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The microvibration of the satellite moment wheel assembly (MWA) is an essential input for
integrated simulation analysis of spacecraft microvibration, which forms the basis for
spacecraft vibration suppression. Therefore, it is important to guarantee high-precision
data from ground measurements of vibration sources for research into the stabilization
accuracy of large space telescopes. In general, a coupled wheel-to-structure disturbance
model is more representative of the real environment, and two aspects of the coupling
need to be considered: coupling caused by insufficient MWA stiffness and coupling caused
by the vibration source installation structure. Therefore, this paper presents the relevant
work conducted on these two coupling aspects. First, this paper proposes the amplification
factor coefficient, which considers structural coupling based on the classical vibration
model of the MWA. The average error in this case could be within 5%. This approach could
reduce the computational requirements without affecting the quality of the results.
Additionally, as the mass of the MWA is greater and the disturbance output is more obvi-
ous. The structural coupling with the installation foundation is unavoidable. In this paper,
the effects of installation stiffness on the disturbance measurements are analyzed based on
the dynamic mass measurement method and quantitative impedance theory. Finally,
based on the above theory, verification testing of the disturbance and transfer models of
the MWA is performed and the test results are compared with the simulation results; it
is shown that a level of accuracy within ±5% can be achieved.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

As the development of space exploration technology continues, increasing attention is been paid to microvibration in
spacecraft [1–4]. Microvibration considerations are especially important in the development of China’s large space telescope.
The astronomical observation mode of this telescope requires long gaze and exposure times, its weight may exceed
15000 kg, and the diameter of the main mirror is 2 m. Additionally, the telescope’s optical resolution is close to that of
the Hubble Space Telescope (HST), and its field of vision is 300 times that of the HST. If the telescope is in orbit for 10 years,
it will observe more than 40% of the sky area and approximately 17,500 square degrees. Because of its long focal lengths and
tics, Fine
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large scale, the spacecraft structure is more complex, leading to this telescope more sensitive to microvibration. To study the
effects of microvibration on the telescope system, it will be necessary to study the disturbance mechanisms of the moving
parts on the space telescope. The moment wheel assembly (MWA), which is one of the most widely used attitude control
devices in high-resolution sensing satellites, is also the main disturbance source. As a typical high-speed rotating part,
the MWA can provide the necessary control torque but can also produce disturbances that can then affect the line of sight
(LOS). Therefore, it is of major importance to establish a simple and practical disturbance model of the MWA to enable imple-
mentation of corresponding isolation technology and control methods.

At present, the most commonly used space MWAs can be divided into two types: the symmetrical type and the cantilever
type [5–8]. There is only a slight difference between these two configurations, which involves the radial translation and in-
plane rotation modes. In the symmetrical configuration, these two modes are independent, whereas the modes are coupled
in the cantilever configuration. For application to the attitude adjustment mechanism of large space telescopes, the can-
tilever structure would generally be selected to obtain better performance and this structure is thus the main research focus
of the work in this paper. Using this configuration, Bialke [9] provided a comprehensive description of the microvibration
mechanism through experimental study and mathematical modeling of the MWA. Davis [10] first proposed a steady-state
disturbance model of the reaction flywheel for the HST. Masterson and Miller [11,12] established an accurate dynamic dis-
turbance model based on the steady-state disturbance model to predict the effects of vibration on a precision spacecraft tele-
scope. They also established a disturbance model based on a data set to predict the vibration behavior of the HST’s reaction
wheel; the results indicated that the overall disturbance of the MWA was composed of irregular order harmonics with
amplitudes that were proportional to the square of the rotor rotation speed. Liu and Maghami [13] of NASA fully considered
the effects of noise on the disturbance characteristics. A semi-analytical model of the multi-dimensional disturbance output
from the MWA was also established based on the harmonic and structural modes. This analytical model also considered the
effects of harmonic disturbance, resonance amplification and noise on the MWA. After studying the disturbance character-
istics of the MWA, Shankar Narayan and Nair [14] proposed that if the stiffness of the installation foundation was insuffi-
cient, the disturbance output of the MWA would then have a significant coupling effect with the installation structure
when the rotor entered the working state; this would affect the observation accuracy of the satellite quite obviously. To
resolve this type of coupling disturbance, it was necessary to study the disturbance transfer path of the satellite structure
first and then understand how the disturbances of the moving parts could affect the camera imaging quality. The two most
commonly used disturbance models for this purpose were the empirical model and the analytical model [15–18]. The empir-
ical model assumed that the disturbance consisted of discrete sine waves with random phases, while the amplitude was
directly proportional to the square of the rotor rotation speed. In addition, this model could express the disturbance variation
trend effectively, but could not reflect the structural mode effect of the MWA on the disturbance characteristics. The analyt-
ical model included the internal elasticity effect of the flywheel, which could reflect the radial force and moment, but it could
not explain the axial disturbance. In addition, many physical parameters were required to establish the analytical model,
which was not convenient for engineering applications. In view of the shortcomings of both the empirical model and the
analytical model, this paper proposes an improved MWA disturbance model. The main purpose of this work is to study
the disturbance characteristics of the MWA and thus establish an accurate disturbance model by combining the theoretical
analysis with experimental research.

In addition, most satellite structures are composed of honeycomb plates with low stiffness to reduce their weight. There-
fore, the effect of structural coupling between the MWA and the installation foundation on the LOS cannot be ignored. How-
ever, a rigid installation environment has generally been used for the vibration and microvibration measurement methods
during the actual measurement process (isolated measurements, with the MWA rigidly grounded on a multi-axis dynamic
platform, e.g., a Kistler table) [19–22]. Because the measurement operation using this method was simple to perform and the
data processing time was fast, it was able to predict the disturbance characteristics of a vibration source in the nonresonant
region precisely. The China’s large space telescope, is characterized by a high modal density, with thousands of modes within
8–300 Hz, and there are multiple coupling resonance peaks. During analysis of the dynamic characteristics of the internal
vibration sources, the elasticity of the installation foundation also had to be considered [19,23,24]. To resolve this type of
problem, many researchers carried out the relevant work with the aim of determining the dynamic mass of the source
[25,26], but most of these works were based on analysis of a flywheel rotor under static conditions and without the gyro-
scopic effect. At the same time, the commonly used dynamic measurement platform could not be applied directly to cou-
pling measurements because of size and weight limitations. Therefore, it was necessary to design special test equipment
to perform the vibration source coupling tests. Additionally, Zhang [27] proposed a detailed scheme to establish a dynamic
mass model of the MWA with the gyroscopic effect. Although the results obtained were relatively accurate, test implemen-
tation of this method was difficult and the method required large-scale calculations. Addari [15] performed a finite element
analysis of the system and tests based on the hard-mounted configuration of the coupled dynamics between a cantilever
configured MWA and its supporting structure. They also modified the microvibration disturbance model of the MWA when
in the rotor motion state. Taniwaki and Ohkami [28] described an air floating vibration detection system that was subse-
quently adopted for analysis of retainer-induced disturbances of the reaction wheel [29]. In addition, the system could oper-
ate with a maximum frequency of 20 Hz, which allowed more attention to be paid to the low-frequency characteristics of in-
orbit vibration sources. There have been relatively few studies in this field to date, particularly for the microvibration cou-
pling of large space telescopes; the existing methods still have a gap in terms of acquisition of the accurate vibration source
input for full frequency range flexible coupling. In this paper, a coupling transfer model and a corresponding test method are
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applied based on the principle of mechanical impedance. When combined with the improved model of the momentum
wheel, this approach can be applied to laboratory operations to ensure the measurement accuracy of MWA microvibration
disturbances.

In accordance with the discussion above, vibration source disturbance and transfer models are established that combine
their respective advantages and are then verified experimentally. Based on this process, the work in this paper proceeds as
follows. In Section 2, based on the experiments and engineering experience, an improved model of the MWA is proposed to
represent the flexible coupling of the internal structure and is then verified through experiments. In Section 3, the coupling
transmission characteristics of the MWA are analyzed and the disturbance transfer model is then established based on impe-
dance theory. In Section 4, the accuracy of the above models is verified experimentally, and Section 5 presents the conclu-
sions of this paper.

2. Disturbance mechanism of momentum wheel

As shown in Fig. 1 [14], the cantilever MWA structure is mainly composed of a rotor, a shell, a motor and a bearing. The
rotor provides the control force, which is mainly concentrated on the outer edge of the wheel. The main function of the shell
is to provide a specific degree of vacuum; the motor is a DC motor, and the bearing is either a rolling bearing or a magnetic
bearing.

The disturbance during operation mainly comes from two mechanisms: a) the active disturbance force, which is caused
by rotor rotation and mainly includes the rotor imbalance and the disturbances of the rolling bearing and the motor [30]; b)
the structural modal response, where the active disturbance force in the working state can lead to an internal structural
response from the MWA due to its lack of stiffness, which then can form a disturbing force acting toward the outside.
Fig. 2 shows the typical waterfall curve [11] and harmonic disturbance slice diagram of the MWA. The slice diagram
describes the amplitude characteristics of the ith order harmonic. According to the disturbance classical model, the ampli-
tude of harmonic increases proportionally with the square of the speed, but due to the structural coupling, it will fluctuate
irregularly at different speeds. And the rocking mode is the rigid mode of the MWA, which represents both the forward and
reverse precessions and forms a V-shaped curve, the radial translation is the disturbance that does not change with varia-
tions in the rotor speed and mainly comes from the structural elasticity. As these harmonic and structural modal frequency
responses intersect, there will be an obvious amplification of the disturbance output. In general, the maximum disturbance
of a satellite platform occurs at the harmonic and structural modal intersection.

2.1. Classical disturbance model of momentum wheel and identification

In the classical disturbance model of the MWA, if the disturbance force is composed of sine wave discrete harmonics
related to the speed of the momentum wheel, the mathematical model can be expressed as follows:
mkðtÞ ¼
Xn

i¼1

Ck
iX

2sinð2phiXt þuiÞ ð1Þ
where mk(t) is the disturbance force or moment; i is the harmonic order; X is the rotational speed, hi is the order coefficient
of harmonic, which can represent the frequency multiple of disturbance; C is the amplitude of the ith order harmonic cor-
responding to mk(t); and ui is the phase.

To verify the accuracy of the model, the least squares method is used for fitting of C. Based on the model assumptions, the
relationship between the disturbing force amplitude and the speed amplitude is as shown in the following equation for a
specified harmonic number:
d
�
ij ¼ KX2 ð2Þ
Here, d
�
ij is the theoretical amplitude corresponding to the ith harmonic and the jth rotation speed, and K is a constant

coefficient. The error between the measured value and the theoretical value is expressed as follows:
eij ¼ dij � KX2 ð3Þ
Fig. 1. Structure and schematic diagrams of momentum wheel.



Fig. 2. Momentum wheel disturbance waterfall diagram and harmonic disturbance slice diagram.
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where dij is the measured amplitude. The error expression is then squared and summed based on all the rotation speeds:
Xm
j¼1

eij2 ¼
Xm
j¼1

dij
2 � 2K

Xm
j¼1

Xj
2dij þ K2

Xm
j¼1

Xj
4 ð4Þ
Here, Ci is defined as the value of K with the smallest squared error. The above equation is then used to derive K, and the
result is shown as follows:
@

@K
e2ij ¼ �2

Xm
j¼1

X2
j dij þ 2Ki

Xm
j¼1

X4
j ð5Þ
If the above equation is equal to zero, and the expression for Ci can be obtained, then:
Ci ¼
Pn

q¼1d
k
ijX

2
jPn

j¼1X
4
j

ð6Þ
The model parameters must be identified via experiments. The test system used is shown in Fig. 3. The measured MWA is
mounted on the load platform of the high-rigidity platform for six-dimensional force measurement to ensure that the stiff-
ness of the installation structure does not affect the distribution of the vibration characteristics of the momentum wheel
[31].

Fk
lp (k = 1,2,3,. . .6) is the output six-dimensional force signal, where l indicates the different speeds (ranging from 0 r/min

to 3600 r/min, with data acquired once every 200 increments); p indicates the different time acquisition points when the

sampling frequency is 2048 Hz and the length is 16 s; F
�k

lp is the fast Fourier transform (FFT) of Fk
lp, where q is the discrete
Fig. 3. Photograph of test system used to obtain the disturbance of the MWA.
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frequency point, the frequency resolution is 0.0625 Hz, and the length is 1000 Hz. Let the amplitude of F
�k

lp be plotted along
the Z-axis, while the X and Y axes represent the rotation speed and frequency, respectively, and a waterfall curve can then be
obtained, as shown in Fig. 4. In the resulting disturbance waterfall curve of the MWA, every order harmonic, V-shaped curve
and fundamental response of the structure can be identified clearly. Using the above data and the least squares method, we
can obtain the classical disturbance model of this MWA. The identification parameters for the first four orders of the harmon-
ics are listed in Table 1.

2.2. Improved MWA disturbance model and its identification

The measured disturbance curve (Fig. 4) shows that the harmonics of each order are obviously amplified by the structural
mode coupling, i.e., the structural coupling characteristics caused by the elastic structure, which cannot be described ade-
quately using the classical model. For this reason, this paper proposes an improved disturbance model based on the exper-
imental data:
mðtÞ ¼
Xn
i¼1

C
�
i � bi �X2sin 2phiXt þ /ið Þ ð7Þ
where C
�
i is the amplitude of the ith harmonic of the improved model, with dimensions of N/Hz2 or Nm/Hz2, and bi(hiX) is the

newly introduced amplification factor. The amplification factor is built based on the classical model of the MWA and the
principle of modal superposition under the linear assumption. When the vibration source resonates with the structure,
the relative motion transfer rate caused by the coupling can be obtained:
TR ¼ x
� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�x
�

2Þ2 þ ð2nx� Þ2
q ð8Þ
wherex
�
= x/x0,x0 is the natural frequency of the structure, n is the modal damping ratio. By superimposing the resonance

characteristics of each order harmonic and the structure of MWA, the coupling amplification factor for the wheel itself can be
established, which is expressed as:
bi ¼ biðhiXÞ ¼
Xm
j¼1

ajffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s2ij Xð Þ

� �2
þ 2nij sij Xð Þ� �2r ; sij Xð Þ ¼ hiX

xj
ð9Þ
where m is the total number of natural frequencies of the structure; Because each order harmonic has different coupling
characteristics with the structure, for some harmonics, they do not resonate with the structure, so in practice, m(i) is the
function of i, which should be identified; xj is the ith order natural frequency; nij is the modal damping ratio corresponding
to each order of harmonics and modes; and aj is the amplification factor at each natural frequency. The model considers the
characteristics of the disturbances excited by the different mechanisms during coupling. A parametric model is proposed for
the harmonic resonance that can improve the simulation accuracy of the output disturbance effectively under vibration
source coupling conditions.
Fig. 4. Disturbance waterfall curve of Fx.



6 M. Xia et al. /Mechanical Systems and Signal Processing 146 (2021) 107007
To identify these model parameters, we set aj = 1, then normalize the coefficient vector and thus obtain the following
identification equation for the model:
Table 1
0.1 Nm

Harm
Para

i

1
2
3
4

Table 2
Identifi

hi

0.6
1.0

2.0

3.0
miðX1Þ
miðX2Þ

miðXpÞ

2
6664

3
7775 ¼ C

�
i �

Ki1 X1ð Þ Ki2 X1ð Þ � � � Kim X1ð Þ
Ki1 X2ð Þ Ki2 X2ð Þ � � � Kim X2ð Þ

..

. ..
. . .

. ..
.

Ki1 Xp
� �

Ki2 Xp
� � � � � Kim Xp

� �

2
66664

3
77775

a1

a2

..

.

am

2
66664

3
77775 ð10Þ
where p is the total number of speed measurement points, and Kij Xð Þ ¼ X2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�s2

ij
Xð Þ

� �2

þ 2nij sij Xð Þð Þ2
r .

Using the measured data, the slice dk
iq is obtained for each harmonic. In this paper, the identification method for the single

frequency mode is used for the estimation and the predicted values of the natural frequency xð0Þ
ij and the damping ratio nð0Þij

are obtained, where i denotes the harmonic order number and j denotes the modal order number. By taking the predicted

values xð0Þ
ij and nð0Þij as the initial values of xij and nij, respectively, we can then obtain the first estimated value að1Þ

j of the

linear parameter from the first iteration, and the variance Eð1Þ can then be estimated for the first time. Generally, the preset

precision l for Eð1Þ will not be satisfied, but by using the small variables Dxð0Þ
ij and Dnð0Þij , we can obtain the natural frequency

and the damping ratio from the second iteration:
xð1Þ
ij ¼ xð0Þ

ij þ Dxð0Þ
ij ; nð1Þij ¼ nð0Þij þ Dnð0Þij ð11Þ
From Eq. (11), we can obtain the second estimates of the linear parameter að2Þ
j and the variance Eð2Þ. We then verify

whether E(2) is less than or equal to l; if not, xð1Þ
ij and nð1Þij must be modified again until the condition E 6 l is met, and then

the linear parameter aj and the nonlinear parameters xij and nij will be used as the final estimated values. The parameter
identification results for the improved model are presented in Table 2.
momentum wheel classical model parameters obtained from rigid measurement platform.

onic
meters

Ck
i (lN=Hz2) Ck

i (lNm=Hz2)

hi Fx Fy Fz Mx My Mz

0.6 33.28 31.25 28.56 6.89 7.59 0.25
1 77.26 99.68 33.65 4.69 10.26 4.58
2 29.63 26.39 11.23 18.56 36.65 12.36
3 18.58 25.68 26.36 8.88 21.56 0.88

cation results from improved model of 0.1 Nm MWA (first three orders of harmonics).

Parameters Fx Fy Fz Mx My Mz

a1 33.28 31.25 11.53 6.89 7.59 0.25
a1 28.21 18.56 11.26 38.25 5.69 0.66
x1 66.97 62.56 28.56 62.15 33.71 26.73
n1 0.065 0.044 0.008 0.075 0.072 0.021
a1 18.56 21.47 5.26 8.26 7.69 38.26
x1 63.71 60.25 33.25 59.64 62.71 21.56
n1 0.009 0.003 0.003 0.026 0.013 0.485
a2 0.25 0.88 0.15 none none 0.01
x2 63.25 66.98 102.5 none none 78.36
n2 0.036 0.005 0.188 none none 0.031
a1 8.78 18.26 7.55 6.25 3.66 0.08
x1 63.25 67.92 78.56 95.36 97.52 83.58
n1 0.007 0.006 0.031 0.025 0.036 0.005
a2 0.58 0.36 0.78 0.61 0.82 0.98
x2 83.26 88.25 111.2 160.2 177.2 101.2
n2 0.011 0.052 0.021 0.022 0.032 0.017
a3 0.44 0.15 0.74 none none 0.95
x3 175.23 166.0 175.2 none none 178.3
n3 0.025 0.007 0.065 none none 0.035
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2.3. Fitting precision of disturbance model

Using the parameters identified via the two models above, the h2 = 1, h4 = 3, and h8 = 5.3 (h8 is not shown in Table 2)
harmonics slice diagrams of Fx are calculated for fitting precision. However, the classical model does not involve structural
coupling, in the identification process, only the order coefficient hi and the amplitude C need to be identified. When coupling
occurs near the sensitive frequency band, the model cannot improve the accuracy by optimizing the parameters. Therefore,
in this paper the least square method is used for fitting quadric curve during establishing the classical model. The results are
shown in Fig. 5 and Fig. 6.

For Fx, the harmonics of h2 = 1 average fitting error of the improved model within the coupling frequency range is 4.71%.
For the harmonics of h4 = 3, the average fitting error is 0.91%.

For Fx, the harmonics of h8 = 5.3 average fitting error of the improved model is 3.83%. Comparison of Fig. 5 and Fig. 6
shows that the improved model provides significantly higher fitting precision within the coupling frequency range. From
the error statistics, the average error of the improved model over the entire measured frequency range can be within 5%.
Simultaneously, because the basic assumptions are the same, the parameters of the improved model for the uncoupled fre-
quency band are consistent with those of the classical model. As shown in Table 1 and Table 2, the amplitude parameter A of
Fx for the 0.6� frequency harmonics has the same value of 33.28 lN/Hz2 for two model types; additionally, for the classical
model, Ci is 29.63 lN/Hz2 when Fx is doubled, and is 26.39 lN/Hz2 when Fy is doubled. The corresponding values from the
improved model in the two cases above are 18.56 lN/Hz2 and 21.47 lN/Hz2, respectively. This is mainly because the classical
model homogenizes the internal resonance energy of the MWA via Ci with respect to the entire measured frequency band,
while the improved model quantifies the resonance effect of the formant using bi(hiX).

However, it should be noted that, as shown in Fig. 6, a large and uncontrollable error occurs near 1800 r/min. This error is
due to an MWA design defect, which causes an unidentified mode to appear at approximately 30 Hz. This situation is often
encountered in microvibration research; this type of mode, which includes the additional mode introduced by installation
foundation, often brings reduced fitting precision obviously because of so many harmonics and their coupling parameters
that is difficult to identify completely in most cases. Therefore, in the face of a complex installation environment, this paper
Fig. 5. Harmonics slice diagrams of Fx: (a) h2 = 1; (b) h4 = 3.

Fig. 6. Harmonics slice diagram and fitting error of Fx, (a) slice diagram of harmonics of h8 = 5.3; (b) fitting relative error.
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establishes a coupling transfer model based on the principle of mechanical impedance to compensate for the fitting precision
of the disturbance model.

3. Establishment of coupled transformation model for vibration source disturbance

An improved disturbance model based on the MWA disturbance mechanism is established in this paper that can describe
the disturbance force output of the MWA in the coupling state effectively. However, the scale of spacecraft is increasing, with
China’s large space telescope in particular expected to reach a mass of 15 t. In addition, the torque output index and the size
of the internal MWA of this telescope will be significantly increased, while the coupling effects of the vibration sources and
the installation foundation cannot be ignored. Therefore, this paper analyzes the disturbance transformation characteristics
by considering structural coupling for the MWA based on both the modeling method and experimental methods.

3.1. MWA coupling transfer model

The disturbance in the working state of the flywheel is denoted by Fwheel. Because of the heavier mass of the large space
telescope and the greater disturbance for the MWA, the acceleration response €X of the installation interface will result in the
interaction force F being greater than the vibration source disturbance input. This relationship is illustrated in Fig. 7.

Here, F has the same amplitude and is acting in the opposite direction between the MWA and the installation interface;
and the acceleration response €X under coupling conditions is acting in the same direction, i.e.:
Fðx;XÞ ¼ ZWðx;XÞWðx;XÞ � ZDðx;XÞ€Xðx;XÞ ð12Þ

where ZD(x,X) is the acceleration impedance matrix of the MWA, W(x,X) is the MWA’s ‘‘pure” disturbance force, equaling
to Fwheel, ZW(x,X) is the disturbance force transfer matrix betweenW(x,X) and the elastic installation interface disturbance,
F(x,X) is the disturbance force of the installation interface, and €Xðx;XÞ is the acceleration response function of the instal-
lation interface, and they are all functions of the frequency x and speed X.

At the installation interface of the MWA and the disturbance measurement platform, the following relationship exists:
ZPðxÞ€Xðx;XÞ ¼ Fðx;XÞ ð13Þ

where ZP is the acceleration impedance matrix of the installation interface.

From Eq. (13), we obtain:
€Xðx;XÞ ¼ ½ZPðxÞ��1Fðx;XÞ ð14Þ

Using Eq. (14) as a basis, the disturbance translation model given in Eq. (13) can be expressed as:
Fðx;XÞ ¼ ½I þ ZDðx;XÞ½ZPðxÞ��1��1
ZWðx;XÞWðx;XÞ ð15Þ

Fðx;XÞ ¼ ZWðx;XÞWðx;XÞ � ZDðx;XÞ½ZPðxÞ��1Fðx;XÞ ð16Þ

Because the ‘‘pure” disturbance force and the torque of the MWA cannot be measured directly, it is necessary to simplify

the model to ensure the feasibility of the test. It can be seen from Eq. (12) that if the acceleration€Xðx;XÞof the installation
interface is 0, then the disturbance force and the torque of the installation interface can be regarded as a substitute for ZW(x,
X)W(x,X) in Eq. (16). Additionally, because the natural frequency of the rigid measurement platform is much higher than
the natural frequency of the MWA, the acceleration €Xðx;XÞ of the interface can be considered to be 0, so ZW(x,X)W(x,X)
can be approximately equal to F|W(x,X), which is the disturbance of the MWA obtained using the rigid measurement plat-
form, i.e.:
Fig. 7. Interaction between MWA and installation interface.
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Fðx;XÞ ¼ ½I þ ZDðx;XÞ½ZPðxÞ��1��1
FjW ðx;XÞ ð17Þ
The acceleration admittance is easier to measure during the microvibration test and Eq. (17) can then be converted into
an equation based on the acceleration admittance matrix, i.e., HD(x,X) = [ZD(x,X)]�1, HP(x) = [ZP(x)]�1; Eq. (17) is then
transformed into Eq. (18) as follows:
Fðx;XÞ ¼ fI þ ½HDðx;XÞ��1HPðxÞg�1
FjWðx;XÞ ¼ Gf ðx;XÞFjWðx;XÞ ð18Þ
where Gf(x,X)={I + [HD(x,X)]�1HP(x)}�1 is the coupling disturbance matrix. F(x,X) and F|W(x,X) are the dynamics distur-
bance matrices of the MWA on the target elastic and rigid measurement platforms, respectively, including the three distur-
bance forces and the three disturbance moments, which are 6 � 1 matrices; HD(x,X) and HP(x) are the acceleration
admittance matrix of the MWA itself and the acceleration admittance matrix of the installation structure, respectively,
and are both 6 � 6 matrices.
Fiðx;XÞ ¼ 1= 1þ HPiðxÞ
HDiðx;XÞ

� �	 

� FijWðx;XÞ; ði ¼ 1;2;3;4;5;6Þ ð19Þ
3.2. Parameter identification of acceleration admittance matrix of MWA

To obtain the acceleration admittance matrix HDi (i = 1,2,3) in Eq. (19), the acceleration impedance of the MWA can be
obtained from Eq. (12):
ZDðx;XÞ ¼ ðZWðx;XÞWðx;XÞ � Fðx;XÞÞ €Xðx;XÞ
h i�1

ð20Þ
Additionally, because ZW(x,X)W(x,X) can be replaced with F|W(x,X), Eq. (20) can be expressed as:
ZDðx;XÞ ¼ ðFjW ðx;XÞ � Fðx;XÞÞ €Xðx;XÞ
h i�1

ð21Þ
Based on the relationship between the acceleration impedance and the admittance, the above equation can be expressed
as:
HDðx;XÞ ¼ ½ZDðx;XÞ��1 ¼ ðFjWðx;XÞ � Fðx;XÞÞ €Xðx;XÞ
h i�1

� ��1

ð22Þ
where given that the three translational degrees of freedom of the MWA are decoupled from each other and HD(x,X) is thus
a diagonal matrix, the above equation can be simplified to a single degree of freedom only for the translation form:
HDiðxÞ ¼ 1
ðFijWðxÞ � FiðxÞÞ=€XiðxÞ ; ði ¼ 1;2;3Þ ð23Þ
To obtain a smooth acceleration admittance function, the disturbance Fi|W of the MWA on the rigid measurement plat-
form, the disturbance Fi that acts on the elastic installation structure for the MWA, and the acceleration at the installation
interface can be measured during testing and converted into the power spectrum and admittance function. Additionally, the
radial disturbance mode frequency xradial and the axial translational mode xaxial of the MWA can be identified using the
rational polynomial identification method for modal parameters.

3.3. Experiment and simulation verification

3.3.1. Experimental system
To verify the simulation results from the different disturbance transformation models, the disturbance of the MWA is

measured under various stiffness conditions using the eight-component force measurement platform [31]. Furthermore,
the MWA is in the vertical mounting and the sampling frequency of the data acquisition system (accuracy: ±0.1 dB;
652u-24 bit, IOTech, Norton, MA, USA) is set at 2048 Hz. During the acquisition process, the data are subjected to prepro-
cessing, which includes elimination of zero drift, elimination of interference and improvement of the signal-to-noise ratio
(SNR) [32,33].

Fig. 8 shows the experimental diagram of the MWA on the rigid and flexible installation foundations, which are used to
simulate the real installation conditions of a space-based scope. Based on these experimental systems, the MWA disturbance
force matrices F(x,X) and F|W(x,X) can be obtained with the flexible and rigid constraints; according to Eq. (22) and Eq.
(23), the acceleration admittance matrix HD(x,X) of MWA and the acceleration admittance matrix HP(x) of the installation
structure are obtained based on the six-dimensional disturbance force and acceleration matrix of the installation interface. In
order to obtain the 6-dimensional acceleration data, as shown in Fig. 9, a measurement method is designed through three 3-
axial acceleration sensors (a1, a2, a3) in a 120� distribution on the installation interface. The acceleration sensors (b1, b2) at
the center and edges of the wheel can be used to classify and analyze the internal disturbance mechanism of MWA.



Fig. 8. Photograph of the MWA disturbance experiment: (a) rigid installation; (b) flexible installation.

Fig. 9. Schematic showing the working principle of experiment with flexible installation.
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First, the inherent properties of the elastic platform are tested. As shown in Fig. 10, the basic system frequency is
25.72 Hz, based on flexible installation of the MWA (static state). Then, the six-dimensional dynamic characteristics distri-
bution of the MWA is tested under the different installation foundation stiffness conditions. The experimental results for Fx
are shown in Fig. 11 and Fig. 12.

As shown in the experimental results above, the natural frequency of the MWA will shift because of the coupling rela-
tionship between the inherent characteristics of the MWA and those of the flexible foundation. The sway mode disturbance
will obviously be weakened. In addition, the reverse precession and forward precession modes cannot be identified effec-
tively. The disturbance characteristic distributions of the MWA at the rotation speed of 2100 r/min on the two measurement
platforms are presented in Table 3.
Fig. 10. Natural frequency of MWA structure based on flexible installation.



Table 3
Disturbance frequency characteristics of momentum wheel on two experimental platforms (Hz).

Disturbance frequency Forward precession Reverse precession Axial translational Radial translational

Rigid installation 76 140 212 265
Flexible installation — — 230 273

Fig. 11. Fx disturbance waterfall under rigid installation conditions.

Fig. 12. Fx disturbance waterfall under flexible installation conditions.
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3.3.2. Parameter identification and verification of the coupling transfer model
Based on the experimental data given above, m1 is introduced as the mass of the external structure, m2 represents the

rotor mass, and the original displacement admittance of the MWA in its shell is shown as:
Hi ¼ � 1
x2ðm1 þm2Þ

ð1�x
� 2

AiÞ þ j2nAix
�

Ai

ð1�x
� 2

RiÞ þ j2nRix
�

Ri

ð24Þ
wherex
�

Ai ¼ x=xAi,x
�

Ri ¼ x=xRi, andxAi are the antiresonance frequencies of the two degrees of freedom system;xRi is the
resonance frequency; and nAi and nRi are the antiresonant damping and the resonant damping, respectively. Additionally, it is



Table 4
Comparison of the experimental and identification results for the modal parameters.

Modal parameters xaxial (Hz) xradial (Hz) naxial (%) nradial(%)

Experimental results 214.6 268.7
Identification results 211.2 266.3 2.1 1.6
Relative error (%) 1.58 0.89
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convenient to measure the acceleration admittance, and the relationship between the displacement admittance and the
acceleration admittance is given as follows:
HDi ¼ Hið�x2Þ ð25Þ

Therefore, the original acceleration admittance of the MWA at its shell is given as follows:
HDi ¼ 1
m1 þm2

ð1�x
� 2

AiÞ þ j2nAix
�

Ai

ð1�x
� 2

RiÞ þ j2nRix
�

Ri

ð26Þ
The shell mass of the momentum wheel m1 = 2.5 kg, and the rotor mass m2 = 7.5 kg. In this paper, the identification
method for rational polynomial modal parameters is used to identify the modal parameters of the MWA disturbance force
during stable rotation. The initial iteration values are given as:xaxial = 220 Hz,xradial = 260 Hz, naxial = 2%, and nradial = 2%. The
iterative process is skipped and the modal parameters of xaxial = 211.2 Hz and xradial = 266.3 Hz are obtained by identifica-
tion. A comparison of the experimental and identification results for the modal parameters is shown in Table 4, and the rel-
ative error is shown to be within 2%.

The frequency response characteristics obtained for axial translation and radial translation of the MWA and the frequency
response function (FRF) of the flexible installation can be substituted into Eq. (19), which can then be used to predict the
response of the MWA to the six-dimensional disturbance force acting on the flexible installation. Furthermore, a comparison
of the predicted results with the experimental results measured under real installation conditions (where the random noise
is ignored) is shown in Fig. 13.

As shown in Fig. 13, the predicted results reflect the disturbance frequency distribution of the MWA accurately under
the different installation conditions. In addition, the natural frequency information measured using the rigid platform is
not included in the prediction results because the decoupling effect is obvious. In particular, the prediction accuracy of
Fig. 13. Comparison of experimental and predicted results: (a) Fy (b) Mx.



Fig. 14. Comparison of measured waterfall diagram and simulated diagram of the disturbance force Fx.

Fig. 15. Measured waterfall diagram and simulated diagram for disturbance force Fz.
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the disturbance moment is improved, the prediction error for the overall six-dimensional force can be maintained at
under 10% within the working frequency range of the large space telescope (8–300 Hz), and the relative error is mostly
less than 5%

4. Experimental verification of integration model

Based on the improved disturbance model and the coupling transfer model of the MWA, the simulation results are a com-
bination of the improved disturbance model and the coupling transfer model, which are both verified experimentally. The
experimental results are the disturbance force data from the measured MWA on the simulated flexible installation founda-
tion (Fig. 8). Using the simulated and experimental results, waterfall diagrams were generated for the six-dimensional dis-
turbance force, which can indicate the fitting accuracy directly, as shown in Fig. 14 and Fig. 15. Where the measured
waterfall diagram contains random noise; and in the simulated diagram, no Gaussian white noise is introduced, which
has a low influence on the structural coupling for this MWA (the effect of noise on imaging quality with RMS is less than
10%). Therefore, only the simulation results that describe the structural coupling effects of line spectrum frequency are
shown. However, for future ultra-high-precision telescopes, which will have a higher modal density, the stability require-
ments are more strict, and the effect of noise will be also more prominent, therefore, the characteristics of random vibration
of MWA will be a considerable topic in future research.

Fig. 14 shows a comparison of the measured waterfall diagram and the simulation diagram for the same disturbance force
Fx. The relative error of the model can be obtained by comparing the data of the harmonics of each order within the working
frequency band, as shown in Table 5. The average relative error of Fx from the simulations is e = 3.43%.

In addition, the simulated (first nine orders) and experimental results for Fz can also be obtained, as shown in Fig. 15.
From Fig. 15 and Table 6, the average error of the Fz modeling simulation in the working frequency band is e = 3.56%.

Based on the statistics of the disturbance force in the other directions, the integration model fitting accuracy for the six-
dimensional force is within 5%.
Table 5
Fitting error of disturbance force Fx at each frequency doubling event.

hi 0.6 1 2 3 3.8 4 4.8 5.3 7.2

Relative error /% 1.24 2.31 2.56 1.21 2.14 4.25 4.68 4.21 3.25



Table 6
Fitting errors of disturbance force Fz at each frequency doubling.

hi 0.6 4.69 4.82 5.21 6.02 7.2 9.62 13.8 27.47

Relative error /% 1.45 3.56 1.13 7.46 4.50 0.94 1.14 0.25 0.99
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5. Conclusions

In this paper, based on an empirical model, an improved dynamic disturbance model of the cantilever MWA is proposed
that reflects the structural coupling effect of the MWA disturbance by introducing the amplification coefficient. The precision
of the MWA disturbance model has been improved and the average fitting error is within 5% across the entire test frequency
range. By considering the real installation foundation, this paper establishes a coupling transfer model based on impedance
theory. Then, the rational polynomial identification method is used to identify the modal parameters of the MWA experi-
mentally based on the rigid and flexible installation measurement platforms. The integration of the disturbance and transfer
models is also verified experimentally. The error between the experimental results and those from the model is generally
less than 5% (in the 8–300 Hz range).
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