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1 | INTRODUCTION

In general, it is difficult to build a fractional order model
with mechanism analysis. The reason is that most of the
existing physical laws are based on classical calculus, and
it is hard to find a widely accepted physical interpreta-
tion for fractional calculus [6]. Fortunately, using the input
and output data records, system identification does well in
estimating the model of a dynamical system. Thus, the sys-
tem identification technique for a fractional order system
(FOS) has attracted the attention of many researchers and
engineers. For example, system identification [7], system
modeling [8] and parameters identification [9,10]. As a
non-iterative scheme working best for the identification of
multiple-input multiple-output (MIMO) systems, the sub-
space identification method has received much attention
from the control community, and it has been developed

Fractional calculus is an extension of the classical calcu-
lus to arbitrary order. Due to the complexity of calculation,
it had always been a pure mathematical concept for a
long time. With the persistent research and the devel-
opment of computer technology, fractional calculus has
gradually infiltrated into practical applications in recent
years. Numerous research has shown that many physical
phenomena can be described more concisely and precisely
by fractional order models, such as electrochemical pro-
cesses [1], heat conduction [2,3], viscoelastic systems [4]
and velocity servo system [5]. Therefore, system model-
ing with the fractional order model has attracted great
attention.
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both in the time domain and in the frequency domain.
Many related works can be found in [11,12] and the refer-
ences therein.

The subspace identification of FOSs started in the last
decade. It is a salient issue to seek the fractional order
derivative of signals for time domain algorithms. To solve
this problem, some methods, such as state variable filter
[13], Poisson moment function [14], modulation function
[15], and block pulse functions [16] are adopted in the time
domain identification method. Nevertheless, there is still a
large computational complexity when calculating the frac-
tional order derivative of time domain signals. However,
if the calculation is converted into the frequency domain,
the differential in the time domain will be transformed
into a product in the frequency domain. Besides, the data
needed in frequency domain identification algorithms is
less, as long as it covers the bandwidth of systems. These
merits make the frequency domain subspace identification
method (FDSIM) more advantageous in identification of
FOSs. However, all the existing studies based on FDSIM
considered the case that the data in frequency domain
and even the prior information of the noise correlation are
given, which is a severe restriction on the application of
this algorithm, because it is the time domain signals that
are measured, and the information about noise correlation
is always hard to obtain in most practical cases.

For the reasons discussed above, it is still necessary to
consider how to get the data in frequency domain and
how to handle the signals contaminated by noise or other
unexpected information. In the frequency domain iden-
tification of the integer order system, some research [17,
18] about how to obtain the frequency response function
(FRF) from time domain sampling signals have received
satisfactory results, which provides a reference for the
measurement of the FOS's FRF. As for the processing of
noise, many optimization methods based the nuclear norm
or rank minimization [19,20] are prevalent to deal with this
issue. Hu approximately estimated the noise by taking the
noise model into account [21], and this approach achieves
good results in the time domain subspace identification
of integer order systems. While the estimated noise is not
exactly coincident with the real noise, it can not improve
the quality of frequency data very well. Besides, to avoid
spectrum leakage when acquiring FREF, it is necessary to
increase the number of sampling points in time domain. It
means that the computational complexity will be intensely
increased, and the efficiency will also be greatly reduced
when solving optimization problem. What's more, the
presence of outliers makes the measured FRF much worse,
and the method mentioned above does not work well.

Motivated by the above discussions, the work in this
paper considers the identification problem of a MIMO
commensurate FOS in the presence of white Gauss noise

and outliers. The main contributions of this paper can be
summarized as follows:

A special excitation signal is designed, which is help-
ful for getting the system's frequency domain response
data;

« The measurement noise without prior information is
considered, whose effect is effectively eliminated by
intercepting the data in low frequency band;

+ The influence of the outliers in measured signals is
considered, and an innovation matrix decomposition
method with threshold value is adopted to overcome
this affect.

It can be seen from the above that the entire frequency
domain identification procedures in this work are based on
the time domain sampling data, which consummate the
frequency domain identification framework. In addition,
it should be pointed out that the algorithm in this paper is
also applicable to the situation where the commensurate
order is unknown.

The remainder of this paper is organized as follows.
Section 2 gives fundamental knowledge about fractional
order derivative and a brief introduction about FOS, and
the issue studied in this paper is described in the end of
this section. In Section 3, an excitation signal is designed
to acquired the FRF. Apart from this, the method to elim-
inate outliers and the entire procedures of subspace iden-
tification in frequency domain are demonstrated in this
part. To illustrate the effectiveness of proposed approach,
the numerical simulation is contained in Section 4. Some
conclusions are drawn in Section 5.

2 | PRELIMINARIES

In this section, some fundamental knowledge about frac-
tional calculus and a description of FOS will be provided.
The issues studied in this paper will also be introduced at
the end.

2.1 | Fractional order derivative and FOSs

As a universalization of integer order derivative, there are
three widely used definitions of fractional order deriva-
tive: Riemann-Liouville definition, Caputo definition and
Griinwald-Letnikov definition. This paper adopts the
Caputo definition, and other definitions can be found in
[1,22].

The Caputo derivative can be expressed as

t
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wherem—1 < a < m(m € N,), I'(:)is the Euler's Gamma
function, and f{(¢) is a smooth function. For simplicity, this
paper substitutes the notation 2 for,, 2/, whent, = 0.
In this case, the Laplace transform of (1) can be written as

-1
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k=0

where [ = [«], and [-] is the ceiling function (see [23] for
more property on Laplace transform of Caputo derivative).

The integer order system is generally described by the
state space equation and the transfer function, which is
still valid in FOSs. By means of the fractional derivative
defined above, the state space equation of a FOS can be
expressed as

Dx(t) = Ax(t) + Bu(b), X
¥(t) = Cx(t) + Du(t), ®3)

where the matrices A,B,C,D have appropriate dimen-
sions. Under the zeros initial conditions, the relationship
between the system matrices and the transfer function can
be obtained by using (2), which is shown as below:

G(s) = C(s*I —A)'B+D

n
L
b
=0

- n-1 ’
sne Zaisi“
i=0

where n is the dimension of system matrix A. When the
system's input has = seconds delay, its transfer function can
be obtained though multiplying 4) by e~".

“4)

2.2 | Problem description

Consider the following MIMO commensurate fractional
order liner time-invariant system:
D *x(t) = Ax(t) + Bu(?),
{ 2(t) = Cx(t) + Du(t), (5)
y() = z(t) + () + v(b),

where A € R™" B € R™ C € R™, D € R™ are
the constant but unknown matrices needing to be deter-
mined, u(t) € R™, y(t) € R" are the input and output
vectors, £(¢) is the additive white Gauss noise and v(t) sig-
nifies zero or outliers. Some reasonable assumptions are
given as follows:

« The system (5) is stable;
« The system (5) is observable;
« The dimension of system matrix A is known.

This paper aims to use the time domain sampling data
to identify the unknown parameters of the system with
the help of FDSIM, and simultaneously, to overcome the
effects of Gauss noise and outliers.

3 | MAIN RESULTS

The main results will be given in this section. Firstly, the
excitation signal is designed for frequency response func-
tion measurement. Then, the method of outlier detection
is introduced, and the subspace identification algorithm is
provided at the end of this section.

3.1 | Excitation signals and FRF
measurement

Generally, the excitation signal used for system identifica-
tion needs to meet sufficient excitation conditions. In other
words, the signal used for identification should have suf-
ficient bandwidth relative to the system to be identified.
There may be many input signals available [24], such as
white noise, pseudo random binary sequence, multisine,
etc. As for the FRF measurement, it is more important to
choose an appropriate excitation signal. A suitable signal
should have a minor crest factor/time factor [18] except for
the sufficient spectral width. An excitation signals named
multisine is widely used in the FRF measurements.

The multisine is a sum of harmonically related sine
waves as follows:

L
u(t) = ) Ax cos2akT, fot + i), (6)
k=1
where T is the sample period, and f; is the fundamental
frequency. As for ¢, , there are three different multisine
forms corresponding to different phase selections:

« Schroeder multisine: ¢ =
Schroeder phase;

« random multisine: ¢, ~ U(0, 2x), and U(0, 27) means
uniform distribution in internal (0, 2x);

+ impulse multisine: ¢, = —owy, where o = 0.3, wy, =

@, where ¢, is called

2k
NT.

s

and N is the number of sampling points.

In addition, the input u(t) in [8] can also be obtained
from the signal's spectrum and more information about
this excitation can be found in [18].

When the input and output data are obtained, it seems
that the FRF could be acquired directly from these time
domain signals using the following formula:

Y (joor)
UGwi)’
where Y{(jwy) can be obtained by discrete Fourier transform
(DFT) as follows:

G(jowx) =

(7

N-1
Y(jor) = —= 3" yi)e K/, (®)

VNS
N indicates the number of sampling points, and U(jwy)
is defined in the same way. However, it turns out that this
direct approach does not yield reliable frequency domain
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FIGURE 1 A sketch of the periodic excitation signal [Color
figure can be viewed at wileyonlinelibrary.com]

data. The reason is that these time domain signals used
directly are not the steady-state response.

In order to obtain accurate FRF without spectrum leak-
age errors, it is necessary to excite the system with a special
processing excitation signal. A practical and easy approach
is to utilize an integer number of periods u(t), which means
the entire excitation signal u(t,;) contains several com-
plete signal u(t). It can be interpreted more intuitively from
Figure 1. It is clear that each period of input will corre-
spond to a period of output, and the last period of output
Yl corresponding ulll(f) can be treated as the relatively
accurate steady-state response. Finally, these part of sig-
nal in time domain is used to obtain the FRF by (7) and
(8). Also, it is helpful to take the average of DFT of the sig-
nals in the last few periods, which is always more effective
in the presence of noise. It is noted that periodic excita-
tion signals are necessary to obtain response data in the
frequency domain, otherwise, accurate frequency domain
data cannot be obtained using a single excitation signal,
and furthermore, these data cannot be used for parameter
estimation.

3.2 | Outliers detection

When the time domain sampling data have outliers, the
measured FRF is often not precise, especially when the
magnitude and the number of outliers are both larger. The
next discussion is intended to address this issue.

It is well known that the Hankel matrix formed by the
output without the useless information is a low rank one,
therefore, the presence of outliers will increase the rank
of the output martrix. This low rank property can be used
to detect the outliers. In this section, the problem of out-
liers detection is summed up as a matrix decomposition
problem, and a method will be introduced to eliminate
the impact of outliers on measured FRF with the help of
matrix norm.

Firstly, it is essential to establish a Hankel matrix using
the sampling data in time domain

) o ¥2) y(my)
V= y(;2) y(s3) y(m1§+ 1) ’ ©)
ymz) yimy+1) ... y(Ny)

where m; < m, < Ny. Notice that the order of the system
should be much smaller than the dimension of Y, which is
a necessary but easy to satisfy assumption.

Next, what we need to do is to extract the matrix contain-
ing outliers from Y. This step is easy to achieve by solving
the rank minimization problem, which can be described as
follows:

min || Y]l + A[|E]l1,

- (10)
stY+E=Y,

where || - ||« represents the nuclear norm of the matrix, A
is a regulatory factor, and it can be chosen based on [25].
By solving the convex optimization problem shown in [29],
the following matrix containing the outliers information
can be obtained

e(l) e(2) e(mp)
g=| €¥ 3 ...oedm+D (11)
e(rhz) e(m2'+ 1) e(Ny)

The first row of matrix E can be treated as the outliers.
However, due to the presence of noise and the relatively
intense changes in output data, some extra outliers (can
be called ripples) may be mistakenly introduced into E.
It is clear that the presence of these ripples weakens the
sparsity of outliers. Taking this into account, this study
introduces a threshold to eliminate the effect of ripples,
which can be summarized as follows:

e(k) =0,ifletk)| <yk=1,2, ... ,my), (12)

where y is a tuning threshold and usually a smaller value.
Considering that the outliers are much larger than the
real output, and the ripples are often small. Therefore,
the choice of a appropriate y also depends on the magni-
tude of the outliers. Besides, it should be pointed out that
the choice of threshold cannot induce the subjectivity to
the problem. Because some of the large noise or intense
changes in output data, as mentioned earlier, will pro-
duce some smaller ripple, the threshold is introduced to
eliminate the effects of these ripples.

It can be seen from the above discussion that the rank
minimization problem is transformed into a nuclear norm
minimization problem. This problem is very easy to solve
with the help of convex optimization tools. In addition,
unlike the method in [25], this work introduces a thresh-
old, and it makes some misjudged outliers set to 0, which
ensures the sparseness of outliers.
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3.3 | FDSIM for FOSs

In this section, how a state-space realization can be esti-
mated using frequency domain data will be discussed.
Firstly, the FDSIM with known commensurate order will
be given.

With the help of (2), a FOS is easily transformed to
s-domain, and let s = jw, one can get

) G(]a)) n
(@G |_ 1 iy +0,| G

(j0)4DG(jo)

, (13)
(ja))(q;l)“lm

where q is an auxiliary order controlling the number of
block-row in I, that is the extend observability matrix with
q > n block rows

c

CA

Iy = , (14)

cAd-1

and Oy is a lower block-triangular Toeplitz matrix with the
structure

D 0 ... 0
CB D .0

0, = (15)

CA92B CAS3B ... D
The Equation (13) holds for all w, and using the data

sampled at different frequencies wy, k = 1,2, ..., M, the M
vector relations can be coalesced into

G =TyX + Oylm, (16)
where
G=[Gi G, ... Gu|, 17)
and
G(joox)
Go—| 00"Gln) 1)

(014D G (o)

In order to facilitate calculation, the following notation
is introduced

G" = [Re(G) Im(G)|. (19)

The definitions of X, I,,,, X", I, are similar to G and G,
respectively. Then the complex matrix (16) is equivalent to
the following expression

G™ = T X" + O I%. (20)

This formula is widely used in many subspace identifi-
cation methods. The next problem to be solved is to deter-
mine the system matrices A, B, C,D through the known
matrix G* and I;,.

After getting the information matrices, the FDSIM for
FOS can be summarized as the following procedures.

« Compute the orthogonal projection G™ /(I's)*
G/t = G {1 - ()" [Laa I} ™ @D

A more efficient and stable way to get orthogonal pro-
jection may be QR-factorization:

Ire ] [RT 0 T
e | = [ ot T, (22)

[G 12 Rgz Q,

and
G*/In)* =R, (23)
« Perform SVD on R},

0| |V,

RL=[U UZ][OOHV;], (24

where the diagonal elements of X is the non-zero singu-

lar values of REZ, and the selection of X depends on the

a priori information, dimension of system matrix A.
« Estimate the extend observability matrix I'y
~ 1
T, =Uz2:. (25)
« Calculate A and C
c=f 1:r,:),
J - (26)
A=T,0 :end-r—1,:)Ty(r+1 : end,:),

where the notation { indicates the pseudo inverse of
matrix.
+ Using the least squares method to determine B and D

vec(Lg) | _ | Im ® M, B
[vec(Lf)] = [Im®M1;] VeC([D])* @7

where ® is Kronecker product, vec(-) arranges each

column of the matrix into a column, and

GG_C‘)l)

G’(]a)M)
. -1

Cl(on)I, —A]" I

L +jL; = l ] e C™Mxm (28)

My +jM; = € C™Mx+n) (29)

ClGon) T, — A" I,

From the above discussion, the frequency domain iden-
tification algorithm does not involve the differential of the
data, which greatly reduces the computational complexity.
In addition, when a system has time delay characteristic,
one can modify only (17) as follows:

et 0 .. 0
6=[Gi G ..Gu]| 9 &7 O (30)
0 0 ..é&or

Then FDSIM algorithm will be still applicable to the
system with time delay.

The previous discussion is based on the commensu-
rate order « is given. When the commensurate order « is



s L WILEY

LI ET AL.

unknown, just define an objective function as follows:

M 2y e . 2
@ =Y |6Gow @) - Gon| (31)
k=1
Then the entire identification problem is completely
transformed into a nonlinear optimization problem:

M
ngn ,; |G(]a)k a) — G(ja)k)|2, (32)

st0<a<?2.

To solve the optimization problem [32], many optimiza-
tion algorithms can be applied after setting a termination
condition J(a) < &,and in this paper, the fimincon function
in MATLARB is selected.

In addition, the presence of noise will undoubtedly affect
the identification performance. In the above FDSIM, the
number of non-zero singular values in X will be increased
due to the effect of noise. The noise information in the
frequency domain data is mainly contained in the high
frequency band. Under this case, the low frequency data
can be intercepted to eliminate the impact of noise, whose
validity will be illuminated more intuitively in numerical
simulation. The entire steps for identifying the parame-
ters of FOS can be summarized as following steps and flow
chart, as shown in Figure 2.

Stepl: Design periodic excitation signal and excite the
FOS with it. Collect the time domain signals: input
u(t) and output y(¢).

Data preprocessing. Construct the data matrix in
accordance with (9) and detect the outliers using
(10).

Obtain the frequency domain data. Using the last
few periods signals to calculate FRF, and only
retain the data in low frequency band used for the
next step.

Note the number of iterations
tial value of a, and estimate A,
FDSIM.

Perform the iterative operation to obtain the next
estimation using an optimization algorithm.

Let k = k + 1 and return to the previous step until
the termination condition is satisfied.

Step2:

Step3:

Step4: guess a ini-

k=0,
f?, C, D by means of

Step5:

Step6:

4 | NUMERICAL SIMULATION

In this section, the validity of the algorithm is verified by
numerical simulation. Consider an FOS in [14] as follows:

Dx(1) = [(1) :8;5] x(t) + [é] u(t),

0 0.2

0 (33)
¥ = [0.5 0.1 ] x(t) + [0] u(t) + &(),

Design u(¢)and
collect y(t)
|
Perform (9) and (10)
v

Calculate FRF

!

Set initial value of «

Y

Perform FDSIM

k=k+1

J(a,4,B,C,D)<¢?

Output parameters,
{a,4,B,C,D}

End

FIGURE 2 The flow chart of identifying the parameters of FOS

where &(t) is the sum of Gauss noise and outliers. The
transfer function of system (33) could be obtainedas

G, = byos'84byys%0+byy 0.2

T s184a,09+4a,  s184+0.2509+0.17
G, = bystS+by %9 +by, _ 0.55%940.2

st84a;094ay  s184+0.250940.1°

(34

The Caputo definition is chosen to numerically imple-
ment this FOS. In this example, the initial conditions of
the system are set as y(tf) = y(0) = 0,—-c0 < t < 0.
The input signal is a random phase multisine, and the sys-
tem is excited by i = 3 periods of input signal. Select
the sample frequency f, = 20.48Hz, and measure N =
2048 points of the input/output signals corresponding to
a period of excitation, which mean the spectral resolution
f, = 0.01Hz.

+ FRF measurements. When the measured points of the
last period are considered as the stead-state response.
One can get the measurement of FRF, and Figure 3
demonstrates the measured FRF without noise of sys-
tem (33), which indicates that the measured FRF is
almost consistent with the actual values, and confirms
that the method of measuring FRF is very effective.
It should be noted that a small part of measured FRF
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FIGURE 4 Singular in the presence of noise [Color figure can be
viewed at wileyonlinelibrary.com]

should be discarded even if there is no noise, and this
measurement error is unavoidable.

Examining the effects of noise. As aforementioned,
when the system output was corrupted by noise, the
measured FRF will not be same as the consequence
in Figure 3, and the data in the high frequency band
will be diverged from the actual data, which means
the influence of noise is mainly concentrated in the
high frequency band. These data containing noise are
disadvantageous for the acquisition of X, because the
singular values except for X are not zero. However, by
intercepting low frequency band data, the impact will be
eliminated. To illustrate the effectiveness of intercepting
low band data to suppress noise, consider the singular
value of X in three cases: 10dB, 20dB and without noise;
besides, the auxiliary order ¢ = 5, and the number of
frequency domain sampling points M = 12.

Frequency (Hz)
(B) FRF of subsystem G,.

1(‘)0 under periodic excitation [Color figure
can be viewed at
wileyonlinelibrary.com]

TABLE1 The quality of estimated outliers

As can be seen from Figure 4, the number of non-zero
singular values is two when there is no noise, which
corresponds exactly to the order of (33) n = 2. With
the increase of noise, the singular values from the third
one are no longer zero. However, compared to the first
two values, this part of singular values is obviously
very small. Therefore, the method of truncating low fre-
quency data is available to suppress the influence of
noise. Also, it is needed to point out the number of fre-
quency domain data points depends on the bandwidth
of the system, which requires a rough estimation about
the bandwidth of the system to be identified.

+ Outliers detection. The interception of data in low

and middle frequency bands contributes to restrain the
effect of noise. However, when the output signals are
simultaneously contaminated by the outliers and noise,
this method may no longer be effective. Thus, the signal
must be preprocessed to eliminate the effect of outliers
before the FRF acquired. Assume that the data are cor-
rupted by 20 dB noise and outliers accounting for 5% of
total number of sampling points.

Due to the high data volume in the matrix, the oper-
ation speed will be slow. A natural practice is to divide
them into groups and then perform the optimization
algorithm separately. Let m; = 10, m, = 400, A = 0.6,
y = 1.1, and then the optimization problem (10) is per-
formed by CVX-Toolbox of MATLAB and simulated on a
1.7 GHz processor with 8 GB memory.

As can be seen from Figure 5, all of the outliers in sig-
nals are estimated by the proposed method, and most of
the estimated outliers are quite close to the actual val-
ues. For these two sets of estimated outliers, one can
evaluate the performance from two aspects: one is the
error (mean and standard deviation); the second is false
rate and reliability, and they can be defined as follows:
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IN=N, |

False Rate: = where N, and N, are the number of

estimated outliers and the real one, respectively;

Reliablity: |1 — %

sisting of the error of each estimated outlier, and o is

| X 100%, where e is a vector con-

a vactor of the real outliers.
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The errors and the indexes defined above are shown
in the following table. It can be seen from Table 1 that
these estimated outliers are reliable enough.

+ Determination of parameters and fractional order.
After the signal preprocessing, the parameters of the
system can be calculated using FDSIM. In this simula-
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tion, 200 Monte Carlo trials are performed, and the sta-
tistical estimated parameters are recorded in Figure 6.

From Figure 6, the mean of these estimated parameters
can be obtained as follows:

G __ —0.0028s!802¢4-0.00175%90124-0.1992
1

51:80244:0.200250-901240.0998
G __ 0.00135"8024+0.499550-9012.+0.1998
H =

51:8024.+0.20025%-90124+0.0998

The relative error criterion [26] as shown in (35) is used to
evaluate the quality of estimated parameters

_ =l

x 100%, (35)
[zl

where # = [ai1aobiab11biobxnbaiby]T is a vector of the
parameters to be estimated, and 7 represents the vector
with estimated parameters.

With (35), one can get 6 = 0.62%, which means the
system parameters are well estimated after the outliers pro-
cessed. More intuitive result can be seen from Figure 7,
which compares the output response of real model with
estimated model's. It shows that the outputs of estimated
model and real model are almost identical.

5 | CONCLUSIONS

In this paper, the identification of MIMO commensurate
FOS is investigated. Firstly, a special periodic excitation
signal is designed to obtain the accurate FRF, which is dif-
ferent from other frequency domain identification studies
with the known data in frequency domain. In addition,
the impact of noise is eliminated by truncating the data in
the low frequency band. The outliers in the signal are also
considered, and they are estimated by a matrix decompo-
sition method with the help of nuclear norm and 1-norm.
Meanwhile, a threshold value is introduced to make the
estimated outliers more meeting the feature of sparseness.
Finally, the system is identified by the FDSIM. The entire
procedures are used for the identification of a MIMO FOS,
and the effectiveness is confirmed with a typical numeri-
cal example. The future research work can be directed to
eliminate the effect of noise on high-frequency band, and
improve usage rate of the data in frequency domain.
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