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Kinematics analysis and performance
testing of 6-RR-RP-RR parallel platform
with offset RR-hinges based on
Denavit-Hartenberg parameter method

Yang Zhang1,2, Ha-si-ao-qi-er Han1 , Zhen-bang Xu1,2,
Chun-yang Han1,2 , Yang Yu1, A-long Mao1 and Qing-wenWu1

Abstract

A six degrees-of-freedom parallel platform in a 6-RR-RP-RR configuration with high accuracy, high stiffness and a large

working stroke is studied for application to the sub-mirror adjustment system of a large-aperture telescope. To meet the

performance requirements, the parallel platform adopts a self-centering and well-designed offset universal hinge. The

two hinge axes of the offset hinge do not intersect but have a specific offset in space, which makes the kinematics more

complex than that with a common universal hinge. Therefore, to solve this complex kinematics problem, this paper

innovatively introduces the Denavit–Hartenberg (D-H) parameter method that is used for series mechanisms. The

method has a simple modeling process, strong applicability and continuity, providing a new tool for the analysis and

application of the parallel mechanisms. A kinematics model of the parallel platform can be constructed and solved using a

numerical iteration method. The accuracy of the numerical kinematics solution is verified using a co-simulation method.

This paper analyses the passive derivative motion and the leg length error is compensated. Finally, test studies of the

motion resolution, the repetitive positioning accuracy, the motion stroke, the static stiffness of the legs, and the static

stiffness and dynamic stiffness of the entire machine were also carried out to verify the platform’s performance.
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Introduction

Since the parallel mechanism was first devised, it has

been widely used in many fields because of its high

overall rigidity, high bearing capacity and high preci-

sion, including motion simulators,1 micro vibration

simulator,2 telescope secondary mirror adjustment

mechanisms,3 force or torque sensors,4 parallel

machine tools.5–8 In addition, parallel mechanisms

are also used in medical applications,9 such as spher-

ical parallel mechanism for robotic-assisted cranioto-

my,10 a novel 3UPS/RPU parallel kinematic

mechanism as a knee rehabilitation and diagnosis

mechatronics system,11 minimally invasive surgery

systems,12 and parallel robots used to assist in eye

surgery.13

In recent years, the theoretical research into paral-

lel mechanism has seen rapid development, especially

in kinematics analysis. Harib et al.14 considered the

arrangements of the universal hinges and the friction

effect in their study of the kinematics of the 6-UPS

parallel manipulator. Kim et al.15 studied the inverse
kinematics and inverse dynamics of a 6-PUS parallel
mechanism. Song et al.16 used the screw theory to
perform kinematic analysis and optimization design
on a new type of five-degree-of-freedom parallel
robot, and established a motion and force mapping
model. Sun et al.17 proposed a generalized method for
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analyzing the inverse kinematics of PMs using the
finite screw theory, and this method has high accura-
cy. Gan et al.18 studied the forward kinematics of a
new type of parallel mechanism denoted by 1CCC-
5SPS, in which the cylindrical joints are stiffer than
traditional spherical joints, using Gr€obner’s basis
theory. Liu et al.19 analyzed the inverse kinematics
of a hydraulically driven 6-UCU parallel platform.
Traditional universal hinges present some problems,
including low stiffness and limited working space.
Therefore, researchers have designed different types
of hinges to replace traditional universal hinges and
spherical hinges. Grobmann et al.20 discussed three
possible types of eccentric universal hinges from the
perspective of the shortcomings of traditional univer-
sal hinges. Eccentric universal hinges have larger rota-
tion spaces and offer higher stiffness, but they also
make the motion transformation more complex.
Gloess et al.21 designed an offset universal joint
with stiffness of up to twice that of a conventional
universal joint to meet the high stiffness and high load
requirements of parallel platforms. The designs of this
type of hinge require fewer components and can be
manufactured more accurately. Ji et al.22 studied the
kinematics of a 3-UPU parallel manipulator with
offset hinges. The mechanism was found to have rota-
tional singularities. Hu et al.23 analyzed the kinemat-
ics and the workspace of an offset 3-RRPRR parallel
manipulator. The 3-RRPRR configuration with
offset hinge has a larger reachable workspace than
its similar structure 3-RRPU, 3-RPRU, 3-UPU.
Dalvand et al.24,25 studied a 6-RRCRR parallel plat-
form with offset universal hinges and proposed a
numerical solution to resolve the platform’s kinemat-
ics problems. Han et al.26 studied the inverse kinemat-
ics of a novel 6-P-RR-R-RR parallel platform. The
slider displacement was obtained directly by establish-
ing an iterative formula for the slider displacement
and the two hinge variables. But the hinge motion
constraint method mentioned above can only solve
the leg length or slider displacement, which cannot
solve the velocity relationship, acceleration relation-
ship, working space and singularity. It has no conti-
nuity and has great limitations.

The offset universal hinge mentioned above is also
known as an RR offset hinge. To meet the mecha-
nism’s high precision, high stiffness and large working
stroke requirements, a 6-RR-RP-RR parallel plat-
form with an RR offset hinge is proposed in this
paper. The offset hinge is easier to manufacture
with fewer geometric constraints, the limit rotation
angle is larger, and the components are more com-
pact, increasing the stiffness and precision of the
hinge and the parallel mechanism. But the introduc-
tion of the offset variable of the hinge axis makes the
kinematics solution more complex than that of the
parallel mechanism using the universal hinge. And it
is difficult to solve effectively, and there is no analyt-
ical solution. Moreover, the existing methods24–26

have great limitations. Therefore, this paper innova-

tively proposes a Denavit–Hartenberg (D-H) param-

eter method based on a series mechanism27,28 to

provide an effective solution to the kinematics prob-

lems of the parallel platform. It overcomes the short-

comings of the complex modeling process, large

limitations and the poor continuity of the hinge

motion constraint method, has strong operability

and adaptability, and can be extended to the kinemat-

ics analysis of various parallel mechanisms. It has

very good application value for the kinematic analysis

of the parallel mechanism. It can solve the variables at

all joints of each leg chain, and lays the foundation

for the subsequent dynamic analysis. Each leg actua-

tor is regarded as a series mechanism composed of six

joints and a kinematics model is established for each

leg. The kinematics model of the parallel platform for

the entire machine is then constructed and solved

using a numerical iterative method. The derivative

motion introduced by the actuated ball screw pair

(RP) is also analyzed.
The remainder of this article is as follows. The next

section presents the composition of the complete plat-

form, the leg actuator design and the offset hinge

design. Then, the parallel platform configuration

parameters and the kinematic chain, along with its

D-H parameters are described. In ‘Kinematic analysis

of the platform’ section, the kinematics of the entire

platform are studied. In ‘Inverse solution for speed

and acceleration’ section, the velocity and the accel-

eration are derived. In the penultimate section, the

performance parameters are tested and studied. The

final section summarizes the results for the paper.

Design of prototype

A 6-RR-RP-RR adjusting mechanism (composed of a

combination of offset hinges and ball screw pairs) is

used in this paper. The two axes of the RR hinge are

offset rather than intersecting. With regard to the

accuracy of the whole platform, the accuracy of the

leg actuator has a direct impact on the overall accu-

racy. In addition, the clearance and the internal fric-

tion of the offset hinges will also affect the platform

accuracy. Furthermore, the design of the hinges will

play an important role in determining the stiffness of

the platform. Therefore, the design of the platform

largely refers to the designs of the leg actuator and

the hinge.

Overall structure of the platform

The configuration and the structural components of

the parallel platform are shown in Figure 1. The plat-

form is mainly composed of six leg actuators, in

accordance with the designed configuration. Each

leg actuator is connected to both the mobile and

base platforms via offset hinges. The number of
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DOFs of the parallel platform can be calculated using

the Kutzbach-Grübuler formula, as follows:

F ¼ 6ðn� g� 1Þ þ
Xg
i¼1

fi (1)

In the formula, n is the total number of compo-

nents; g is the total number of kinematic pairs; and fi
is DOFs of ith kinematic pair.

It can be seen from Figure 1 that n is 14 and g is 18,

including 12 offset hinges with two rotational DOFs

and six ball screw pairs with two rotational DOFs.

Upon substitution of these values into formula, the

parallel platform has six degrees of freedom.

Design of the leg actuator

The structure of the leg actuator is shown in Figure 2.

The overall intention is to drive the precision ball

screw using the motor. To ensure high-precision con-

trol, a 17-bit absolute encoder is used to provide feed-

back, and is connected directly to the screw. The

upper and lower platforms are connected to the leg

actuator via offset hinges to achieve high stiffness.

Design of the offset hinge

The hinge stiffness represents an important part in the
platform stiffness. The hinge design should consider
both the load and the clearance comprehensively
according to the design requirements.

Figure 3 shows the internal structure of the
designed offset hinge. The offset hinge consists of
hinge shafts, shell, nut, end cap, steel ball, and sil-
icone rubber seal ring. Limitation of the platform in
the Z direction with a large stroke and a small
envelope size requires the hinge to have a small
offset and high rigidity. The offset variable of the
hinge is Uoffs, and a dense bead shaft system is
adopted so that the steel balls on both sides of
each hinge shaft are in a full circle and are sym-
metrically arranged to replace the diagonal contact
ball bearings. Quantitative preloading through nuts
and end caps can greatly reduce the axial clearance,
thereby enhancing the hinge stiffness. Additionally,
the overall structure is compact, which reduces the
size while also greatly reducing the offset variables.
Hinge mounting bases are arranged on one side of
each hinge shaft to improve hinge accuracy.
Silicone rubber seal ring is used to seal the grease
used for steel ball.

(a) (b)

Figure 1. Configuration and structural components of the parallel platform: (a)The diagram of the mechanism, (b) the prototype.

Figure 2. Structure of leg actuator.
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Kinematic chain

Description of the architecture

As shown in Figure 1, the moving platform is con-
nected to the static platform through the hinges and
the legs, which are driven using ball screw pairs.
Figure 4 illustrates offset RR hinges and the RR-
RP-RR composition used for the leg-driving chain
of the parallel platform.

Because of the presence of the offset RR hinge, it is
difficult to solve the kinematics problems using con-
ventional kinematics solution methods. To analyze
the kinematics of the 6-RR-RP-RR parallel platform,
the D-H parameter method for a series mechanism is
introduced to establish a kinematics model of a

single leg. Figure 5 shows the kinematic chain of the
ith leg.

To describe the motion of the upper platform (i.e.,
the mobile platform), the global coordinate system
OB � XBYBZB is established at the center OB of the
lower surface of the base platform. The body frame
OP � XPYPZP is then established at the center OP of
the upper surface of the moving platform. The hinge
points Pi and Bi (i¼ 1, . . . , 6) are shown in Figure 6.
The offset variables of the upper and lower offset
hinges are expressed as Up offs and Ub offs, respectively.
The parallel platform’s configuration parameters are
given in Table 1.

The spatial pose of the upper platform in the OB �
XBYBZB system is determined using the vector
X; Y; Z; a; b; c½ �. According to the RPY rules, the

Figure 3. Internal structure of the offset hinge.

Figure 4. RR-RP-RR kinematic chain: (a) Schematic of the offset RR-hinge, (b) 3D model of the offset RR-hinge, and (c) the RR-RP-RR
kinematic chain.
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transfer matrixOBTOP
can be expressed as:

OBTOP
¼

cbcc � cbsc sb X

cascþ sasbcc cacc� sasbsc � sacb Y

sasc� casbcc saccþ casbsc cacb Z

0 0 0 1

2
66664

3
77775

(2)

where s()¼sin() and c()¼cos(); the same notation

applies to subsequent matrices.

D-H Parameters and kinematics of the ith leg

As shown in Figure 5, seven local coordinate systems

denoted by O0i � X0iY0iZ0i(i¼ 1, . . . , 6) are estab-

lished, where O0i coincides with the lower hinge

point Bi and O6i coincides with the upper hinge

point Pi. Each leg can be regarded as an RR-RP-

RR series mechanism, and the D-H parameters of

the ith leg are given in Table 2.
The transformation matrix between two adjacent

coordinate systems On � XnYnZn and Onþ1 �
Xnþ1Ynþ1Znþ1 is:

nTnþ1 ¼ Anþ1

¼ Rotðx; anÞ � Transðan; 0; 0Þ � Rotðz; hnþ1Þ
� Transð0; 0; dnþ1Þ

(3)

Figure 5. Definition of the coordinate system used for the ith
leg kinematic chain.

Figure 6. Local coordinate system at the hinge point.

Table 1. Configuration parameters of the parallel platform.

Parameter RP RB hP hB Ub offs Up offs H HP HB

Value 0.125m 0.160m 24� 96� 0.01m 0.01m 0.295m 0.026m 0.027m

Table 2. D-H parameters of the ith leg.

Link j hji(�) dji(m) aðj�1Þi(m) aðj�1Þi(�)

1 h1i 0 0 0

2 h2i 0 Ub offs 90

3 h3i 0 0 �90

4 0 L4i 0 0

5 h5i 0 0 90

6 h6i 0 Up offs �90

Zhang et al. 5



Kinematic analysis of the platform

Inverse kinematics

According to the D-H parameter method, the for-
ward kinematics transformation matrix of the ith leg
of the kinematics chain can be derived to be:

nT6ðiÞ ¼ Anþ1ðiÞAnþ2ðiÞ � � �A6ðiÞ (4)

The position of O0i in the OB � XBYBZB system is
expressed as:

OBO0i ¼ RB � chO0i
RB � shO0i

HB½ �T (5)

In the above formula: hO0i
¼ p

3 i� hB
2 ði ¼ 1; 3; 5Þ;

hO0i
¼ p

3
ði� 1Þ þ hB

2
ði ¼ 2; 4; 6Þ:

The transfer matrix OBTO0i
from the O0i �

X0iY0iZ0i system (shown in Figures 5 and 6) to the
OB � XBYBZB system is as follows:

OBTO0i
¼

OBRO0i

OBO0i

0 1

" #
(6)

In the above formula, after the OB � XBYBZB

system rotates in the specific order 3-2, it has the
same posture as the O0i � X0iY0iZ0i system.

OBRO0i
¼

chZBðiÞ �shZBðiÞ 0

shZBðiÞ chZBðiÞ 0

0 0 1

2
64

3
75

�
chY0

BðiÞ 0 shY0
BðiÞ

0 1 0

�shY0
BðiÞ 0 chY0

BðiÞ

2
64

3
75 (7)

In the formula (7): hZBðiÞ ¼ p
3
ðiþ 3Þ � hB

2
ði ¼

1; 3; 5Þ; hZBðiÞ ¼ p
3 ði� 4Þ þ hB

2 ði ¼ 2; 4; 6Þ; hY0
BðiÞ ¼

� p
2 :
The position of O6i in the OP � XPYPZP system is

expressed as:

OPTO6i
¼ Rp � chO6i

Rp � shO6i
�Hp

� �T
(8)

In the above formula: hO6i
¼ p

3 i� hP
2 ði ¼ 1; 3; 5Þ;

hO6i
¼ p

3 ði� 1Þ þ hP
2 ði ¼ 2; 4; 6Þ:

The transfer matrix OPTO6i
from O6i � X6iY6iZ6i to

OP � XPYPZP is as follows:

OPTO6i
¼

OPRO6i

OPO6i

0 1

" #
(9)

In this formula, after the OP � XPYPZP system
rotates in the specific order 3-2, it has the same

posture as the O6i � X6iY6iZ6i system.

OPRO6i
¼

chZPðiÞ � shZPðiÞ 0
shZPðiÞ chZPðiÞ 0
0 0 1

2
4

3
5

�
chY0

PðiÞ 0 shY0
PðiÞ

0 1 0
�shY0

PðiÞ 0 chY0
PðiÞ

2
4

3
5 (10)

Where: hZPðiÞ ¼ p
3 ði� 3Þ � hP

2 ði ¼ 1; 3; 5Þ; hZPðiÞ ¼
p
3 ði� 4Þ þ hP

2 ði ¼ 2; 4; 6Þ; hY0
PðiÞ ¼ � p

2 :
Given the pose of the upper platform in the OB �

XBYBZB system, O0i TO6i
is determined using:

O0i TO6i
¼O0i TOB

�OB TOP
�OP TO6i

(11)

To simplify the writing here, let:

O0i TO6i
¼

nx ox ax px

ny oy ay py

nz oz az pz

0 0 0 1

2
66664

3
77775 (12)

The Newton-Raphson iteration formula is con-
structed using 0T6ðiÞ ¼O0i TO6i

to solve for the
unknown D-H parameters in the kinematic chain of
the ith leg. The initial values of the variables must be
given to enable solution of the nonlinear equations.
The initial values h1ið0Þ, h2ið0Þ, h3ið0Þ, L4i

ð0Þ, h5ið0Þ, and
h6ið0Þ of h1i, h2i, h3i, L4i, h5i and h6i, respectively, can be
the variables at the zero position and are directly mea-
sured in 3D model of the parallel platform.

f1iðh1i; h2i; h3i;L4i; h5i; h6iÞ ¼ 0T6ðiÞð1; 1Þ � O0iT0iO6i
ð1; 1Þ ¼ 0

f2iðh1i; h2i; h3i;L4i; h5i; h6iÞ ¼ 0T6ðiÞð2; 1Þ � O0iT0iO6i
ð2; 1Þ ¼ 0

..

.

f12iðh1i; h2i; h3i;L4i; h5i; h6iÞ ¼ 0T6ðiÞð3; 4Þ � O0iT0iO6i
ð3; 4Þ ¼ 0

8>>>>>><
>>>>>>:

h1i
h2i
h3i
L4i

h5i
h6i

2
6666664

3
7777775
ðnþ1Þ

¼

h1i
h2i
h3i
L4i

h5i
h6i

2
6666664

3
7777775
ðnÞ

�
@f1i
@h1i

@f1i
@h2i

@f1i
@h3i

@f1i
@L4i

@f1i
@h5i

@f1i
@h6i

..

.

@f12i
@h1i

@f12i
@h2i

@f12i
@h3i

@f12i
@L4i

@f12i
@h5i

@f12i
@h6i

2
664

3
775
�1

ðnÞ

�
f1i
f2i

..

.

f12i

2
6664

3
7775
ðnÞ

(13)
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The iterative format shown in equation (13) can

solve for the parameters in a manner that satisfies

the error condition (�1� 10�10). The calculation

flow for the inverse kinematics is shown in Figure 7.

Forward kinematics

The forward solution problem for the parallel plat-

form is known as the displacement L4i (i¼ 1,. . .,6)

required to solve for the pose P. There are no analyt-

ical solutions for nonlinear equations and it is diffi-

cult to solve them using the closed-loop vector

method. Therefore, the problem is usually solved

using numerical methods.
Given the displacements of the six legs, the equa-

tions that contain 30 unknown joint variables and six

unknown pose variables for the mobile platform are

established.
For a given leg displacement LG ¼ L1G;½

L2G; . . . ; L6G�T, the function FðPÞ is defined as fol-

lows: FðPÞ ¼ IKMðPÞ � LG (14)
In the above formula, IKM (P) is the inverse kine-

matics solution corresponding to pose P.

The Newton-Raphson numerical iteration method
can be used to solve equation (14), and then the fol-
lowing solution is obtained:

Pnþ1 ¼ Pn � @FðPnÞ
@P

� ��1

ðIKMðPnÞ � LGÞ (15)

In the above formula:

@F

@p
¼

@L1

@X

@L1

@Y

@L1

@Z

@L1

@a
@L1

@b
@L1

@c

..

. ..
. ..

. ..
. ..

. ..
.

@L6

@X

@L6

@Y

@L6

@Z

@L6

@a
@L6

@b
@L6

@c

2
6666664

3
7777775
(16)

Equation (16) is the Jacobi matrix between leg dis-
placement and the posture of the upper platform.
Given the initial value P0, the numerical iteration is
performed using the iteration scheme given in equa-
tion (15) until the rounding error reaches (�1� 10�9).
It is better to choose the initial value at the ideal pose
point or at a point on the simulation path.

Figure 7. Solution procedure for forward kinematics problem.

Zhang et al. 7



The calculation flow for the forward kinematics is

shown in Figure 7.

Kinematics simulation verification

Inverse kinematics simulation verification. To verify the

correctness of the inverse kinematics modeling and

the numerical iteration algorithm, the kinematics sim-

ulation is carried out using ADAMS software. Three

reachable target poses are randomly selected, where

P1(1,2,353,3,3,3), P2(0,0,348,�2,�1,4), P3(5,�4,338,

0,0,0). The inverse kinematics solutions obtained

using the iterative algorithm mentioned above (I)

are compared to kinematic simulation results

obtained using ADAMS(S), as shown in Table 3.
Table 3 shows that the results obtained using the

numerical iteration algorithm are consistent with

those obtained using ADAMS, and the maximum

error is 0.063 pm. This error represents a combination

of the control error of the iterative algorithm and the

effective digital rounding error.

Forward kinematics simulation verification. First, L4i

(i¼ 1, . . . , 6) for six target poses in ADAMS can be

measured directly. The corresponding value of P can

then be calculated using equation (15). Finally, the P

value calculated using the algorithm is compared with

the ADAMS input pose. The maximum position and

posture error for the corresponding target poses is

0.755 pm and 6e-11� respectively.

Derivative movement caused by ball screw pair

and its compensation

The rotating pair and the moving pair in the ball

screw pair are coupled. This coupling produces a

derivative motion that will then cause the pose

errors of the parallel platform. The derivative

motion expresses the relative rotation angle between

the driving segment and the moving segment of the

leg caused by passive spiral motion initiated by

changes in the pose of the upper platform, thus result-

ing in leg length errors and pose errors. Therefore, it

is necessary to compensate for the leg length error
caused by the derivative motion.

According to the definition of the D-H parameters,
the parameter h3i in the D-H parameters in Table 2,
that is equal to the angle between the axis Z5i and the
axis Z2i, represents the angle between the driving and
moving segment of the leg, while Dh3i represents the
relative rotation angle between the upper and lower
leg, i.e., the derivative motion. Therefore, to compen-
sate for the errors caused by the derivative motion, it
is necessary to compensate for the rotation angle pro-
duced by the passive spiral motion to enable rotation
angle control of the motor, as equation (17):

Dri ¼ 2p � DLi

P
� Dh3i (17)

In the above: Dri– command angle of the ith motor;
DLi– displacement of the ith leg in the target pose;
p– ball screw lead;
Dh3i– rotation angle caused by the derivative

motion.
By comparing the effects of compensation on the

pose, the necessity for compensation is clarified. Two
reachable poses are selected at random. Pi denotes the
given pose, while Pi

0 and Pi
00 denote the calculated

pose without compensation and the corresponding
pose with compensation from the ADAMS simula-
tion, respectively, as shown in Table 4.

Table 4 shows that the maximum position error
can reach 0.028mm (28 lm) and the attitude error
can reach 1.600 without compensation. For parallel
platforms that require micron-level accuracy, this
error has a major impact on the adjustment accuracy
of these platforms. The compensated pose is consis-
tent with the given posture.

Inverse solution for speed and
acceleration

Jacobi matrix of parallel platform

The pose of the upper platform is represented by the
generalized coordinate vector q ¼ X1; Y1; Z1;½

Table 3. Numerical iteration results and simulation results.

Leg displacement L1(mm) L2(mm) L3(mm) L4(mm) L5(mm) L6(mm)

P1 I 0.298465

2360134

0.296776

3360603

0.302914

5784883

0.298068

3720075

0.289100

6079318

0.283446

0684061

P1 S 0.298465

2360134

0.296776

3360603

0.302914

5784883

0.298068

3720074

0.289100

6079318

0.283446

0684061

P2 I 0.290382

4083917

0.284005

6385122

0.290366

645316

0.286178

3338765

0.297299

9025448

0.291765

0810304

P2 S 0.290382

4083917

0.284005

6385122

0.290366

645316

0.286178

3338765

0.297299

9025447

0.291765

0810304

P3 I 0.278380

5065249

0.282361

7351791

0.281453

4897970

0.278933

6372831

0.281422

9233529

0.279961

62763070

P3 S 0.278380

5065249

0.282361

7351790

0.281453

4897970

0.278933

6372831

0.281422

9233528

0.279961

62763070
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u; h; w�T, while t ¼ X1; Y1; Z1½ �T represents the posi-
tion of the origin of the upper platform-conjoined
coordinate system and qt ¼ u; h; w½ �T represents the
upper platform’s posture in the static coordinate
system. Three elements in qt represent Euler angles.
The corresponding rotation transformation matrix is:

R ¼ Rotðz;wÞ � Rotðy; hÞ � Rotðx;uÞ (18)

Each leg kinematic chain in the parallel platform
can be regarded as an RR-RP-RR series mechanism.
Therefore, the kinematics theory for series mecha-
nisms is used to analyze the leg, and the relationship
between the velocity at the upper hinge point and the
velocity of each joint in the leg is deduced.

In the ith leg, the velocity equation relative to the
previous coordinate system is:

O6iD ¼ O6iJ � Dh (19)

Where: O6iD is the differential movement of the end
of the leg relative to the O6i � X6iY6iZ6i system;

O6iJ is the Jacobi matrix relative to the O6i �
X6iY6iZ6i system;

Dh represents the differential motion of the six
joints of the leg.

Equation (19) can then be rewritten as:

O6i dx
O6i dy
O6i dz
O6idx
O6idy
O6idz

2
6666666664

3
7777777775
¼

O6i J11
O6i J12 � � � O6i J16

O6i J21 � � � O6i J26

..

.

O6i J61
O6i J62 � � � O6i J66

2
666664

3
777775 �

dh1

dh2

dh3

dL4

dh5

dh6

2
6666666664

3
7777777775

(20)

For the ith leg of the parallel platform, if the com-
bination of matrices A1ðiÞ, A2ðiÞ,. . .,A6ðiÞ is represented
by the matrix n, o, a, p, then the elements of the four
matrices above can be used to calculate O6iJ. The
matrix n, o, a, p that corresponds to joints 1 to 6 is
determined using the matrix OBT0i

0T6ðiÞ, 1T6ðiÞ, 2T6ðiÞ,
3T6ðiÞ, 4T6ðiÞ and 5T6ðiÞ.

To obtain the Jacobi matrix for the parallel plat-
form, it is first necessary to establish the relationship
between the speed of the upper platform and the

speeds of the six legs. When the pose t and the
speed _q of OP � XPYPZP relative to OB � XBYBZB

are given, then the speed of each joint in the legs can
be obtained, where the fourth joint in each leg is a
sliding joint. The relationship between the expansion
speed _L of the six drive legs and the speed _q is then
given as follows:

_L ¼

dL41=dt

dL42=dt

dL43=dt

dL44=dt

dL45=dt

dL46=dt

2
6666666664

3
7777777775
¼

OJ�1
4;� � OD=dt

OJ�1
4;� � OD=dt

OJ�1
4;� � OD=dt

OJ�1
4;� � OD=dt

OJ�1
4;� � OD=dt

OJ�1
4;� � OD=dt

2
666666666664

3
777777777775
¼ J _q (21)

Where, _L is the matrix composed of the expansion
speeds of the six driving legs;

J is the Jacobi matrix of the parallel platform.
J represents the conversion relationship between

the speed _q relative to the OB � XBYBZB system
and the expansion speed _L of the leg.

By calculating the time derivative of equation (21),
the conversion formula between the acceleration €q of
OP � XPYPZP relative to OB � XBYBZB and the
expansion acceleration €L of the leg can be obtained
as follows:

€L ¼ _J _q þ J€q (22)

Speed and acceleration analysis of the upper
platform

Kinematics analysis mainly involves analysis of the
speed and the acceleration of the upper platform in
the static coordinate system and in the body coordi-
nate system, and subsequently deducing the relation-
ship between the speed, the acceleration and the
generalized coordinates.

The generalized speed _q of the upper platform is
given as follows:

_q ¼ _t
T

xT
� �T

(23)

Table 4. Comparison of pose values with or without compensation.

Pose X (mm) Y (mm) Z (mm) a(�) b(�) c(�)

P1 3.000000 –2.000000 –5.000000 1.000000 2.000000 3.000000

P1
0 3.006276 –1.988150 –4.980296 1.000350 1.999845 2.999555

P1
00 3.000000 –2.000000 –5.000000 1.000000 2.000000 3.000000

P2 4.000000 3.000000 5.000000 –3.000000 1.000000 2.000000

P2
0 3.981227 3.005043 5.013016 –2.999753 1.000277 2.000410

P2
00 4.000000 3.000000 5.000000 –3.000000 1.000000 2.000000

Zhang et al. 9



In this formula, _t and x represent the linear veloc-
ity vector and the angular velocity vector relative to
the static coordinate system, respectively.

The following relationship exists between the
angular velocity vector xP in the body coordinate
system and the time derivative of qt:

xp ¼ E _qt (24)

In the above formula:

E ¼
1 0 � sh

0 cu such

0 � su cuch

2
64

3
75

The relationship between x and xP is given as
follows:

x ¼ RxP (25)

From equations (24) and (25), it is obtained:

x ¼ RE _qt (26)

It can then be deduced that:

_q ¼
_t

x

" #
¼ I3�3 0

0 RE

" #
�

_t

_qt

" #
¼ qJqt

_t

_qt

" #
(27)

qJqt ¼ I3�3 0
0 RE

� �
represents the Jacobi matrix of

the time derivative of the generalized coordinate
system for the generalized velocity of the upper
platform.

_xp is then obtained using equation (24):

_xp ¼ _E _qt þ E€qt (28)

After the time derivative of equation (25) is
obtained, then it is obtained:

_x ¼ _Rxp þ R _xp (29)

_x is then obtained by entering _R ¼ R~xp into equa-
tion (29):

_x ¼ R~xpxp þ R _xp ¼ R _xp ¼ Rð _E _qt þ E€qtÞ (30)

The symbol “	” in formula (30) represents an
operator, which is defined as follows:

The skew symmetric matrix of vector a ¼
½a1; a2; a3� is denoted as ~a, and its specific expression

is as follows: ~a ¼
0 � a3 a2
a3 0 � a1
�a2 a1 0

2
4

3
5

Speed and acceleration analysis of upper

hinge point

According to the vector relationship shown in

Figure 8, the position vector for the upper hinge

point qpi in the OB � XBYBZB can be expressed as

follows:

qpi ¼ tþRpi (31)

Where, t is the position vector of OP in the OB �
XBYBZB system;

pi is the position vector of the upper hinge point pi
in the OP � XPYPZP system.

The time derivative of equation (31) is calculated

to give:

_qpi
¼ _t þ _Rpi ¼ _t þ _R ~xppi

(32)

Equation (32) is then obtained as follows:

_qpi ¼ _t þ ~xRpi ¼ _t þ ð~piBÞTx
¼ I R~pT

i R
T

� �
� _t

x

� �
¼ qpiJpiq _q (33)

Where: qpiJpiq is the Jacobi matrix from the gener-

alized speed of the upper platform to the speed of the

upper hinge point, where qpiJpiq ¼ I R~pT
i R

T
� �

;
piB is the corresponding vector of vector Pi in the

OB-XBYBZB system.
The acceleration of the upper hinge point in the

OB � XBYBZB system is thus obtained as:

€qpi ¼ qpiJpiq€q þ ~x2Rpi (34)

Testing

Resolution

To verify the actual performance of the platform, it is

first necessary to test the prototype, as shown in

Figure 8. Vector diagram of the ith leg.
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Figure 9. The test conditions are as follows: the plat-

form is placed horizontally on the vibration isolation

table (working condition 1), and the platform is

inclined at an angle of 30� (working condition 2), as

shown in Figure 9(a) and (b), respectively. The trans-

lation resolution test uses a step size of 1 mm, while the

rotation resolution test uses a step size of 1.0800

(0.0003�).
In working condition 1, the partial test results are as

shown in Figures 10 and 11. These results show that

the maximum deviations in the X and Ry directions

are approximately 0.2 mm and 0.3200, respectively.
Under working condition 2, the partial test results

are as shown in Figures 11 and 12
As the results show, the maximum deviations in

the X and Rz direction are approximately 0.3 mm
and 0.3100, respectively.

Under full stroke conditions, the resolution test

results are based on the 3r principle, and the statis-

tical results are presented in Table 5.

Step accuracy

Measurement of the repetitive positioning accuracy is
carried out using a fixed step length and multi-point
cyclic measurements.

Under working condition 1, Figures 13 and 14 give
the test curves in the X and Ry directions,

(a) (b)

Figure 9. The test conditions: (a) Working condition 1, (b) Working condition 2.

Figure 10. Resolution test in Ry direction.

Figure 11. Resolution test in the X direction in the –10 to
10 lm range.

Figure 12. Resolution test in Rz direction in the �10.800 to
10.800 range.
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respectively. Under full stroke conditions, the repeti-

tive positioning errors are X (�0.5 mm), Y (�0.5 mm),

Z (�0.4 mm), Rx (�0.500), Ry (�0.500), and Rz (�0.400).
Similarly, at full stroke of working condition 2, the

repeat positioning errors are X� 0.5 mm, Y� 0.5 mm,

Z� 0.4mm, Rx �0.500, Ry �0.500, and Rz �0.400.

Static stiffness

The static stiffness test mainly includes static stiffness

testing of the legs and of the parallel platform. A

static stiffness test of the legs is shown in Figure 15,

and static stiffness testing of the platform is shown in

Figures 16 and 17.

In Figure 18, both pull and pressure are applied to
the legs and the static stiffness of the legs is measured
to be 12.7N/mm.

Three groups of tests are carried out in the axial
static stiffness test, and the order in which the load is
applied is: 0N!300 N!0 N (step size of 50N).
Figure 19 shows that the Z-direction static stiffness
of the platform is 125N/mm. The lateral static stiff-
ness of the platform is divided into the X-direction
and Y-direction static stiffness values. The static

Table 5. Resolution test results.

Resolution test Working condition 1 Working condition 2

X-Translation 1mm� 0.2 mm 1mm� 0.3mm
Y-Translation 1mm� 0.2 mm 1mm� 0.2mm
Z-Translation 1mm� 0.2 mm 1mm� 0.2mm
X-Rotation 1.0800�0.3600 1.0800�0.300

Y-Rotation 1.0800�0.3200 1.0800�0.300

Z-Rotation 1.0800�0.4300 1.0800�03100

Figure 13. Repeated positioning accuracy testing in X
direction.

Figure 14. Repeated positioning accuracy testing in the Ry
direction.

Figure 16. Horizontal static stiffness testing of the platform.

Figure 17. Axial static stiffness testing of the platform.

Figure 15. Static stiffness testing of legs.
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stiffness in the X-direction is 2.985N/mm, while the

Y-direction static stiffness is 2.890N/mm.
Three typical positions P1(0,0,30,0,0,4),

P2(0,6,0,0,6,0), and P3(6,0,0,�6,0,0) are additionally

selected, except zero position P0(0,0,0,0,0,0). The

related static stiffness of the parallel platform is mea-

sured. The test results are shown in Table 6.
By comparing the static stiffness of the parallel

platform in different positions, it is found that the

static stiffness is significantly different, especially the

axial stiffness changes greatly. With the change of

position, the stiffness of each leg will change, resulting

in the change in the stiffness of the parallel platform.

This is of great enlightening significance to the subse-

quent research on the stiffness of the parallel plat-

form, and the stiffness of the parallel platform

needs further study.

Natural frequency testing

Fundamental frequency testing of the platform

mainly includes axial and lateral fundamental fre-

quency tests without a load (Figure 20(a)) and with

a load (Figure 20(b)). The test system includes a

vibration isolation table, a prototype, a computer, a

hammer, and a spectrum analyzer. Firstly, the accel-

eration sensor is pasted on the moving platform, and

the parallel platform is knocked with a hammer. The

test system uploads the vibration response data

Figure 18. Axial static stiffness testing of the legs.

Figure 19. Z-direction static stiffness testing.

Table 6. Comparison of static stiffness of different positions.

X-direction Y-direction Z-direction

P0 2.985 N/mm 2.890 N/mm 125 N/mm
P1 1.614N/mm 1.955N/mm 41.67N/mm
P2 2.0683N/mm 2.306N/mm 71.43N/mm
P3 1.97N/mm 2.38N/mm 66.67N/mm

Figure 20. Fundamental frequency testing: (a) without load, (b) with load.

Figure 21. Vibrations response curve.
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collected by the sensor to the spectrum analyzer, and
generates the vibration response curve of the plat-
form. Figure 21 is the vibration response curve of
the platform with 30 kg load. The natural frequency
corresponding to the low-frequency peak less than
30Hz is the natural frequency of the vibration isola-
tion platform where the test system is placed. The
frequency at the two peaks indicated by the arrow
respectively corresponds to the lateral and axial fun-
damental frequency of the whole platform. The test
data are presented in Table 7.

Motion stroke test

The laser tracker is used to measure the strokes in the
X, Y and Z translational directions and in the Rx, Ry
and Rz rotational directions of the parallel platform.
The stroke test is illustrated in Figure 22 and the
results for the strokes are given in Table 8.

Conclusions

In this paper, a precise pointing adjustment mecha-
nism for application to a large-aperture telescope sub-

mirror system is studied. To meet the precision, high

stiffness and large working stroke requirements for

the system, this paper proposes a 6-RR-RP-RR par-

allel platform with an RR offset hinge. The structure

design of self-centering offset hinge with high rigidity

and high precision is carried out. The two hinge axes

of the offset hinge do not intersect, and the hinge

offset variable is introduced, which makes its kine-

matics more complicated than that of the parallel

mechanism using the universal hinge. It is difficult

to solve effectively, and there is no analytical solution.

Moreover, the existing methods have great limita-

tions. This article innovatively introduces the D-H

parameter method to solve the complex kinematics

problem of the parallel mechanism, and a numerical

iteration method is then used to solve the nonlinear

equation. The parallel mechanism is regarded as a

combination of series mechanism, therefore it can

be decomposed into a series of series mechanisms

for analysis, and then expand to the parallel mecha-

nism. The D-H parameter method overcomes the

shortcomings of the complex modeling process,

large limitations and the poor continuity of the

hinge motion constraint method. The D-H parameter

method used in this paper has a simple modeling pro-

cess, strong applicability and continuity, and can be

widely applied to various parallel mechanisms, pro-

viding a new tool for the analysis and application of

general parallel mechanisms. It provides an impor-

tant, novel, and concise method for the kinematics

problem of parallel mechanisms. Moreover, it can

solve the variables of each joint, and facilitate the

analysis of the velocity and acceleration of each

joint, laying the foundation for the subsequent

dynamic analysis. This paper has carried out a com-

prehensive test of the parallel platform to verify the

performance, design index and the correctness of

kinematic model of the platform from the experimen-

tal point of view. The results show that the platform

provides excellent performance.
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Table 7. Fundamental frequency test results.

Working condition Without load With load

Landscape orientation 94.06Hz 45Hz

Axis 222.97Hz 152.5Hz

Figure 22. Stroke test.

Table 8. Parallel platform stroke test results.

Working

condition X Y Z Rx Ry Rz

Stroke �12mm �12mm �36mm �6� �6� �8�
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