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A B S T R A C T

Parallax observations from adjacent CCDs have been applied to detect satellite jitter, and the highest detectable
jitter frequency reaches up to half CCDs image line frequency, among which, however, not all frequencies’
jitter could be detected accurately. Jitter error mainly comes from the noise in offset data. In this research,
it is found that at some frequencies the noise is amplified significantly, leading to seriously deviated jitter
components and even unreliable jitter results. This research focuses on the noise-amplifying questions in jitter
detection and explores what CCD parameters determine them. Firstly, the error transfer coefficients (ETC)
between jitter and offset is derived, and the frequencies are divided into three categories: blind frequencies,
noise-amplifying frequencies and noise-suppressing frequencies. Secondly, for two adjacent CCDs, formulas
are established to determine their blind frequencies and noise-amplifying bands, which indicate that it is the
two CCDs’ image line time 𝑡r and the distance l between the two CCDs’ first lines that determine their blind
frequencies and noise-amplifying bands. The reciprocal of the product of 𝑡r and l is defined as the fundamental
frequency F of the CCD pair. As a result, the blind frequencies and noise-amplifying bands both reoccur with
a period of fundamental frequency F, but unlike those isolated bind frequencies, the noise-amplifying bands
span much wider, up to nearly 1/3 jitter bandwidth. Thirdly, for three adjacent CCDs forming two CCD pairs,
aliasing between the two pairs’ noise-amplifying bands is first proven to be inevitable and reoccurs in cycles.
Formulas are then established to extract the aliasing components and compute the aliasing period length.
Experiments and simulations are conducted to test the constructed theories. Results show that the RMSE is
7.127 × 10−5 Hz for blind frequencies formulas, and the RRMSEs are 0.0051% for noise-amplifying bands’
period formulas, 0.0033% for aliasing period, and 1.2610% for noise-amplifying bandwidth, proving that the
established formulas could generate reliable results for the blind frequencies, noise-amplifying bands and their
aliasing components of three adjacent CCDs. Our studies are expected to help analyze more CCDs’ noise-
amplifying problems and provide a prospect to reduce their impact on jitter detection by optimizing CCD
parameter values.
. Introduction

Various vibrations seriously disturb the stability of satellite plat-
orm. Although most of the energy can be suppressed or isolated, there
s still some jitter remaining [1–3]. Satellite jitter usually possesses
elatively smaller energy, but spans a wider bandwidth of hundreds of
ertz [4–6]. Meanwhile, satellite jitter can be transmitted to cameras,
ausing additional image motion on focal planes and eventually distort-
ng images [7,8]. As a result, it has become essential for high-resolution
atellites with long focal length to detect the jitter accurately [9].

Several approaches have been proposed to detect satellite jitter. The
irst method is to use high-performance attitude-measuring sensors that
an collect satellite jitter with a high sampling rate and high accuracy.

∗ Corresponding author.
E-mail address: lhq@ahau.edu.cn (H. Liu).

An Angular Displacement Assembly (ADA) is installed on Landsat-7
spacecraft to measure its jitter at a rate of 500 Hz [10], in addition,
Chinese Yaogan-26 satellite estimated its jitter within 0.2∼450 Hz
by equipping a high-performance angular displacement sensor [3].
Nevertheless, it is still inaccessible for many satellites to install a
High-performance attitude-measuring sensors [11], which limits the
application of this method in jitter detection.

The second approach depends on an additional matrix imaging
sensor mounted beside main imaging sensors to catch the movement
of image points. Janschek et al. took advantage of the high sampling
rate of matrix imaging sensors to catch wide-bandwidth image motion
information [12–14].
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The third approach is to use adjacent imaging sensors, which are
onfigured in staggered splicing or parallel arrangement on a push-
room satellite focal plane, to acquire parallax observation images
aken at slightly different times. Mattson et al. obtained the jitter infor-
ation by using HiRISE camera’s several adjacent CCDs and estimated

he jitter of LROC-NAC camera from NACL and NACR images [15,
6]. Tong et al. measured the distortions of the ZY-3 satellite from
ultispectral and three-line-scanning imagery [17,18], Zhen et al. re-

onstructed the along-track attitude jitter of ZY-3 satellite based on
elative residuals of tri-band multispectral imagery [19]. Teshima and
wasaki adopted adjacent parallax bands to acquire ASTER short-wave
nfrared images and constructed its attitude information [20,21]. Sun
t al. discovered Chinese mapping satellite-1 jitter at 0.1 Hz and
.6 Hz [22]. Mumtaz and Palmer detected the attitude data from
he inter-image offsets between a pair of slightly canted sensors [23].
iu et al. evaluated the jitter of Chinese ZY-3 Satellite from image
iscrepancies [24]. Zhu et al. detected GaoFen-1 02/03/04 Satellites
itter based on parallax observation multispectral sensor images [25].
n addition, the authors of this paper take advantage of engineering
arameters and staggered CCDs to reconstruct Chinese satellite jitter
nformation [26].

The third method has received more attention due to its ability to
etect jitter from parallax observation images taken by adjacent imag-
ng sensors, rather than by adding extra high-performance attitude-
easuring devices or additional matrix imaging sensors. The error in

itter detection mainly comes from offset noise and the ETC between
hem [26]. We found that the ETC values approach infinity at some
requencies where the corresponding jitter components cannot be de-
ected, and we call them as blind frequencies. More importantly, those
TC values near blind frequencies are also extremely large, leading
o remarkable amplifications of the offset noise, and even resulting in
nreliable jitter components. Unlike those isolated blind frequencies,
he frequencies with large ETC values span much wider bands, and
ausing significant deviations in jitter results. The noise-amplifying
roblem in jitter detection is worthy of attention.

This study focuses on the noise-amplifying issues in jitter detection,
stablish formulas to calculate the noise-amplifying frequencies, finds
ut what patterns they follow, and most importantly, reveals what
CD parameters determine the noise-amplifying frequencies in jitter
etection and the quantitative relationship between them.

The rest of this paper is organized as follows. Following the intro-
uction, Section 2 provides evidence for noise-amplifying problem in
itter detection. In Section 3, for two adjacent CCDs, coefficient of error
ransfer is first derived to measure how much offset noise is amplified
fter transferring to jitter. Formulas are established to determine the
lind frequencies and noise-amplifying bands in jitter detection and
eveal the relationship between them and CCD parameters. Knowing
he central frequency of a noise-amplifying band and the bandwidth it
pans allows us to pinpoint its location, so two formulas are established
o compute the central frequency of a noise-amplifying band and its
andwidth. For three adjacent CCDs forming two CCD pairs, aliasing
etween two pairs’ noise-amplifying bands is proven to be inevitable
n Section 4. Following this, formulas are subsequently developed to
xtract the aliasing components and determine the period of aliasing
andwidth in Section 5. Finally, experiments and numerical simula-
ions are performed in Section 6 to validate the constructed theories.
iscussions and conclusions are given in Section 7 and Section 8.

. Evidence for noise-amplifying issues in jitter detection

.1. Fundamental of jitter detection from CCD pair’s parallax observation
magery

A linear CCD is usually equipped with several bands, and one of
he most commonly used combinations are panchromatic, red, green

nd blue bands. In each band, lines of pixels are made to support the

2

possible multilevel integration, as shown in Fig. 1(a), where 𝑅1 denotes
the first line of pixels in each band. In the scanning direction, distance
exists between the first lines of the same bands from two CCDs, as
shown in Fig. 1(b), where P, R, G and B denote the panchromatic band,
red band, green band and blue band, respectively, 𝑙P, 𝑙R, 𝑙G and 𝑙B
epresent the distances of the first lines between two CCDs’ panchro-
atic bands, red bands, green bands and blue bands, respectively. The
anchromatic band usually has a higher space resolution than the other
hree bands, thereby the parallax observation images in panchromatic
and are the most commonly used in satellite jitter detection. In the
ollowing sections, images refer to the panchromatic images unless
therwise specified, similarly, ‘‘the distance between the first lines of
wo adjacent CCDs’ means the distance between the first lines of two
djacent CCDs’ panchromatic bands, so the symbol 𝑙P is replaced with
for easy representation.

CCDs mounted on a pushbroom satellite focal plane are usually
onfigured in two ways [27–30]: staggered splicing or parallel arrange-
ent, as shown in Fig. 2, both the two configurations form overlapping
ixels, generating overlapping footprints in object plane. However,
ue to the distance of the first lines between two adjacent CCDs in
he scanning direction, their overlapping pixels scan the same object
ith a fixed time interval, while all pixels are affected by the same

itter simultaneously, resulting in an offset between the same object’s
osition in the two overlapping images. So offset in images can be
ritten as Eq. (1).

(𝑡 + 𝑙 × 𝑡𝑟) = 𝑗
(

𝑡 + 𝑙 × 𝑡𝑟
)

− 𝑗 (𝑡) , 0 ≤ 𝑡 ≤ 𝑇 − 𝑙 × 𝑡𝑟 (1)

Where l denotes the difference between the first lines of two adjacent
CCDs in the scanning direction, 𝑡𝑟 is the two CCDs’ identical image line
ime, note that the two CCDs used for detecting jitter have to be set in
he same image line time. j(t) and j(t+ l×𝑡𝑟) denote the jitter values at

time t and (t+ l×𝑡𝑟), g(t+ l×𝑡𝑟) represents the offset between the image
obtained by the CCD 2# at time t and that obtained by the CCD 1# at
time (t+ l×𝑡𝑟), and T is the duration of a shooting mission.

2.2. Evidence in Chinese xx-1 satellite jitter results

Due to lack of true values of on-orbit satellite jitter, it is difficult
to evaluate the accuracy of jitter detected from parallax observation
imagery. Nevertheless, the detected on-orbit satellite jitter results still
present an evidence for noise-amplifying issues.

Experiments are performed on Chinese xx-1 satellite to prove the
existence of noise-amplifying issues in jitter detection. Five CCDs are
mounted on the satellite focal plane and any two adjacent CCDs overlap
each other by 40 columns of pixels, and we pick the middle two
adjacent CCDs to detect satellite jitter. With typical image line time
of 65 microseconds and the distance between two adjacent CCDs’ first
lines of 3480 lines, over 900,000 lines of parallax observation images
are obtained from the two adjacent CCDs in a mission of about 30 s
started at 10:34 AM April 12, 2012, using which the satellite jitter
is estimated with the assist of its on-orbit engineering parameters by
adopting the method in [26].

Results are shown in Fig. 3. In the cross-track direction, large num-
bers of peaks appear in the amplitude–frequency jitter curve (marked
by red triangles), and they are located at 0.05 Hz, 4.38 Hz, 8.81 Hz,
13.27 Hz, 17.64 Hz, etc. as shown in Fig. 3(a) and Fig. 3(b). Similarly,
peaks also occur in the down-track satellite jitter curve, as shown in
Fig. 3(d) and Fig. 3(e), and they are located at 0.02 Hz, 4.39 Hz,
8.86 Hz, 13.27 Hz, 17.70 Hz, etc. It can be seen that all the peak
frequencies in both cross-track and down-track directions are well
fitted by the function 𝑦 = 4.42x with R2 = 1, as shown in Fig. 3(c)
and Fig. 3(f). This coincidence raises two questions: are these peaks
true jitter components or just error? Why are they all located integer

multiples of 4.42 Hz?
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Fig. 1. Bands in a linear CCD and the first line in a band. (a) A band with several lines of pixels to support the possible multilevel integration, 𝑅1, 𝑅2 and 𝑅𝑛 are the first, second
and nth line of pixels. (b) Two adjacent CCDs with four bands, P, R, G and B denote the panchromatic band, red band, green band and blue band, respectively, 𝑙P, 𝑙R, 𝑙G and 𝑙B
represent the distances of the first lines between two CCDs’ panchromatic bands, red bands, green bands and blue bands, respectively.
Fig. 2. Imaging process of two adjacent CCDs configured as (a) staggered splicing, (b) parallel arrangement.
Fig. 3. Chinese xx-1 satellite jitter results in frequency domain. (a) Amplitude–frequency curve of jitter within [0 192 Hz] in cross-track direction. (b) 0–20 Hz part of Fig. 3(a).
c) Peaks’ frequencies in Fig. 3(a). (d) Amplitude–frequency curve of jitter within [0 192 Hz] in down-track direction. (e) 0–20 Hz part of Fig. 3(d). (f) Peaks’ frequencies in
ig. 3(d).
.3. Evidence in numerical simulations

In order to investigate whether the peaks in Chinese xx-1 satellite
itter results are true jitter components or just an error, numerical
3

simulations are conducted with the parameters of Chinese xx-1 satellite:
the typical image line time 𝑡r is 65 microseconds, the distance between
two adjacent CCDs’ first lines l is 3480 lines, and every 40 lines ×
40 columns pixels form an cell to produce an offset data by image
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Fig. 4. Comparison between estimated jitter and their true values and the transfer coefficients between jitter error and offset noise. (a) Comparison within [0 192 Hz]. (b)
Comparison within [0 20 Hz].
matching. Theoretically, the parallax observation images can detect
the jitter up to 1∕(2𝑢×𝑡𝑟) = 1∕2∕40∕65 μs = 192 Hz according to
Nyquist sampling theorem. Plus, the main jitter component of Chinese
xx-1 satellite has an amplitude of ∼6 pixels. So a band-limited white
noise with a mean value of −0.003 pixels and a variance of 6.733
square pixels in [0 192 Hz] is used to simulate the true jitter, and the
corresponding offset data is calculated by using Eq. (1). Following this,
the offset is mixed with the white noise 𝜎offset whose mean and variance
are 0.004 pixels and 1.002 square pixels, and the jitter results were then
obtained by using the method in reference [26].

Results are shown in Fig. 4, the blue, orange and green curves
represent the jitter’s true values, estimated values and the transfer
coefficients between jitter error and offset noise, respectively. Just like
the Chinese xx-1 satellite jitter results in Fig. 3, large peaks appear in
the estimated jitter curve, which are located at 0 Hz, 4.42 Hz, 8.84 Hz,
13.26 Hz, 17.68 Hz, etc. and their fitted function is 𝑦 = 4.42x with
R2 = 1, as shown in Table 1. The ETCs at the peaks’ frequencies are
extremely large. Obviously, the peaks in the simulations are not real jit-
ter components, but the significantly amplified noise by the extremely
large ETCs. Since the simulations use the same parameters values (l and
𝑡r) with Chinese xx-1 satellite experiments, their peak frequencies in
jitter results are very close to each other, and they share the same fitted
functions with 𝑅2 = 1, as shown in Table 1, it is reasonable to believe
that, just like the simulations, the peaks in the experiments in Fig. 3
are also not real jitter components, but the seriously amplified noise
by large ETCs. It should be noticed that, besides the ETC peaks, those
ETC values near the peaks are also extremely large, leading to serious
amplifications of the offset noise, and resulting in jitter’s significant
deviations, as shown in Fig. 4(b).

Therefore, large numbers of peaks appear in both Chinese xx-1
satellite jitter experiments and simulations, results show that the jitter
4

peaks are not real jitter components, but the seriously amplified noise
by the extremely large ETCs at peaks frequencies. Both the simulations
and experiments confirm the existence of noise-amplifying issues in
satellite jitter. But why are they all located around the integer multiples
of 4.42 Hz? Is 4.42 Hz related to any CCD parameters?

3. Determining the noise-amplifying bands for one CCD pair

At least one CCD pair is required to produce parallax observation
images for detecting satellite jitter. Here we first analyze the noise-
amplifying issues for one CCD pair and then use it to explore the
noise-amplifying bands of two CCD pairs which are more complicated.

Since the error of satellite jitter mainly comes from offset data
noise and ETC [26], we adopt mathematical method to derive the ETC
between jitter and offset, which allows to measure how much the offset
noise is amplified, and then extract those noise-amplifying frequencies.

3.1. Deriving error transfer coefficient between jitter and offset data

Satellite jitter shows an obvious sinusoidal pattern [9], so the offset
can be substituted by sine functions as Eq. (2).

𝑔 (𝑡) =
𝐾
∑

𝑘=1
𝐵𝑔
𝑘 sin

(

2𝜋𝑓 𝑔
𝑘 𝑡 + 𝜎𝑔𝑘

)

, 𝑘 = 1, 2,… , 𝐾 (2)

Where 𝑓 𝑔
𝑘 , 𝐵

𝑔
𝑘 and 𝜎𝑔𝑘 are the frequency, amplitude and initial phase

of the kth sinusoidal component of offset g(t), respectively. According
to Eqs. (1) and (2), the frequency and amplitude of jitter can be
expressed as:

𝑓 𝑗 = 𝑓 𝑔 , 𝑘 = 1, 2,… , 𝐾 (3)
𝑘 𝑘
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Table 1
Peak locations in numerical simulations and Chinese xx-1 satellite jitter experiments.

CCD parameters Peak locations (Hz) Fitted functions

Experiments 𝑙 = 3480 lines
𝑡r = 65 μs

0.05, 4.38, 8.81, 13.27, 17.64, etc. (Cross-track) 𝑦 = 4.42x, 𝑅2 = 1
0.05, 4.39, 8.86, 13.27, 17.70, etc. (Down-track) 𝑦 = 4.42x, 𝑅2 = 1

Simulations 0.00, 4.42, 8.84, 13.26, 17.68, etc. 𝑦 = 4.42x, 𝑅2 = 1
W
p
r

a
a
n
a

𝐵

𝑙
1
a
t
t
S
c

𝐵𝑗
𝑘 =

𝐵𝑔
𝑘

|

|

|

|

2 sin
(

𝜋 ⋅ 𝑙 ⋅ 𝑡𝑟 ⋅ 𝑓
𝑗
𝑘

)

|

|

|

|

, 𝑘 = 1, 2,… , 𝐾 (4)

Where l the distance between the first lines of two adjacent CCDs, 𝑡r
represents their identical image line time, 𝑓 𝑗

𝑘 and 𝐵𝑗
𝑘 are the frequency

nd amplitude of the kth sinusoidal component of the jitter, respec-
ively. According to Eq. (4), the relationship between jitter error and
ffset noise can be expressed as:

𝐵𝑗
𝑘
=

𝑑𝐵𝑗
𝑘

𝑑𝐵𝑔
𝑘

⋅ 𝛿𝐵𝑔
𝑘
=

𝛿𝐵𝑔
𝑘

|

|

|

|

2 sin
(

𝜋 ⋅ 𝑙 ⋅ 𝑡𝑟 ⋅ 𝑓
𝑗
𝑘

)

|

|

|

|

, 𝑘 = 1, 2,… , 𝐾 (5)

Where 𝛿𝐵𝑗
𝑘

and 𝛿𝐵𝑔
𝑘

denote the jitter error and offset noise, respectively.
For two adjacent CCDs, we define the reciprocal of the product of

their image line time 𝑡𝑟 and the distance l between their first lines as
their fundamental frequency F, as shown in Eq. (6).

𝐹 = 1
𝑙 ⋅ 𝑡𝑟

(6)

So, the error transfer coefficient 𝜅(l, 𝑡r , f ) between the jitter error
nd offset noise can be constructed as Eq. (7), where the symbol
𝑗
𝑘 is replaced with f for easy representation, and the error transfer
oefficient 𝜅(l, 𝑡r , f ) can be expressed as 𝜅(F, f ).

(

𝑙, 𝑡𝑟, 𝑓
)

= 𝜅 (𝐹 , 𝑓 ) =
𝛿𝐵𝑗

𝑘

𝛿𝐵𝑔
𝑘

=
|

|

|

|

|

1
2 sin

(

𝜋 ⋅ 𝑙 ⋅ 𝑡𝑟 ⋅ 𝑓
)

|

|

|

|

|

=
|

|

|

|

|

|

|

1

2 sin
(

𝜋⋅𝑓
𝐹

)

|

|

|

|

|

|

|

(7)

Since Eq. (7) is a cosecant function, the ETC is a periodic function of
frequencies, and its period length equals to the CCD pair’s fundamental
frequency F. In each cycle, ETC is axisymmetric about its central
frequency, reaches infinity at its center and gradually decreases as the
frequency moves away from its center.

3.2. Establishing formulas to determine blind frequencies and
noise-amplifying bands

As we know, the denominator in the Eq. (7) cannot be equal to zero,
so the jitter at those frequencies making the denominator in the Eq. (7)
zero cannot be detected from parallax observation images. We call these
frequencies as ‘‘blind frequencies’’ of the two adjacent CCDs, and can
be written as Eq. (8).
{

𝑓b
}

= 𝑛 × 𝐹 = {0, 𝐹 , 2𝐹 , 3𝐹 ,…} , 𝑛 = 0, 1, 2,… (8)

Where {𝑓b} denotes the blind frequencies of two adjacent CCDs, F is the
fundamental frequency of the CCD pair. Obviously, the bind frequencies
in jitter detection are isolated and reoccur every fundamental frequency
of F .

It can be seen that, for two adjacent CCDs, the ETCs at integer mul-
tiples of their fundamental frequency approach infinity, which causes
that the corresponding jitter components cannot be detected from their
parallax observation images. In addition, the frequencies very close to
blind frequencies also produce large ETCs, resulting in serious jitter
error and even unreliable jitter components, as shown in Eq. (9).

𝜅 (𝐹 , (𝑛 + 𝛥𝑛) × 𝐹 ) =
|

|

|

|

|

|

|

1

2 sin
[

𝜋 ⋅ 1
𝐹 ⋅ (𝑛 + 𝛥𝑛) × 𝐹

]

|

|

|

|

|

|

|

= 1
|2 sin (𝛥𝑛 ⋅ 𝜋)|

≫ 1, 𝛥𝑛 → 0, 𝑛 = 0, 1, 2,… (9)

e

5

ETC and offset noise are the main factors of jitter error. Offset is ac-
quired by matching two parallax observation images, and its accuracy
is related to image content. For the content with obvious differences
(e.g. town), the offset accuracy can reach to pixel or sub-pixel levels,
while for the content with no obvious differences (e.g. water body,
mountain or desert), the offset noise get worse [31]. The truth is that
most of satellite images cover a lot of areas that have no conspicuous
differences, leading to an average offset noise more likely worse than
1 pixel. As we know, satellite jitter is a kind of vibration with large
frequency span but very small amplitude, for example, the main jitter
component of Chinese xx-1 satellite only has an amplitude of ∼6
pixels [26]. An error more than 1 pixel will seriously deteriorate the
jitter results. Under the average offset noise probably larger than 1
pixel, it is hoped for the ETC to be no more than 1 to produce a
relatively reliable jitter results.

ETC varies with frequencies, those continuous frequencies with
ETC>1 is classified as a noise-amplifying band, and those with ETC<1
is classified as a noise-suppressing band. We try to get knowledge of
noise-amplifying bands in ETC to explain the phenomena in Section 2.

According to Eq. (9), the noise-amplifying frequencies can be ex-
pressed as:
{

𝑓a
}

= {𝑓 |𝐸𝑇𝐶 > 1 }

=
(

0, 𝐹
6

)

∪ (𝐹 − 𝐹∕6, 𝐹 + 𝐹∕6) ∪ (2𝐹 − 𝐹∕6, 2𝐹 + 𝐹∕6)

∪ (3𝐹 − 𝐹∕6, 3𝐹 + 𝐹∕6)⋯

(10)

here {f a} denotes the set of noise-amplifying frequencies for one CCD
air, F is the CCD pair’s fundamental frequency, and the operator ∪
eturns the result of union operation.

According to Eqs. (8) and (10), the noise-amplifying frequencies
re located around blind frequencies, and those continuous noise-
mplifying frequencies around a blind frequency form a
oise-amplifying band, so the nth noise-amplifying band B(n, l, 𝑡r)
round the nth blind frequency can be written as:

(

𝑛, 𝑙, 𝑡𝑟
)

=

⎧

⎪

⎨

⎪

⎩

(

0, 1
6 × 𝑙 × 𝑡𝑟

)

(

𝑛
𝑙 × 𝑡𝑟

− 1
6 × 𝑙 × 𝑡𝑟

, 𝑛
𝑙 × 𝑡𝑟

+ 1
6 × 𝑙 × 𝑡𝑟

)

=

⎧

⎪

⎨

⎪

⎩

(

0, 𝐹
6

)

, 𝑛 = 0
(

𝑛 ⋅ 𝐹 − 𝐹
6
, 𝑛 ⋅ 𝐹 + 𝐹

6

)

, 𝑛 = 1, 2, 3,…
(11)

Just like the isolated bind frequencies, the noise-amplifying bands,
except the 0th one, also reappear with a cycle of F . So the period length
of blind frequencies and noise-amplifying bands can be written as:

𝑝b
(

𝑙, 𝑡𝑟
)

= 𝑝𝑛
(

𝑙, 𝑡𝑟
)

= 1
𝑙 × 𝑡𝑟

= 𝐹 (12)

Where 𝑝b(l, 𝑡r) and 𝑝n(l, 𝑡r) denote the period length of blind frequencies
and noise-amplifying bands, respectively.

For Chinese xx-1 satellite with the CCD parameters: 𝑡r = 65 μs and
= 3480 lines, its fundamental frequency F=1/(l×𝑡r)=1/(3480×65×

0−6)≈4.42 Hz and its blind frequencies are f b=4.42×n, n=0, 1, 2, . . . ,
ccording to Eqs. (6) and (8), as shown in Fig. 5. The blue curve is
he ETC values calculated by the established formula of Eq. (7), and
he green dots are the ETC values from the numerical simulation in
ection 2.3. The green dots are evenly distributed around the blue
urve, and they share the same blind frequencies. It can be seen that the
stablished formula for blind frequencies could explain why the peaks
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Fig. 5. Comparison between the ETC calculated by the established formula (blue curve) and its estimated values acquired in the simulations in Section 2.3 (green dots).
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n Chinese xx-1 satellite jitter results are all located at integer multiples
f 4.42 Hz, and it is the image line time 𝑡r and the first lines distance
l that determine the fundamental frequency of 4.42 Hz.

Therefore, both blind frequencies and noise-amplifying frequencies
exist in the jitter detected from a CCD pair’s parallax observation
images. The jitter at blind frequencies are undetectable, while noise-
amplifying frequencies refer to those where ETC >1, among which
some frequencies’ ETCs are extremely large, leading to significantly
deviated jitter components. Formulas are established to calculate blind
frequencies and noise-amplifying bands in jitter detection, which in-
dicate that it is the two CCDs’ image line time 𝑡r and the distance l
etween their first lines that determine the blind frequencies and noise-
mplifying bands. We define the reciprocal of the product of 𝑡r and l as
undamental frequency F. Both blind frequencies and noise-amplifying
ands reoccur with a cycle of fundamental frequency F. But unlike the
solated blind frequencies, a noise-amplifying band span much wider.

.3. Calculating the central frequency and bandwidth of a noise-amplifying
and

Knowing the central frequency of a noise-amplifying band and how
ide it spans allows to locate it exactly, so two formulas are established

o compute the central frequency of a noise-amplifying band and its
andwidth.

For a CCD pair, its noise-amplifying band reappears with a cycle of
ts fundamental frequency F, and the ETC in a noise-amplifying band
s axisymmetric about its center, so the central frequencies of noise-
mplifying bands are located at integer multiples of the fundamental
requency F, as shown in Eq. (13).
(

𝑛, 𝑙, 𝑡𝑟
)

= 0.5 ×
[(

𝑛
𝑙 × 𝑡𝑟

− 1
6 × 𝑙 × 𝑡𝑟

)

+
(

𝑛
𝑙 × 𝑡𝑟

+ 1
6 × 𝑙 × 𝑡𝑟

)]

= 𝑛
𝑙 × 𝑡𝑟

= 𝑛 × 𝐹 , 𝑛 = 1, 2, 3,… (13)

Where 𝑐(𝑛, 𝑙, 𝑡𝑟) denotes the central frequency of the nth
oise-amplifying band of two CCDs with the parameters of l and 𝑡𝑟.

Since the 0th noise-amplifying band is not axisymmetric about its
center, as shown in Fig. 5, its center is not given in Eq. (13).

Similarly, the bandwidth of a noise-amplifying band equals to 1/3
of their fundamental frequency F, as shown in Eq. (14), where 𝑤(𝑛, 𝑙, 𝑡𝑟)
denotes the bandwidth of the nth noise-amplifying band of two CCDs
with the parameters of l and 𝑡𝑟.

𝑤
(

𝑛, 𝑙, 𝑡𝑟
)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

1
6 × 𝑙 × 𝑡𝑟

= 𝐹
6
, 𝑛 = 0

[(

𝑛
𝑙 × 𝑡𝑟

+ 1
6 × 𝑙 × 𝑡𝑟

)

−
(

𝑛
𝑙 × 𝑡𝑟

− 1
6 × 𝑙 × 𝑡𝑟

)]

= 1
3 × 𝑙 × 𝑡

= 𝐹
3
, 𝑛 = 1, 2, 3,…

(14)
⎩

𝑟

6

It can be seen that, unlike the isolated blind frequencies, a noise-
amplifying band span much wider up to 1/3 F, thereby all the noise-
mplifying bands total up to nearly 1/3 jitter bandwidth, which
hreaten the accuracy of jitter detection seriously.

. Inevitable aliasing between two CCD pairs’ noise-amplifying
ands

.1. Establishing formulas to calculate aliasing bandwidth

Three adjacent CCDs are usually configured in two ways, as shown
n Fig. 6. 1# and 2# CCDs form the first pair and the distance between
heir first lines is 𝑙1. 2# and 3# CCDs form the second pair and their first
ines distance is 𝑙2. The three CCDs have to work in the same image line
ime 𝑡𝑟. Let 𝑟 = 𝑙2∕𝑙1, r≥1, the two CCD pairs’ fundamental frequencies
an be written as 𝐹1=1/(𝑙1×𝑡𝑟) and 𝐹2=1/(𝑙2×𝑡𝑟)= 𝐹1/r according to
q. (6). If the two pairs of CCDs are configured with different parameter
alues, namely 𝑙1≠ 𝑙2, thus 𝐹1≠𝐹2.

Three adjacent CCDs form two pairs of CCDs, and they have their
wn specific sets of noise-amplifying bands, and can be written as
qs. (15) and (16).

1
(

𝑛1, 𝑙1, 𝑡𝑟
)

=

⎧

⎪

⎨

⎪

⎩

(

0, 1
6 × 𝑙1 × 𝑡𝑟

)

, 𝑛1 = 0
(

𝑛1
𝑙1 × 𝑡𝑟

− 1
6 × 𝑙1 × 𝑡𝑟

,
𝑛1

𝑙1 × 𝑡𝑟
+ 1

6 × 𝑙1 × 𝑡𝑟

)

, 𝑛1 = 1, 2, 3,…
(15)

𝐵2
(

𝑛2, 𝑙2, 𝑡𝑟
)

=

⎧

⎪

⎨

⎪

⎩

(

0, 1
6 × 𝑙2 × 𝑡𝑟

)

, 𝑛2 = 0
(

𝑛2
𝑙2 × 𝑡𝑟

− 1
6 × 𝑙2 × 𝑡𝑟

,
𝑛2

𝑙2 × 𝑡𝑟
+ 1

6 × 𝑙2 × 𝑡𝑟

)

, 𝑛2 = 1, 2, 3,…
(16)

Where 𝐵1(𝑛1, 𝑙1, 𝑡𝑟) is the 𝑛1th noise-amplifying band of the first
CCD pair, and 𝐵2(𝑛2, 𝑙2, 𝑡𝑟) is the 𝑛2th noise-amplifying band of the
second CCD pair. An example is used to illustrate how two noise-
amplifying bands alias. Parameters are as follows: 𝑙1 = 3480 lines,
𝑙2 = 3810 lines, 𝑡r = 65 microseconds. The two pairs’ ETCs are calculated
by using Eq. (7) and results are shown in Fig. 7(a). The green and blue
curves denote the ETCs of the two CCD pairs, their aliasing bandwidth
is shown in Fig. 7(b).

Two noise-amplifying bands from different CCD pairs perhaps alias
with each other, and the aliasing bandwidth varies with the distance
between its two original bands’ centers. If the distance is less than
half of the two total bandwidths, partial aliasing occurs (as shown in
Fig. 7(d)), if greater, no aliasing (as shown in Fig. 7(e)), and if its two
original noise-amplifying bands share the same central frequency, they
alias totally (as shown in Fig. 7(c)). So the aliasing bandwidth can be
expressed as in Box I.
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a
𝑛

Fig. 6. Three adjacent CCDs’ configuration with different layout parameter values. (a) Staggered splicing, (b) Parallel arrangement.
Fig. 7. Aliasing of two CCD pairs’ noise-amplifying bands with 𝑙1 = 3480 lines and 𝑙2 = 3810 lines. (a) Error transfer coefficients of the two CCD pairs. (b) Aliasing bandwidth.
Two noise-amplifying bands are (c) totally aliased, (d) partially aliased and (e) not aliased.
𝑤𝑎𝑙𝑠
1,2(𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 , |

|

|

𝑐1
(

𝑛1, 𝑙1, 𝑡𝑟
)

− 𝑐2
(

𝑛2, 𝑙2, 𝑡𝑟2
)

|

|

|

> 1
6
⋅
(

1
𝑙1 × 𝑡𝑟

+ 1
𝑙2 × 𝑡𝑟

)

1
6
⋅
(

1
𝑙1 × 𝑡𝑟

+ 1
𝑙2 × 𝑡𝑟

)

− |

|

|

𝑐1
(

𝑛1, 𝑙1, 𝑡𝑟
)

− 𝑐2
(

𝑛2, 𝑙2, 𝑡𝑟2
)

|

|

|

, 0 < |

|

|

𝑐1
(

𝑛1, 𝑙1, 𝑡𝑟
)

− 𝑐2
(

𝑛2, 𝑙2, 𝑡𝑟2
)

|

|

|

≤ 1
6
⋅
(

1
𝑙1 × 𝑡𝑟

+ 1
𝑙2 × 𝑡𝑟

)

1
3
⋅min

(

1
𝑙1 × 𝑡𝑟

, 1
𝑙2 × 𝑡𝑟

)

, |

|

|

𝑐1
(

𝑛1, 𝑙1, 𝑡𝑟
)

− 𝑐2
(

𝑛2, 𝑙2, 𝑡𝑟2
)

|

|

|

= 0

(17)

Box I.
Where 𝑐1(𝑛1, 𝑙1, 𝑡𝑟) is the central frequency of the 𝑛1th noise-
mplifying band of the first CCD pair, 𝑐2(𝑛2, 𝑙2, 𝑡𝑟) is that of the
2th noise-amplifying band of the second CCD pair, 𝑤𝑎𝑙𝑠

1,2(𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟)
denotes the aliasing bandwidth between 𝐵1(𝑛1, 𝑙1, 𝑡𝑟) and 𝐵2(𝑛2, 𝑙2,
𝑡𝑟), and the operator min(x, y) returns the smaller value of x and y.
The maximal aliasing bandwidth equals to the width of the narrower
noise-amplifying band.

4.2. Discussing the inevitable aliasing between two CCD pairs’
noise-amplifying bands

Two CCD pairs generate two sets of noise-amplifying bands, for
two noise-amplifying bands from different CCD pairs, they perhaps not
alias with each other, while, for the entire two sets of noise-amplifying
bands, aliasing may be inevitable. Here we put forward the following
7

hypothesis: within jitter estimation bandwidth 𝐵𝑤, there is no aliasing
between the entire two sets of noise-amplifying bands. If the hypothesis
is not true, proving that the aliasing between the entire two sets is
inevitable.

According to Eq. (6), Eqs. (13) and (17), the above hypothesis means
that the inequality shown in Eq. (18) always holds.

|

|

𝑛1 × 𝐹1 − 𝑛2 × 𝐹2
|

|

> 1
6
(

𝐹1 + 𝐹2
)

, 𝑛1 = 0, 1, 2,… , ⌊𝐵𝑤∕𝐹1⌋ ,

𝑛2 = 0, 1, 2,… , ⌊𝐵𝑤∕𝐹2⌋
(18)

Since 𝐹1>0 and 𝐹2 = 𝐹1/r, Eq. (18) can be expressed as:
|

|

|

|

𝑛1 −
𝑛2
𝑟
|

|

|

|

> 1
6

(

1 + 1
𝑟

)

, 𝑛1 = 0, 1, 2,… , ⌊𝐵𝑤∕𝐹1⌋ , (19)

𝑛2 = 0, 1, 2,… , ⌊𝐵𝑤∕𝐹2⌋
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When 𝑛1≤ 𝑛2/r, since r≥1, Eq. (19) can be rewritten as

𝑟 <

(

𝑛2 − 1∕6
)

(

𝑛1 + 1∕6
) , 𝑛1 = 0, 1, 2,… , ⌊𝐵𝑤∕𝐹1⌋ ,

𝑛2 = 0, 1, 2,… , ⌊𝐵𝑤∕𝐹2⌋ , 𝑛1 ≤
𝑛2
𝑟

(20)

ince the minimum of the expression on the right side of Eq. (20) is -1,
f Eq. (18) holds for all 𝑛1 and 𝑛2, then r has to be less than -1, which
s conflicts with the condition of r≥1, thus the above hypothesis does
ot always holds. Therefore, for two CCD pairs, it is inevitable for their
ntire two sets of noise-amplifying bands to alias with each other.

. Extracting aliasing components from two CCD pairs’ noise-
mplifying bands

For two pairs of CCDs, their noise-amplifying frequencies can be
ivided into two categories: private noise-amplifying frequencies and
liasing noise-amplifying frequencies. Private noise-amplifying
requency refers to the noise-amplifying frequency only belonging to
ne CCD pair, while aliasing noise-amplifying frequency means the
ommon noise-amplifying frequency of the two CCD pairs. Knowing
he private frequencies of one pair allows us to remove the private
requencies’ jitter results, and substitute them with the other pair’s jitter
esults. Similarly, knowing the aliasing frequencies allows us to get rid
f the corresponding jitter results of both the two pairs. So formulas
re established to extract the aliasing and private components from two
CD pairs’ noise-amplifying bands, as shown in Eq. (21)–(23).
als
1,2

(

𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟
)

= 𝐵1
(

𝑛1, 𝑙1, 𝑡𝑟
)

∩ 𝐵2
(

𝑛2, 𝑙2, 𝑡𝑟
)

,

𝑛1 = 0, 1, 2,… , ⌊𝑏𝑤 ⋅ 𝑙1 ⋅ 𝑡𝑟⌋ , 𝑛2 = 0, 1, 2,… , ⌊𝑏𝑤 ⋅ 𝑙2 ⋅ 𝑡𝑟⌋ (21)
prv
1

(

𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟
)

= 𝐵1
(

𝑛1, 𝑙1, 𝑡𝑟
)

∩ 𝐵1
(

𝑛1, 𝑙1, 𝑡𝑟
)

∩ 𝐵2
(

𝑛2, 𝑙2, 𝑡𝑟
)

,

𝑛1 = 0, 1, 2,… , ⌊𝑏𝑤 ⋅ 𝑙1 ⋅ 𝑡⌋ , 𝑛2 = 0, 1, 2,… , ⌊𝑏𝑤 ⋅ 𝑙2 ⋅ 𝑡𝑟⌋ (22)

𝐵prv
2

(

𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟
)

= 𝐵2
(

𝑛2, 𝑙2, 𝑡𝑟
)

∩ 𝐵1
(

𝑛1, 𝑙1, 𝑡𝑟
)

∩ 𝐵2
(

𝑛2, 𝑙2, 𝑡𝑟
)

,

𝑛1 = 0, 1, 2,… , ⌊𝑏𝑤 ⋅ 𝑙1 ⋅ 𝑡⌋ , 𝑛2 = 0, 1, 2,… , ⌊𝑏𝑤 ⋅ 𝑙2 ⋅ 𝑡𝑟⌋ (23)

Where 𝐵1(𝑛1, 𝑙1, 𝑡𝑟) is the 𝑛1th noise-amplifying band of the first
CCD pair, and 𝐵2(𝑛2, 𝑙2, 𝑡𝑟) is the 𝑛2th noise-amplifying band of the
second CCD pair, B als 1,2 (𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟) denotes the aliasing noise-
amplifying band between 𝐵1(𝑛1, 𝑙1, 𝑡𝑟) and 𝐵2(𝑛2, 𝑙2, 𝑡𝑟), Bprv 1 (𝑛1,
𝑛2, 𝑙1, 𝑙2, 𝑡𝑟) represents the private components of the first CCD pair in
𝐵1(𝑛1, 𝑙1, 𝑡𝑟), and Bprv 2(𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟) is the private components of
the second CCD pair in 𝐵2(𝑛2, 𝑙2, 𝑡𝑟).

According to Section 4.1, for two noise-amplifying bands from dif-
ferent CCD pairs, aliasing will occur if the two bands’ center interval is
less than half of their total bandwidth, and two closer noise-amplifying
bands make a wider aliasing band. As a result, the aliasing bandwidth
reaches its maximum where its two original noise-amplifying bands
share the same center, and gradually decreases as the two original
bands move away from each other, until to zero (not aliased), and such
repeats. The periodicity of aliasing bandwidth will be demonstrated in
the following experiments section. Here we explore how to determine
the period of aliasing bandwidth.

Since the center of a noise-amplifying band is located at an in-
tegral multiple of its CCD pair’s fundamental frequency, two bands’
shared center appears at those common multiples of the two CCD
pairs’ fundamental frequencies. At the same time, the widest aliasing
bandwidth occurs at the shared center. Therefore, the widest aliasing
bandwidth occurs at those common multiples of its two original CCD
pairs’ fundamental frequencies, namely 𝑛1×𝐹1 = 𝑛2×𝐹2, where 𝑛1
and 𝑛2 are non-negative integers, 𝐹1 and 𝐹2 are the two CCD pairs’
fundamental frequencies. According to Eq. (17), the widest aliasing
bandwidth can be written as Eq. (24)

max
[

𝑤als (𝑛1, 𝑛2, 𝑙1, 𝑙2, 𝑡𝑟)
]

= 1
⋅min

(

1 , 1
)

1,2 3 𝑙1 × 𝑡𝑟 𝑙2 × 𝑡𝑟

8

= 1
3
⋅min

(

𝐹1, 𝐹2
)

, 𝑤ℎ𝑒𝑛 𝑛1 × 𝐹1 = 𝑛2 × 𝐹2

(24)

he period length of aliasing bandwidth equals to the least common
ultiple of the two CCD pairs’ fundamental frequencies, as shown in
q. (25).

als
1,2

(

𝑙1, 𝑙2, 𝑡𝑟
)

= lcm
(

1
𝑙1 × 𝑡𝑟

, 1
𝑙2 × 𝑡𝑟

)

= lcm
(

𝐹1, 𝐹2
)

= 1
𝑙1 ⋅ 𝑡𝑟

× lcm𝑟 (𝑟)

= 𝐹1 × lcm𝑟 (𝑟) , 𝑟 =
𝑙2
𝑙1

(25)

Where 𝑝𝑎𝑙𝑠1,2(𝑙1, 𝑙2, 𝑡𝑟) denotes the period length of aliasing bandwidth, 𝑙1
denotes the distance between the first lines of the first CCD pair, 𝑙2
denotes that of the second CCD pair, and 𝑡𝑟 means the image line time
of two CCD pairs, 𝐹1 and 𝐹2 denote the two CCD pairs’ fundamental fre-
quencies, the operator lcm(𝐹1, 𝐹2) finds two coprime positive integers
𝑛1 and 𝑛2 that satisfy 𝑛1×𝐹1 = 𝑛2×𝐹2, and returns the value of 𝑛1×𝐹1,
the operator lcm𝑟(r) finds two coprime positive integers whose ratio is
r, and returns the smaller one.

It is worth noting that, in mathematics, the least common multiple
is specific to positive integers. However, in this study, fundamental
frequencies are probably not integers, but they must be rational num-
bers, so we expand the concept of least common multiple to rational
numbers. Just like the noise-amplifying bands of two adjacent CCDs,
the aliasing bands of three adjacent CCDs are also determined by the
three CCDs’ layout parameter values and their image line time.

6. Experiments and results discussion

This section is divided into two parts. Firstly, for one CCD pair,
numerical simulations and experiments on Chinese xx-1 satellite are
performed to test the established formulas for determining ETC and
noise-amplifying bands in jitter detection. Secondly, for two pairs of
CCDs formed by three adjacent CCDs, numerical simulations are con-
ducted to examine the periodicity of aliasing bandwidth between the
two CCD pairs’ noise-amplifying bands.

6.1. Results of noise-amplifying bands for one CCD pair

Due to lack of on-orbit satellite jitter’s true values, it is difficult
to evaluate the jitter error and the transfer coefficients between jitter
error and offset noise. Nevertheless, experiments performed on an
on-orbit satellite jitter still allow to confirm the existence of noise-
amplifying bands in jitter estimation and their periodicity. By contrast,
numerical simulations prove an access to accurate jitter error, which
enables us to calculate the error transfer coefficients, and eventually
test the constructed theories determining noise-amplifying bands in
jitter estimation.

6.1.1. Numerical simulations
The established formulas are functions of CCD parameters of l and

𝑡𝑟, l denotes the distance between two adjacent CCDs’ first lines, and 𝑡𝑟
represents the two CCDs’ image line time. The parameter l and 𝑡𝑟 are
both set within reasonable value ranges and sampled at small steps to
go through all possible cases. The distance between two adjacent CCDs’
first lines depends on CCDs’ house size, which is typically thousands of
pixels size, for example, two adjacent CCDs in Chinese xx-1 satellite
is 3480 lines apart from each other. So the CCD layout parameter l
is set within 1000∼20000 lines with a step of 100 lines. CCD’s image
line time relies on its pixels size and satellite’s orbital altitude, for
example, HiRISE satellite’s image line time is typically 100 μs, and
the most representative image line time on Chinese xx-1 satellite is
65 μs. So CCD’s image line time 𝑡𝑟 is set to be 50∼300 μs with a
step of 10 μs. White noise was used to simulate the true jitter, offset
data were then mixed with white noise 𝜎𝑜𝑓𝑓𝑠𝑒𝑡, and the corresponding
jitter was finally estimated by using the method in [26]. Following this,
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discrete Fourier transform was performed on offset data noise and the
deviations between the jitter results and its true values, and the ratio of
the amplitudes between offset data noise and jitter deviations are used
to calculate ETC. For each set of l and 𝑡r values, 50 times are repeated
to obtain 50 ETC results. The maximal and minimal ETC values are
removed and the rest is used to calculate an average value. As a result,
nearly 5,000 ETC values are obtained.

Before showing all the ETC results, three of them are selected to
demonstrate how ETC periodically varies with frequencies. Parameters
are as follows: example1: 𝑙 = 2400 lines, 𝑡𝑟 = 140 μs; example2: 𝑙 = 5300
ines, 𝑡𝑟 = 100 μs; example3: 𝑙 = 8800 lines, 𝑡𝑟 = 90 μs. Theoretically,
TC is a periodic function of frequency, and its period length equals
o the fundamental frequency of its CCD pair, which are 2.9762 Hz,
.8868 Hz and 1.2626 Hz in the three examples. ETC results in the three
xamples are shown in Fig. 8(a)–(c). The green dots and blue curves
epresent the ETC results from simulations and its values calculated
y the established formula (only curves within 20 Hz are displayed
or easy observation). The ETC results from simulations are basically
onsistent with its values from ETC formula, and show an obvious
eriodical pattern. In each period, the ETC results are axisymmetric
round its central frequency (marked by red triangles), where reach
nfinity and gradually decrease as frequencies move away from the
enter, which agrees with the theoretical analysis in Section 3.1. In
ddition, central frequencies increases linearly, as shown in Fig. 8(d)–
f). The slope of the central frequency line is adopted to compute
he ETC’s period, which are 2.9762 Hz, 1.8868 Hz and 1.2626 Hz,
quivalent to the above three fundamental frequencies. Theoretically,
he ETC within a cycle intersects with the line ETC = 1 at two points,
ut in reality, the ETC turned out to be large numbers of discrete points
istributed near their theoretical values, as shown in Fig. 8(a), among
hich bad points were first removed and the rest points were then

moothed to obtain a smoother curve of the ETC results. Following this,
he two points where the ETC curve within a cycle intersected with the
ine ETC =1 were determined and the difference between them was
egarded as the bandwidth a noise-amplifying band spans. For each
alue set of l and 𝑡𝑟, the bandwidths of all noise-amplifying bands
re theoretically equal, while the actual noise-amplifying bands have
ifferent bandwidths, as shown in Fig. 8(g)–(i), the red diamonds and
lue stars represent the bandwidth values from the established formula
nd its actual results from simulations, respectively. The average of
ll the actual bandwidth values is used to be the final bandwidth
alue. Unlike the central frequencies of noise-amplifying bands, their
andwidth results deviate from their theoretical values (discussions
re given in Section 7). Firstly, for each set of l and 𝑡𝑟 values, the
TC peak frequency in a noise-amplifying band is regarded as its
enter, just like the red triangle in Fig. 8(a). All the center values from
imulations and that from the built formula are used to calculate their
eviations, which are then adopted to compute a RMSE. Large numbers
f simulations were conducted to obtain nearly 5,000 RMSE data, as
hown in Fig. 9(a). All the RMSE data is used to compute a room mean
quare, and it is regarded as the final RMSE to evaluate the performance
f built formula. As a result, the final RMSE is as low as 7.127×10−5 Hz,
s show in Table 2. It can be seen that the established equations could
rovide a reliable results for central frequencies of a noise-amplifying
and.

Secondly, two adjacent central frequencies are used to calculate
heir difference, and the average difference is taken as the period
ength of a noise-amplifying band. Results are shown by the red dots in
ig. 9(b), and their fitted surface can be expressed as Eq. (26) (R2 = 1),
hich is exactly the same as the established Eq. (12). The relative
eviations between the period values from simulations and their values
rom the built formula are employed to calculate relative root mean
quare error (RRMSE), as shown in Fig. 9(c). RRMSE is as low as
.0051%, as show in Table 2. Therefore, it is proved that the established
ormula could generate an accurate ETC period result.

𝑛(𝑙, 𝑡𝑟)𝑓𝑖𝑡 =
1 (26)
𝑙 × 𝑡𝑟 s

9

inally, bandwidth results are shown in Fig. 9(d), and their fitted
urface can be written as Eq. (27) (R2 = 0.9998). There is some differ-
nce between the fitted equation and its theoretical formula Eq. (14)
Since the 0th period length in simulations was removed, so the fitted
quation only shows the period length with n>0). Fig. 9(e) shows the
elative deviations of bandwidths between their values from simula-
ions and their values from the built formula, and RRMSE is 1.2610%,
s show in Table 2. Compared with the central frequencies of noise-
mplifying bands, their bandwidths deviate from its theoretical value
ore severely, and more details are discussed in Section 7.
(

𝑛, 𝑙, 𝑡𝑟
)

𝑓𝑖𝑡 =
0.3304
𝑙 × 𝑡𝑟

, 𝑛 = 1, 2, 3,… (27)

6.1.2. Experiments on satellite jitter estimation
In Section 2, experiments on Chinese xx-1 satellite jitter estimation

are performed to provide an evidence for noise-amplifying problems
in jitter detection, and two questions are raised. Here we employ the
constructed theories to analyze the questions in Section 2.

For Chinese xx-1 satellite with image line time 𝑡𝑟 of 65 μs and
wo adjacent CCDs’ first lines distance l of 3480 lines, their ETC and
lind frequencies are calculated by using Eqs. (7) and (8). Fig. 10
ompares the satellite jitter values from experiments (red curves) and
ts ETC values from the built formulas (blue curves), and their peaks
re marked by red and blue triangles. Since most of the satellite jitter
nergy is concentrated in the lower frequencies, the amplitudes at lower
requencies are larger than that at higher ones. Theoretically, with
he satellite image line time 𝑡𝑟 of 65 microseconds and interval l of
480 lines, its fundamental frequency is 4.42 Hz, and the satellite’s
oise-amplifying bands are expected to be located around the central
requencies of integer multiples of 4.42 Hz, meaning 0 Hz, 4.42 Hz,
.84 Hz, 13.26 Hz, 17.68 Hz, etc., while they turn out to be at 0.05 Hz,
.38 Hz, 8.81 Hz, 13.27 Hz, 17.64 Hz in cross-track direction, etc.,
s shown in Fig. 10(a) and Fig. 10(c), and the RRMSE between the
entral frequencies results and their theoretical values is 0.1672%
n cross-track direction. Similarly, the satellite jitter in down-track
irection is shown in Fig. 10(d)–Fig. 10(f), and the RRMSE of central
requencies is 0.1310%. It can be seen that blind frequencies and noise-
mplifying bands do exist in satellite jitter estimation and they reappear
eriodically, which is consistent with the above theoretical analysis.

.2. Results of aliasing between two CCD pairs’ noise-amplifying bands

Numerical simulations were conducted to test the periodicity of
liasing between two CCD pairs’ noise-amplifying bands, and prove the
orrectness of the established formula for computing aliasing period.
or two pairs of CCDs with their specific fundamental frequencies of
1 and 𝐹2(let 𝐹1≥𝐹2 and 𝑟 = 𝐹1∕𝐹2), their aliasing period relays on the
undamental frequency 𝐹1 and the ratio r according to Eq. (25). Just
ike the simulations in Section 6.1, let the distance 𝑙1 in the range of
000–20000 lines with a step of 100 lines, and the image line time 𝑡r
n the range of 50∼300 μs with a step of 10 μs. So the fundamental
requency 𝐹1 is set in the value range of 0.16∼20 Hz with a step
f 0.2 Hz (𝐹1u=1/(𝑙1× 𝑡r)=1/(1000×50×10−6)=20 Hz, and 𝐹1u=1/(𝑙1×
r)=1/(20000×300×10−6) ≈0.16 Hz). It was noticed in our previous
ork that the number of aliasing noise-amplifying bands would rise

apidly if r exceeded 2, causing difficulties in subsequent aliasing
andwidth minimization, so we set the ratio r in a reasonable range of
–2 with a step of 0.01. For each set of values of 𝐹1 and r, the aliasing
oise-amplifying bands were calculated by using Eq. (21), its period is
stimated by observing the envelope of aliasing bandwidth curves.

Fig. 11 compares the aliasing period values from simulation results
the red dots in Fig. 11(a) and Fig. 11(b)) with its values calculated by
he established formula (the surface in Fig. 11(a) and Fig. 11(b)). The
eviation between them is employed to calculate RMSE and RRMSE, as

hown in Fig. 11(c). RMSE and RRMSE are 0.0030 Hz and 0.0033%,
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Fig. 8. Three examples to demonstrate the periodicity of error transfer coefficient. Error transfer coefficients of (a) Example 1, (b) Example 2 and (c) Example 3. Center frequencies
of (d) Example 1, (e) Example 2 and (f) Example 3. Bandwidth of each noise-amplifying band of (g) Example 1, (h) Example 2 and (i) Example 3.

Fig. 9. Comparison between results from simulations and those values from the built formulas. (a) Central frequencies’ RMSE. (b) Noise-amplifying band’s period results from
simulations and their fitted surface. (c) Relative deviations of noise-amplifying bands’ periods. (d) Noise-amplifying bands bandwidth results from simulations and their fitted
surface. (e) Relative deviations of noise-amplifying bands bandwidth.

10
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Table 2
Simulations results of two adjacent CCDs’ noise-amplifying bands.

Established formula Fitted formula RMSE/RRMSE

Central frequency 𝑐
(

𝑛, 𝑙, 𝑡𝑟
)

= 𝑛
𝑙×𝑡𝑟

, 𝑛 = 1, 2, 3,… – 7.127×10−5 Hz

Period 𝑝n(𝑙, 𝑡𝑟) =
1

𝑙×𝑡𝑟
𝑝n(𝑙, 𝑡𝑟)𝑓𝑖𝑡 =

1
𝑙×𝑡𝑟

0.0051%

Bandwidth 𝑤(𝑛, 𝑙, 𝑡𝑟) =
1

3×𝑙×𝑡𝑟
, 𝑛 = 1, 2, 3,… 𝑤(𝑛, 𝑙, 𝑡𝑟)𝑓𝑖𝑡 =

0.3304
𝑙×𝑡𝑟

, 𝑛 = 1, 2, 3,… 1.2610%
Fig. 10. Comparison between satellite jitter results and theoretical ETC. (a) Frequency-domain comparison in 0–192 Hz in cross-track direction. (b) 0–20 Hz part of Fig. 10(a).
(c) Central frequencies of noise-amplifying bands in cross-track direction. (d) Frequency-domain comparison in 0–192 Hz in down-track direction. (e) 0–20 Hz part of Fig. 10(d).
(f) Central frequencies of noise-amplifying bands in down-track direction.
Fig. 11. Comparisons of aliasing period between simulation results and theoretical values. (a) Front view. (b) Rear view. (c) Deviation between simulations results and theoretical
alues.
espectively. It can be seen that the established formula can provide
n effective results for aliasing period between two CCD pairs’ noise-
mplifying bands. In addition, larger 𝐹1 produces a larger period, as

shown in the front view Fig. 11(a), while the period does not show any
obvious pattern as r varies, as shown in the rear view Fig. 11(b), which
is consistent with the established formula Eq. (25).

In order to visually demonstrate the periodicity of aliasing band-
width, we select four groups of results (Fig. 12(a)–(d)), where 𝐹1 and

are respectively set with a larger value and a smaller value in their
pecific ranges. Fig. 12(e)–(h) are the details of Fig. 12(a)–(d). It can
e seen that aliasing bandwidth shows obvious periodicity. However, it
hould be noticed that, in some cases, there is a clear boundary between
wo aliasing periods, as shown in Fig. 12(a) and its details Fig. 12(e),
ig. 12(b) and its details Fig. 12(f), while more often than that, two
ycles intersect with each other on their borders, as shown in Fig. 12(c)
nd its details Fig. 12(g), Fig. 12(d) and its details Fig. 12(h), which
ring challenges to minimize aliasing bandwidth between two CCD
11
pairs’ noise-amplifying bands and will be the focus of our follow-up
research.

7. Discussions

The simulation results in Section 6.1 show that the RRMSE is
1.2610% for bandwidth formula, while 0.0051% for central frequency
formula. Here we discuss why the simulation result of bandwidth
deviates from its theoretical values more seriously than that of central
frequency does.

According to Eq. (7), ETC 𝜅(F, f ) varies with frequencies, and it can
be expressed in two cases, as shown in Eq. (28).

𝜅 (𝐹 , 𝑓 ) =
|

|

|

|

|

|

1

2 sin
(

𝜋⋅𝑓
)

|

|

|

|

|

|

| 𝐹 |
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W
d

𝜅

Fig. 12. Results of aliasing bandwidth between two CCD pairs’ noise-amplifying bands under some specific values of 𝐹1 and r (𝐹1=1/l1∕𝑡r , 𝑟 = 𝑙2∕𝑙1 = 𝐹1∕𝐹2). Aliasing bandwidth
in the cases of (a) 𝐹1 = 0.96 Hz and 𝑟 = 1.01 (𝐹2 = 0.9696 Hz). (b) 𝐹1 = 10.36 Hz and 𝑟 = 1.01 (𝐹2 = 10.4636 Hz). (c) 𝐹1 = 0.96 Hz and 𝑟 = 1.48 (𝐹2 = 1.4208 Hz). (d)𝐹1 = 10.36 Hz
and 𝑟 = 1.48 (𝐹2 = 15.3328 Hz). (e) Details of Fig. 12(a). (f) Details of Fig. 12(b). (g) Details of Fig. 12(c). (h) Details of Fig. 12(d).
=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1

2 sin
(

𝜋⋅𝑓
𝐹

) , 2(𝑛 − 1)𝐹 < 𝑓 < 2𝑛𝐹 − 𝐹 , 𝑛 = 1, 2, 3,…

−1

2 sin
(

𝜋⋅𝑓
𝐹

) , 2𝑛𝐹 − 𝐹 < 𝑓 < 2𝑛𝐹 , 𝑛 = 1, 2, 3,…
(28)

here F denotes the CCD pair’s fundamental frequency. Then the
erivative of 𝜅(F, f ) with respect to f can be written as:

′ (𝐹 , 𝑓 ) =
𝜕𝜅 (𝐹 , 𝑓 )

𝜕𝑓

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

− 𝜋
2𝐹

×
cos

(

𝜋⋅𝑓
𝐹

)

sin
(

𝜋⋅𝑓
𝐹

)2
, 2(𝑛 − 1)𝐹 < 𝑓 < 2𝑛𝐹 − 𝐹 , 𝑛 = 1, 2, 3,…

𝜋
2𝐹

×
cos

(

𝜋⋅𝑓
𝐹

)

sin
(

𝜋⋅𝑓
𝐹

)2
, 2𝑛𝐹 − 𝐹 < 𝑓 < 2𝑛𝐹 , 𝑛 = 1, 2, 3,…

(29)

In the cases where f approaches an integer multiple of F, namely
f→n×F, 𝑛 = 0, 1, 2, . . . , the derivative of ETC reaches infinity, as shown
in Eq. (30).

lim
𝑓→𝑛𝐹

𝜅′ (𝐹 , 𝑓 ) = ±∞ (30)

When ETC=1, the frequency f can be expressed as:

𝑓 =

{

1∕6 × 𝐹 , 𝑛 = 0

(𝑛 ± 1∕6) × 𝐹 , 𝑛 = 1, 2, 3,…
(31)

The corresponding derivative of ETC equals to:

lim
𝐸𝑇𝐶=1

𝜅′ (𝐹 , 𝑓 ) = ±
√

3 𝜋
𝐹

(32)

It can be seen that the absolute value of the derivative at ETC=1 is
much less than that at the frequency approaching an integer multiple
of F, namely f →n× F, 𝑛 = 0, 1, 2, . . . , and the corresponding ETC→∞,
12
as shown in Eq. (33).

|

|

|

|

lim
𝐸𝑇𝐶=1

𝜅′ (𝐹 , 𝑓 )
|

|

|

|

≪
|

|

|

|

lim
𝑓→𝑛𝐹

𝜅′ (𝐹 , 𝑓 )
|

|

|

|

=
|

|

|

|

lim
𝐸𝑇𝐶→∞

𝜅′ (𝐹 , 𝑓 )
|

|

|

|

, 𝑛 = 0, 1, 2,…

(33)

The ETC data from simulations contains large numbers of discrete
points which are located near their theoretical values, as shown in
Fig. 13(a). Bad points are first removed and smoothing is then used
to obtain a smoother ETC curve. In a noise-amplifying band, the
smoothed ETC curve intersects with the line ETC =1 at two points,
and the difference between the two points’ frequencies is regarded as
the bandwidth estimated value, as shown by the blue double arrows in
Fig. 13(b). The peak of the ETC discrete points in a noise-amplifying
band is used as its center frequency, as shown by the red triangles in
Fig. 13(b).

Since the absolute value of the derivative at ETC=1 is much less
than that around ETC→∞, more discrete points gather around ETC=1,
while very few points appear around ETC→∞, as shown in Fig. 13(a).
Even after smoothing the ETC data, the standard deviation around
ETC=1 is still much larger than that around ETC→∞, namely 𝜎ETC=1>
𝜎ETC→∞, as shown in Fig. 13(b). As a result, the RRMSE for the
bandwidth estimated values is much larger than that for the central
frequency estimated values.

8. Conclusion

This research discoveries the noise-amplifying issues in satellite jit-
ter detection, and constructs theories to determine the noise-amplifying
frequencies, find out what patterns they follow, and investigate what
CCD parameters determine them. Numerical simulations and experi-
ments on a Chinese satellite were conducted to test the performance
of the constructed theories. Conclusions can be made as follow.

(1) A formula is established to compute the transfer coefficient
between jitter error and offset data noise. Simulation results are
basically consistent with the theoretical ETC values, proving the
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c

Fig. 13. Comparisons between ETC=1 and ETC→∞. (a) The number of ETC data points comparisons between ETC=1 and ETC→∞. (b) Standard deviation of the smoothed ETC
urve comparisons between ETC=1 and ETC→∞.
correctness of the established ETC formula. Besides, both the
established formula and simulation results indicate that the ETC
is a periodic function of frequency, and in each cycle, the ETC
is axisymmetric around its central frequency, reaches infinity at
its center and gradually decreases as the frequencies move away
from its center.

(2) For two adjacent CCDs, formulas are established to determine
the blind frequencies and noise-amplifying bands, calculate their
period length, and locate the center frequency and bandwidth
of a noise-amplifying band. Simulation results show that RMSE
is as low as 7.127×10−5 Hz for the central frequencies formula,
RRMSE is 0.0051% for the period formula. By contrast, RRMSE
is 1.2610% for the bandwidth formula, which is larger than that
of central frequencies. But fortunately, the RRMSE of ∼1% has
little effect on the subsequent noise-amplifying frequencies elim-
ination based on filter design. In addition, experimental results
performed on Chinese xx-1 satellite jitter estimation confirm the
existence of noise-amplifying bands and their periodic pattern.
So it is proved that the established formulas could provide
reliable results for blind frequencies and noise-amplifying bands.

(3) It is the two CCDs’ image line time 𝑡𝑟 and the distance l between
the two CCDs’ first lines that determine the blind frequencies and
noise-amplifying bands in detected jitter results. The reciprocal
of the product of 𝑡𝑟 and l is defined as the fundamental frequency
F of the CCD pair. As a results, the blind frequencies and
noise-amplifying bands both reoccur with a period of funda-
mental frequency F, but unlike the isolated blind frequencies,
the noise-amplifying band spans much wider band up to 1/3
F, thereby all the noise-amplifying bands total up to nearly 1/3
jitter bandwidth.

(4) Three adjacent CCDs form two CCD pairs and generate two
sets of noise-amplifying bands. Aliasing between the two sets
of noise-amplifying bands is first proven to be inevitable. For-
mulas are then established to extract the aliasing components
from two CCD pairs’ noise-amplifying bands, which indicates
that the aliasing reoccur periodically and its period length is
determined by the two CCD pairs’ fundamental frequencies.
Simulation results show that the aliasing period length’s RMSE
and RRMSE are 0.0030 Hz and 0.0033%, respectively, proving
that the established equation could provide an effective results
for aliasing period.

In conclusion, for three adjacent CCDs whose parallax observation
images are used to detect satellite jitter, it is the distances between
the CCDs’ first lines and their image line time that determine the blind
frequencies, noise-amplifying bands and their aliasing components in
jitter detection. The constructed theories are expected to help analyze
more CCD pairs’ noise-amplifying issues and provide a prospect to
reduce their impact on jitter detection by optimizing CCD parameter
values.
13
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