thus,
the diagonal matrices C and C are obtained to realize the
decoupling of the system. This can be obtained by observ-
ing the difference between the system models with or without
ASMADO through the input of a given photoelectric stabiliza-
tion platform via noise sweeping. The identification results are
shown in Figure 13. Figure 13a identifies the system without
decoupling, and collects three sets of identification experimen-
tal data for motor 1 for comparison. The identification results
of each group are different, indicating that motor 1 is affected
by the coupling effect of the other two motors at this time.
Figure 13b identifies the decoupled system, and also collects
three sets of data for motor 1 for comparison with the exper-
imental data without decoupling. The identification results of
the three groups after decoupling are basically the same, indi-
cating that motor 1 is not affected by the other motors at this
time. Therefore, the proposed method enables the decoupling
of the dynamic model.

In the experiments, the inertial stabilization of the three
methods is also visually compared with the tracking function
of the camera. Figure 14 shows the off-target from the cen-
ter of the image. Compared to the methods using PID only
and PID with the DOB, the proposed method showed opti-
mum isolation from external motion. This is confirmed by the
RMS error of the off-target quantities in Figure 15; the off-
target quantities are significantly smaller than traditional control
methods in both vertical and horizontal directions. Statistically,
the proposed method decreases the RMS in vertical and hori-
zontal directions by 36.2% and 46.3%, respectively, compared to
the method using PID with the DOB.

In summary, the proposed method has the smallest off-target
quantities and the optimum isolation of external motion.

5 CONCLUSION

The ISP with a spherical mechanism is a gimbal with open
installation space for a camera. However, the motion of the
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1204 TIAN ET AL.

FIGURE 14 Missing quantity comparison chart. (a) Vertical off-target
volume and (b) horizontal off-target volume

FIGURE 15 Comparative experimental results of off-target quantities.
RMS of the (a) vertical off-target volume and (b) horizontal off-target volume

camera in each direction is coupled with the rotation of three
joints. In this study, to achieve inertial stabilization control of
the coupled system, a kinematic model of the spherical mech-
anism was established using the D-H parametric method, and
a dynamic model was established using the Newton–Euler
method. A controller was proposed with three parts. Gravity
compensation was designed based on the dynamic model, and
an internal loop ASMADO was proposed for the multiple-input
multiple-output spherical mechanism. This internal-loop con-
trol helps to decouple the control and compensate the complex
disturbances. Using a Jacobi matrix, feedback control was also
included in the workspace.

The experimental results show that the proposed control
method improves the rejection of external interference and
reduces the complexity of the system compared with traditional
control methods using PID only and PID with a DOB. From
both the IMU data and the camera images, it can be concluded
that the proposed method solves the problem of stabilization of
an ISP with a spherical mechanism.

This paper presents a system design method for an ISP
controller with a spherical mechanism. This scheme not only
proposes the ASMADO controller for the multi-input and -
output system, but also decouples the new mechanism of radio
and television stabilization platforms. The proposed scheme
has strong engineering application potential. In future work,
we intend to design a controller for the attitude angle in the
workspace, which can be combined with other functional algo-
rithms to simplify the control algorithm [29, 30] and enhance
the control of the coupled spherical mechanism.
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APPENDIX A

The derivation of joint torque for a spherical mechanism has
two main components. The first extrapolates outwards from
link 1 to link 3 to calculate the velocity and acceleration of the
links. The second extrapolates from link 3 to link 1 in one itera-
tion, calculating the interaction forces between the links, torque,
and driving torque of the joints.
𝝎i = [0, 0, 𝜔i ]

T is the angular velocity of the joint ith.
vi = [0, 0, vi ]

T is the linear velocity of the joint ith.
vci = [0, 0, vci ]

T is the linear velocity of the center of mass of
the connecting rod ith.

Ii ∈ R3×3 is the inertia matrix of the connecting rod it h.
Extrapolation i: 0 → 2

𝝎i+1 = Ti+1
i 𝝎i + 𝜃̇i+1Zi+1, (A.1)

𝝎̇i+1 = Ti+1
i 𝝎̇i + Ti+1

i 𝝎i × 𝜃̇i+1Zi+1 + 𝜃̈i+1Zi+1, (A.2)

v̇i+1 = Ti+1
i

(
𝝎̇i × ri+1 + 𝝎i ×

(
𝝎i × ri+1

)
+ v̇i

)
, (A.3)

v̇ci+1
= 𝝎̇i+1 × rci+1

+ 𝝎i+1 ×
(
𝝎i+1 × rci+1

)
+ v̇i+1. (A.4)

Summing all the forces acting on the connecting rod ith gives
the force balance equation:

Fi+1 = mi+1v̇ci+1
. (A.5)

Torque balance equation:

Ni+1 = Ii+1𝝎̇i+1 + 𝝎i+1 × Ii+1𝝎i+1. (A.6)

Inward thrust i: 3 → 1
Inertial force on connecting rod ith:

fi = Ti
i+1fi+1 + Fi . (A.7)

Inertial torque on connecting rod ith:

ni =Ni + Ti
i+1ni+1 + rci

× Fi +vi+1 × Ti
i+1fi+1. (A.8)

The torque of joint ith is

𝜏i = nT
i Zi . (A.9)

APPENDIX B

First, three lemmas are given before proving the proposed
ASMADO method based on gravity compensation.
Lemma A.1. [31]: Suppose the first-order non-linear differential

inequality is as follows

V̇1(𝜃) ≤ −kv1V
𝜒1

1 (𝜃). (B.1)

Among them, V1(𝜃) represents the positive Lyapunov function of the

state variable 𝜃 ∈ R, kv1 > 0, 0 < 𝜒1 < 1 positive Lyapunov function.

 17518652, 2022, 12, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/cth2.12296 by C

as-C
hangchun Institute O

f O
ptics, Fine M

echanics A
nd Physics, W

iley O
nline L

ibrary on [05/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1049/cth2.12296


1206 TIAN ET AL.

Then, for any given initial condition V1(𝜃(0)) = V1(0), the function

V1(𝜃) converges to the origin within a given finite time:

t1 ≤ V
1−𝜒1

1 (0)

kv1(1 − 𝜒1)
. (B.2)

Lemma A.2. [32]: Consider a non-linear system 𝜃 = f (𝜃, 𝜇), where

𝜃 is the state vector and u is the input vector. Suppose there exists k2 >
0, 0 < 𝜒2 < 1 and 0 < 𝜌1 < ∞, such that the positive definite contin-

uous function V2(𝜃) satisfies

V̇2(𝜃) ≤ −kv2V
𝜒2

2 (𝜃) + 𝜌1. (B.3)

Then, the system can converge in a finite time t2, where

t2 ≤ V
1−𝜒2

2 (𝜃(0))

𝜌2kv2(1 − 𝜒2)
. (B.4)

In the formula, 0 < 𝜌2 < 1.

Lemma A.3. For 𝜃 = [𝜃1, 𝜃2, … , 𝜃n]T ∈ Rn, the following inequal-

ity is constant

(
𝜃2

1 + 𝜃2
2 +⋯+ 𝜃2

n

) 1

2 ≤ (|𝜃1| + |𝜃2| +⋯ |𝜃n|). (B.5)

The proof of Theorem 1 is given below in three parts.

(1) DOB Stability Proof:
Subject to Equation (30) and Assumption 1 being known,
in finite time, the perturbation estimation error edi for the ith
motor will converge to

Ω1i =

{
edi‖edi ∣≤ dbound

li

}
. (B.6)

Choose the Lyapunov function:

Vd =
1
2

eT
d

ed . (B.7)

The derivative of the above equation gives

V̇d = ed ḋ − Le2
d

=

3∑
i=1

edi ḋi − li e
2
di

≤
3∑

i=1

dboundi |edi | − li e
2
di

=

3∑
i=1

−|edi |(li |edi | − dboundi ).

(B.8)

If |edi | ≥ dboundi ∕li + kv3 and kv3 > 0, Equation (B.8) can
be written as

V̇di ≤ −kv3|edi | = −
√

2kv3V

1

2
di
. (B.9)

Therefore, according to Lemma A.1, inequality Equa-
tion (B.9) can satisfy the stability criterion. At finite time

t3i ≤
√

2V

1
2

di
(0)

𝛿𝜅3
with 0 < 𝛿 < 1, the perturbation estimation

error can converge to the bounded set Ω1i .
(2) ASMADO Stability Proof:

Choose the Lyapunov function as follows

Vs =
1
2

(
eT

d
ed + sT s + eT

𝜂 𝝈
−1
1 e𝜂

)
. (B.10)

Among them, e𝜂 = 𝜼 − 𝜼̂ and 𝜂i ≥ di + 𝛾i with 𝛾i > 0. The
derivative of Vs gives

V̇s = ed ḋ − Le2
d
+ sT ṡ − 𝝈−1

1 e𝜂 ̇̂𝜼

= ed ḋ − Le2
d
+ sT (𝝀ėJ + eJ )

−

3∑
i=1

(
e𝜂i

Mii
|si | − 𝜎2i

Mii𝜎1i
e𝜂i𝜂i

)
= ed ḋ − Le2

d
+ sT [d − ‚d − 𝜼̂ sgn(s) − 𝜺s]

−

3∑
i=1

(
e𝜂i

Mii
|si | − 𝜎2i

Mii𝜎1i
e𝜂i𝜂i

)

= ed ḋ − Le2
d
+

3∑
1

si

[
di − d̂i − 𝜂i sgn (si ) − 𝜀i si

]
−

3∑
i=1

(
eJii

Mii
|si | − 𝜎2i

Mii𝜎1i
eJi j𝜂i

)

≤ ed ḋ − Le2
d
+

3∑
1

1
Mii

(||di − d̂i‖si
|| − 𝜂i |si | − 𝜀i s

2
i

)
+

3∑
i=1

𝜎2i

Mii𝜎1i
eJip𝜂i

= ed ḋ − Le2
d
+

3∑
1

−
|si |
Mii

(
𝜂i − ||di − d̂i

||) − 3∑
1

𝜀i

Mii
s2
i

+

3∑
i=1

𝜎2i

Mii𝜎1i
e𝜂i𝜂i .

(B.11)
Known,

e𝜂i𝜂i = e𝜂i

(
𝜂i − e𝜂i

) ≤ (
𝜂2

i − e2
𝜂i

2

)
. (B.12)
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After time t3, (B.11) can be rewritten as follows

V̇s ≤
3∑

i=1

(
−kv3|edi | − 𝛾i

Mii
|si | + 𝜎2i

Jii𝜎1i
e𝜂i𝜂i

)

≤
3∑

i=1

(
−kv3|edi | − 𝛾i

Mii
|si | − 𝜎2i |e𝜂i |

2Mii𝜎1i

+
𝜎2i

2Mii𝜎1i

(|e𝜂i | + 𝜂2
i − e2

𝜂i

))
,

(B.13)

where 𝛾i > 0. Further, because
𝜎2i

2Mii𝜎1i

(|e𝜂i | + 𝜂2
i
− e2

𝜂i
),

there exists upper bound 𝜔i =
𝜎2i+4𝜎2i𝜂i2

8Mii𝜎1
. From

Lemma A.3, we can obtain

V̇si ≤−min

{√
2kv3,

√
2𝛾i

Mii

,
𝜎2i

Mn

√
2𝜎1i

}(|edi |√
2
+

|si |√
2
+

|e𝜂i |√
2𝜎1i

)
+ 𝜑

≤ kv4V

1

2
si + 𝜑,

(B.14)

where kv4 = −min{
√

2kv3,
√

2𝛾i∕Mii , 𝜎2i∕(Mii

√
2𝜎1i )}

Therefore, according to Lemma A.2, the sliding mode
surface si and e𝜂i will converge to approximately zero in a
finite time tsi ,
where

tsi = t3i

√
2V

1

2
si (0)

𝜇kv4
, 0 < 𝜇 < 1. (B.15)

(3) System Stability Proof:
The Liapunov function is chosen as follows

Ve =
1
2

eT
J

eJ . (B.16)

The derivative of the above equation gives

V̇e = eJ ėJ

=
1
𝜆

(ṡ − eJ )eJ

≤
3∑

i=1

1
𝜆

(|||eJi
||| − |si |)|||eJi

|||.
(B.17)

If |eJi | ≥ 𝜆|si | + kv5 with kv5 > 0, Equation (B.17) can be
written as follows

V̇ei ≤ −kv5
|||eJi

||| = −
√

2kv5V

1

2
ei .

(B.18)

Theorem 1 shows that Equation (B.18) can satisfy the
convergence criterion. The error eJi can converge to a

bounded set near zero at time tei = tsi +
√

2V

1

2
ei (tsi )∕(𝜉kv5) with

0 < 𝜉 < 1.
From the above proof, it can be concluded that s, 𝜼, and eJ

are eventually uniformly bounded. Thus, the proposed method
is stable.
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