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Modeling and Analysis of the Pumping Threshold
Characteristics in One-Color Two-Photon

Excited Cs Vapor
Hanghang Yu , Fei Chen, Qikun Pan, Yang He, and Jijiang Xie

Abstract— The pumping threshold is an important parameter
for laser sources. Limited by the intricate transition mechanism
of the one-color two-photon excitation, there has been a short-
age of theoretical studies on the pumping threshold character-
istics of alkali vapors. Thus, we propose a physical model of
the pumping threshold by innovatively combining the coupled
wave equation and the rate equation for one-color two-photon
excited Cs vapor. To verify the validity of the model, we compare
our simulation results with the available experimental data and
show that they agree well with each other. By analyzing the
main factors influencing the pumping threshold, we find that the
cell temperature and frequency detuning of the pumping laser
have a decisive impact on the pumping threshold. These results
can provide a valuable reference for the selection of appropriate
pumping parameters in further experiments.

Index Terms— Pumping threshold, four-wave mixing, two-
photon excitation.

I. INTRODUCTION

THE characteristics of the pumping threshold of lasers,
especially the intensity threshold, are a flourishing

research topic for various types of lasers. In recent years,
the parametric four-wave mixing (FWM) process in alkali
vapors (mainly Rb and Cs) has demonstrated the potential to
realize the generation of lasers with the advantage of achieving
a multiwavelength output [1]–[5]. FWM in alkali atoms has
been extensively used in various applications, including photon
storage [6], [7] and quantum memories [8], the generation
of entangled images [9], and the transfer of trans-spectral
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Fig. 1. The energy level diagram and FWM processes for the Cs atom. TPA
represents two-photon absorption.

orbital angular momentum [10]. Many studies on the spectral,
absorption and light emission characteristics of one- and
two-color laser pumping schemes have also been carried
out [11]–[14]. However, the studies of the pumping threshold
have been confined to experimental measurements with certain
parameters. In addition, a theoretical investigation has been
absent because of the complicated transition mechanism for
the FWM process in alkali vapors. Clearly, a systematical
study of the pumping threshold would be of great interest to
provide useful assistance in experiments.

In this paper, we build a physical model to study the char-
acteristics of the pumping threshold in a one-color pumping
scheme. Then, verifications of the simulation results with
the current experimental records are carried out for four
common transition processes in Cs vapor. Finally, we explore
the relationship between the pumping threshold and relevant
parameters such as the temperature, energy level structure,
vapor cell length and frequency detuning of the pumping laser,
which can offer important guidance for experiments.

II. DESCRIPTION OF THE THEORY

The energy level diagram and FWM processes in Cs vapor
are shown in Fig. 1 with four common pumping states. Before
establishing the systematic model, it is necessary to analyze
the transition process. The atoms are first excited from the
6S1/2 ground state to the upper states (6D or 7D) by nonlinear
two-photon absorption for FWM in Cs vapor. The middle
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Fig. 2. Schematic diagram of the pumped Cs vapor system.

virtual states marked with the dotted line shown in Fig. 1 are
helpful in achieving this process. Afterwards, infrared light
is generated from the population inversion between the upper
states and 7P state. The three light fields involved in the FWM
process are already present. Atoms in the 7P states return to
ground state by ultimately radiating coherent blue light. This
constitutes a special FWM process with one-color two-photon
absorption in Cs vapor.

The original two-photon absorption for FWM in Cs vapor is
achieved by the coupling of the two pumping radiation fields.
This process does not satisfy the phase matching conditions
required for the nonlinear effect. Therefore, the coupled wave
equation of two-photon absorption can be used to describe the
absorption process. To simplify the calculation, we assume that
the incident pumping laser fields are linearly polarized. The
coupled wave equation in terms of the electric field intensity
of the pumping laser E(v1,z) in a one-color pumping scheme
can be given by [15]

d E(v1, z)

dz
= 3i(2πv1)

2

k1c2 χ
(3)
T A(v1,−v1, v1) |E(v1, z)|2 E(v1, z)

(1)

where v1 is the frequency of the pumping laser and i is the
imaginary unit. k1 is the wavevector. χ

(3)
T A is the third-order

susceptibility for two-photon absorption. c is the speed of light,
and z is the propagation distance of the pumping laser in Cs
vapor. χ

(3)
T A can be expressed as

χ
(3)
T A = N

6ε0h3

∑
k,n,m

ρ0
kk

μ2
nkμ

2
mn

(vnk − v1 − i�nk)2(vmk −2v1 − i�mk)

(2)

where N is the number of Cs atoms per unit volume, and k,
n, and m represent the energy states of the 6S, 6P and upper
states (6D or 7D states), respectively. vba (a, b = k, n, m)
represents the transition frequency from state |b > to |a >.
μba (a, b = k, n, m) is the phase relaxation rate. ε0 is the
population occupation probability of the ground state, and ε0
is the permittivity of vacuum. μab corresponds to the dipole
moment matrix element of the transition.

Eq. 1 can be transformed according to the relationship
between the electric field intensity and power intensity as

d I (v1, z)

dz
=−3(2πv1)μ0

n2
1

χ
(3)
T A(v1,−v1, v1)(I (v1, z))2 (3)

where μ0 is the permeability of vacuum and n1 is the refractive
index of the pumping light in Cs vapor. I (v1, z) is the
power intensity of the pumping light with frequency v1 at a
propagation distance of z. The solution of the above equations
based on definite integration can be given as

I (v1, z) = I (v1, 0)

1 + α1 I (v1, 0)z
, α1 = 6π

n2
1

μ0χ
(3)
T Av1 (4)

where I (v1,0) is the pumping intensity at the incident surface
of Cs vapor cell illustrated in Fig. 2. When the atoms are
excited to upper energy states, one should explore the influence
of the infrared light on the intensity threshold. Experimental
studies have revealed that collimated blue light generation only
occurs in the presence of an infrared field [16], [17]. The good
correlation between infrared light and blue light means that the
pumping threshold of FWM can be acquired by the pumping
threshold of the infrared field in Cs vapor.

To accurately calculate the pumping threshold, the rate
equation of the infrared photon density, which can describe
the generation and propagation processes of the infrared field,
is given when the beam diameter remains unchanged along
the Cs vapor cell [18]

d NI R

dt
= �nσ21(v, v0)cNI R − NI R

τI R
(5)

where NIR is the infrared light photon density. σ21(v, v0) and
�n are the emission cross-section and population inversion
density between the upper states and the 7P states, respectively.
Considering that the population in the 7P states is near zero in
the nonexcitation condition, �n can be considered to be equal
to the population density of the upper states (6D or 7D states).
The vital parameter τIR represents the average lifetime of the
infrared light photons in the Cs vapor, which can be explained
as the time associated with the infrared light photons within
a solid angle � passing though the vapor cell. This parameter
is regarded as the average lifetime of the infrared light pho-
tons. According to this physical meaning, τIR can be defined
as

τI R = L

c
η (6)

where L is the length of the Cs vapor cell and η is the ratio
of related solid angle � with total value 4π . � is calculated
relative to the exit end surface and the center of the Cs
vapor cell as shown in Fig. 2, which can be approximatively
expressed as

� = πa2

(L/2)2 . (7)

a is the radius of the vapor cell. To realize continual gen-
eration and propagation of infrared photons during pumping,
Eq. 5 must satisfy

d NI R

dt
≥ 0. (8)

The population inversion density threshold for the upper
energy states can be obtained from Eqs. 5 and 6:

�nth = 1

σ21(v, v0)ηL
. (9)
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For a one-color laser pumping scheme, a pulsed laser is
generally used as a pumping source to provide a high pumping
intensity, and the pulse width τP used in experiments is
significantly smaller than the lifetime of the upper states. Thus,
the effect of spontaneous radiation can be neglected during the
pulsed excitation period. The required intensity threshold for
the generation of infrared light during the pulsed excitation
time τP can be calculated as

II Rth = hvmk�nthV

τP S
(10)

where hvmk is the transition energy from the ground state to
the upper state, and V is the volume of the Cs vapor. S is the
mode area of the pumping laser. IIRth is the required intensity
threshold for the generation of infrared light from the upper
state, which can be approximately regarded as the value of
absorbed pumping intensity I (v1, L) assuming that the mode
area of the pumping laser keeps invariance in Cs vapor.

II Rth = I (v1, L). (11)

Therefore, the intensity threshold for FWM can be obtained
by substituting Eq. 11 into Eq. 4

Ith(v1, 0) = II Rth

2
+

√
(

II Rth

2
)2 + II Rth

α1 L
. (12)

α1 is the absorption coefficient shown in Eq. 4. From Eq. 11,
we can see that many parameters have an impact on the
intensity threshold.

III. RESULT AND DISCUSSION

The common absorption processes for FWM in Cs vapor are
the transitions 6S1/2-7D3/2,5/2 and 6S1/2-6D3/2,5/2; through
these transitions, we validate the correctness of the physical
model.

A. Transition Process of 6S1/2-7D3/2

For the transition 6S1/2-7D3/2, most of the experimental
parameters used in the model are shown in Table I. The exper-
imental records and simulation results are plotted in Fig. 3.
In Fig. 3(a), the experimental data [19] are reproduced with
additional fitting to acquire the energy threshold in the FWM
process at two different temperatures. Meanwhile, one can
examine the validity of the theory with changes in the tem-
perature. The pumping intensity threshold calculated by our
model is obtained for temperatures from 400 K to 500 K
in Fig. 3(b). The frequency detunings of the pumping laser
and infrared light are set to 1 GHz and zero Hz, respectively,
according to the instrument parameters mentioned in Ref. 15.
The two special dots in Fig. 3(b) are shown to match the
experimental data in Fig. 3(a). The energy thresholds at the two
different temperatures in Fig. 3(a) are approximately 1.5 mJ
and 2.5 mJ. Correspondingly, the intensity thresholds are
approximately 0.97×1010W/m2 and 1.62×1010W/m2. From
Fig. 3(b), the theoretical results are 0.86×1010W/m2 and
1.36×1010W/m2, respectively. By comparison, we can see that
the simulations agree well with the experimental data within
the permitted error. The error is mainly from measurement

TABLE I

MAIN EXPERIMENTAL PARAMETERS CALCULATED
IN THE PHYSICAL MODEL

error, numerical error in the experiment and parameter error
in the simulation results.

In addition, the experimental data can validate the correct-
ness of our model at different temperatures. In the experiment,
the ratio of the intensity thresholds I175◦C/I200◦C is approxi-
mately 1.67. The ratio in the simulation result is calculated
to be 1.58, which can effectively prove the correctness of
the model. The relationship between the intensity threshold
and temperature is shown in Fig. 3(b). We can see from
Fig. 3(b) that the intensity threshold and temperature exhibit
an approximately reciprocal relationship. As the temperature
increases, the intensity threshold gradually decreases, and
the rate decreases at high temperatures. According to our
physical model and the expression of third-order susceptibility
for two-photon absorption, the influence of temperature on
the intensity threshold is mainly reflected in the population
density of the Cs atoms and energy level linewidth. However,
the atoms density increases exponentially and energy level
linewidth grows in square root with the rise of temperature
in a certain range, so the impact of the population density
on the intensity threshold is obvious and dominant. Therefore,
the intensity threshold has a negative exponential relation with
temperature illustrated in Fig. 3(b). The Cs atom density in
vapor cell is saturated at approximately 550 K, which means
the Cs atom density growth slowly with temperature. This may
be the reason for the saturation curve shown in Fig. 3(b).

The intensity threshold versus the frequency detunings of
the pumping laser and infrared light at different temper-
atures is illustrated in Fig. 4. In Fig. 4(a), the intensity
threshold increases approximately linearly with an increase
in the frequency detuning of the pumping laser. Thus, a high
wavelength precision contributes to decreasing the pumping
intensity threshold. We can also see that the growth rates are
reduced as the temperature increases, so an effective way to
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Fig. 3. The experiment records (a) are reproduced with additional fitting. The
x-axis is the energy of pumping laser (unit: mJ) and the y-axis is the energy
of generated blue light (unit: nJ). The simulation results (b) are obtained when
the temperature ranges from 400 K to 500 K. Two special dots are marked
for T= 175◦ and 200◦.

reduce the intensity threshold is to increase the temperature
appropriately. The domain of the frequency detuning for the
infrared light in Fig. 4(b) has a relation with the Gaussian
linewidth between the energy states and frequency detuning
of pumping laser. The Gaussian linewidth is about 0.3 GHz
with temperature 473 K. The intensity threshold gradually
changes with frequency detuning of infrared light within
Gaussian linewidth. The reason is that the main influence of
frequency detuning of pumping laser is absorption process of
two-photon rather than detuning of infrared light. When the
frequency detuning of infrared light beyond this range, it is
controlled by detuning of pumping laser. It makes intensity
threshold increasing exponentially with detuning of infrared
light. Similar to Fig. 3(a), the cell temperature has a great
effect on the pumping intensity threshold. It can be seen that
the intensity threshold has a high tolerance to the frequency
detuning of the infrared light in the range of the Gaussian
linewidth, which is helpful for achieving phase matching in
FWM.

B. Transition Process of 6S1/2-7D5/2

To further verify the correctness of the model, a theoretical
simulation for another transition process, 6S1/2-7D5/2, shown
in Fig. 5 is carried out. The parameters in the model are set
according to the experimental data in Table I. The marked

Fig. 4. The intensity threshold versus the frequency detuning of the pumping
laser in Fig. 4(a) and the frequency detuning of the infrared light in Fig. 4(b)
at different temperatures. (a) The frequency detuning of the infrared light is
zero. (b) The frequency detuning of the pumping laser is 1 GHz.

dot in Fig. 5(a) represents the simulation intensity threshold
at T = 473 K when the frequency detuning of the pumping
laser is 0.5 GHz on the basis of instrument parameters. The
simulation result is 2.18×1010W/m2. This value is close to
the experimental result 2.05×1010W/m2, which is calculated
for an energy threshold of 0.09 mJ [20]. This comparison
can further prove the validity of our model in characterizing
the pumping threshold. In Fig. 5(b), the intensity threshold
versus the frequency detuning of the pumping laser at different
temperatures exhibits similar features as in Fig. 4(a) because
they are only different in terms of the energy state parameters.
However, the influence of the frequency detuning of the
pumping laser on the intensity threshold is much greater than
that in Fig. 4(a).

We also study the relationship between the frequency detun-
ings of the pumping laser and infrared light to discover he
regularity of the variation when the pumping intensity is set
to a fixed value. In fact, the curves in Figs. 5(c) and 5(d)
represent the boundary at which the threshold conditions are
satisfied, which means that all the points below the curve
can achieve a transition process for the given parameters.
Therefore, the difficulty of achieving the FWM process can
be expressed as the size of the area below the curve. The
influence of temperature on the FWM process is greater
than that of the pumping intensity, so an effective way to
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Fig. 5. Simulation results for the transition process 6S1/2 − 7D5/2. (a) The intensity threshold versus the temperature of the Cs vapor. The marked point
is used for a comparison with experimental data. (b) The intensity threshold versus the frequency detuning of the pumping laser at different temperatures.
(c) The relationship between the frequency detunings of the pumping laser and infrared light at T = 473 K when the pumping intensities are different. (d) The
relationship between the frequency detunings of the pumping laser and infrared light at different temperatures when the pumping intensity is constant at Ip
= 3.5× 1010W/m2.

decrease the intensity threshold is to appropriately increase the
temperature. Meanwhile, Figs. 5(a) and 5(d) show that FWM
generally requires a high temperature for the transition process
6S1/2-7D5/2.

In addition, the intensity threshold for the transition process
6S1/2-6D3/2,5/2 is also verified. The spontaneous emission
rate of the energy states corresponding to infrared light
must be considerable for the continue-wave (CW) pump-
ing laser. From the available literature on the 6S1/2-6D3/2
transition, the intensity threshold for the six-wave mixing
process (SWM) was discovered as a reference [21]. Our
simulation result with the available experimental parameters
is 6.37×106W/m2, which is far less than the SWM threshold
intensity of 15×107W/m2. This result can indirectly reflect the
rationality of our model. In addition, the unattenuated pumping
intensity used in absorption spectroscopy of the 6S1/2-6D5/2
transition was approximately 3.2×107W/m2 [22]. The result
from our model, referring to vapor cell parameters from the
literature, is 1.47×107W/m2, which is consistent with the
experimental data considering attenuation. We can see that

the intensity threshold for the 6S1/2-6D3/2,5/2 transition is
approximately three orders of magnitude smaller than that of
the 6S1/2-7D3/2,5/2 transition. The main reason for this result
is that the energy difference between the 6P states and virtual
states of the 6S1/2-6D3/2,5/2 transition is much less than that
of the 6S1/2-7D3/2,5/2 transition. Thus, choosing 6D3/2,5/2 as
upper states has a greater influence.

IV. CONCLUSION

In this paper, by innovatively combining the coupled wave
equation of two-photon absorption and the rate equation,
a physical model is established to characterize the pumping
threshold in one-color two-photon excited Cs vapor. In this
process, the lifetime of the infrared light is reconstructed.
Then, a verification of the model is carried out for the transi-
tion processes 6S1/2-7D3/2,5/2 and 6S1/2-6D3/2,5/2 according
to the available data. The simulation results are in good
agreement with the experimental data, which can prove the
validity of our model. In addition, we analyze the influences of
temperature and the frequency detunings of the pumping laser
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and infrared light on the pumping threshold. The frequency
detuning of the pumping laser and cell temperature are crucial
factors, so two effective ways are proposed to decrease the
intensity threshold: increasing the temperature of the Cs vapor
as much as possible and improving the wavelength precision
of the pumping laser. Our model provides a theoretical method
to analyze the characteristics of the pumping threshold in
FWM in Cs vapor and will be valuable for the selection of
appropriate pumping parameters in experiments.
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