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We present an ameliorated arctangent algorithm based on phase-locked loop for digital Doppler signal processing,
utilized within the heterodyne detection system. We define the error gain factor given by the approximation of Taylor
expansion by means of a comparison of the measured values and true values. Exact expressions are derived for the amplitude
error of two in-phase & quadrature signals and the frequency error of the acousto-optic modulator. Numerical simulation
results and experimental results make it clear that the dynamic instability of the intermediate frequency signals leads to
cumulative errors, which will spiral upward. An improved arctangent algorithm for the heterodyne detection is proposed
to eliminate the cumulative errors and harmonic components. Depending on the narrow-band filter, our experiments were
performed to realize the detectable displacement of 20 nm at a detection distance of 20 m. The aim of this paper is the
demonstration of the optimized arctangent algorithm as a powerful approach to the demodulation algorithm, which will
advance the signal-to-noise ratio and measurement accuracy of the heterodyne detection system.
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1. Introduction
Optical heterodyne detection is a widely used interfero-

metric technique measuring the phase of a temporal signal in
the microwave region, which offers improved receiver sensi-
tivity and better background noise rejection compared with the
direct detection method.[1–5] This has been developed by re-
searchers for many years. The heterodyne detection technique
has good prospects of applications in micro-vibration and ve-
locity measurements, rotation target spectrum identification,
and laser ultrasonic propagation imager.

Based on the modulation phase of the photocurrent by the
moving target, the frequency ω1 of the measurement beam has
to be mixed down by a reference beam from a coherent light
source with frequency ω2 in order to obtain the difference fre-
quency relating to the heterodyne intermediate frequency sig-
nal, which carries the vibration information of the target. Usu-
ally, the reference beam is shifted in the frequency domain
through an acousto-optic modulator whose driving signal is
offered by a signal generator. Obviously, it is also possible to
demodulate the phase of the intermediate frequency signal to
acquire the instantaneous displacement information according
to the relation with the phase and displacement of the Doppler
signal.[6,7]

There are many demodulation algorithms in the het-
erodyne detection system, including the differential and

cross-multiplying (DCM), the differential and self-multiplying
(DSM), and the arctangent approach.[8–10] The former two al-
gorithms are seriously affected by fluctuations of the light in-
tensity due to the existence of differential calculation. The
arctangent demodulation algorithm is common in the field of
heterodyne detection, which has advantages of simplicity and
high efficiency.

In addition, frequency and phase encoding techniques can
be used in heterodyne systems to further improve the system
performance.[11,12] Heterodyne systems are very sensitive to
the phase fluctuation of the optical carrier and their perfor-
mance can be seriously deteriorated in the presence of the
higher carrier phase noise.[13–16] Subsequently, the displace-
ment resolution and performance of the laser heterodyne de-
tection system depend on not only the photodetector, laser
source, and the matching process of signal light and local
oscillator light but also the rest of the system, such as the
acousto-optic modulator and the demodulation algorithm. If
we want to investigate the long-range heterodyne detection,
we also need to take the effects of atmospheric turbulence into
consideration in addition. In our experiments, we perform a
short-range heterodyne detection with the high-performance
photodetector and laser source. Consequently, the accuracy of
the acousto-optic modulator and the demodulation algorithm
are dominant research components in this paper.

∗Project supported by Key Research Program of Frontier Science, Chinese Academy of Sciences (Grant No. QYZDB-SSW-SLH014) and the Yong Scientists
Fund of the National Natural Science Foundation of China (Grant No. 61205143).

†Corresponding author. E-mail: tingfeng w@sina.com
© 2019 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

030701-1



Chin. Phys. B Vol. 28, No. 3 (2019) 030701

In Section 2, we introduce the process of the arctangent
demodulation algorithm and establish a physical model be-
tween the measured values and true values of the phase of the
intermediate frequency signal based on the error gain factor,
which indicates the relations between the measured values and
true values. The fluctuations of the phase cause the instabil-
ity of the intermediate frequency signal, as reflected in higher
harmonic components. Furthermore, the amplitude error of
two in-phase (I) & quadrature (Q) signals can be effectively
eliminated by the phase unwrapping process of the arctangent
algorithm. Therefore the frequency error of an acousto-optic
modulator has greater impacts on the demodulated results.

In Section 3, numerical results are presented to indicate
that there are cumulative errors and higher harmonic com-
ponents in the demodulation output in the absence and the
presence of background noise. But the demodulation result
is worse or even distorted in the noisy environment. An im-
proved arctangent demodulation algorithm based on phase-
locked loop gives outstanding performance to the heterodyne
detection system. When the frequency of the target vibration
is 1000 Hz, we set the bandwidth of the bandpass filer to 900–
1100 Hz. Then the detectable displacement of the heterodyne
detection system with the improved arctangent algorithm is
approximately 20 nm at the detection distance of 30 m. It
should be noted that narrowing the bandwidth of the bandpass
filter is only suitable for a single frequency vibration not a
complex vibration.

2. Theory
In general, the electrical field of the received light is

frequency-modulated due to the target vibration. We can ob-
tain the output photocurrents of the balanced detection[17,18]

i(t) = 2K
√

Ps (t)PLO (t) · cos(ωst +ϕs (t)−ϕLO (t)) , (1)

where K is the conversion parameter, K = ηq/hν , h is the
Planck constant, ν is the optical frequency, η is the quantum

efficiency, q is the charge of an electron. PLO and Ps are the
optical powers of the local oscillator beam and the measure-
ment beam, respectively, ωs is the angular frequency of the
intermediate frequency signal, and ϕs (t) and ϕLO (t) are the
phase fluctuations of the signal beam and the local oscillator
beam, respectively. The intermediate frequency signal con-
sists of two components, the driving signal of an acousto-optic
modulator and the Doppler signal generated by the moving
target

ωst = 2π

[
fAOM +

2v(t)
λ

]
t = 2π fAOMt +

4πs(t)
λ

, (2)

where λ is the laser wavelength, fAOM is the frequency of the
acousto-optic modulator, and s(t) is the target vibration signal
that we try to acquire.

In Fig. 1, we show the arctangent demodulation algorithm
process. From this figure, it is inferred that the arctangent de-
modulation algorithm is a good choice to complete a demod-
ulation process between the reservation of the Doppler signal
and the removal of the driving signal of the acousto-optic mod-
ulator. The key prerequisite of the arctangent algorithm is a
signal pair comprising in-phase (I) and quadrature (Q) compo-
nents, whose voltage amplitudes depend on the phase angle

ui (t) =Ui sin(2π fAOMt) ,

uq (t) =Uq cos(2π fAOMt) . (3)

Such a signal combination is called an I&Q baseband signal,
as there is no frequency offset present. In the baseband, a sig-
nal pair is needed to carry the complete Doppler information:
whereas the absolute value of displacement s is represented
by each component, its sign can only be recovered from both
signals in combination. Unlike the carrier signal whose fre-
quency is fAOM, the I&Q components are DC voltages in the
case of a stationary target. This means that only the moving
target produces a Doppler shift.

LPF

LPF

normalization BPF
output

DIV arctan

sin(2πfAOMt)

cos(2πfAOMt)

i↼t↽

Fig. 1. The arctangent demodulation algorithm process, LPF: low-pass filter, DIV: division, BPF: bandpass filter.

In the process of quadrature demodulation, the differ-

ential current i(t) is multiplied by sinusoidal and cosine

carrier signals respectively. Through a low-pass filter, we

can remove the sum-frequency components and retain the

difference-frequency components

ui (t) = |[i(t)sin(2π fAOMt)]hLPF|

=
1
2

K
√

Ps (t)PLO (t)sin
(

4πs(t)
λ

+ϕs (t)−ϕLO (t)
)
,
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uq (t) = |[i(t)cos(2π fAOMt)]hLPF|

=
1
2

K
√

Ps (t)PLO (t)cos
(

4πs(t)
λ

+ϕs (t)−ϕLO (t)
)
.

(4)

We order

θ = 2π fAOMt,

∆ϕ =
4πs(t)

λ
+ϕs (t)−ϕLO (t) . (5)

In the ideal situation, the two signals have the same amplitude,
no offset voltages are superimposed and the relative phase shift
is exactly 90◦. But in the actual situation, there is always a
slight deviation because of the chip precision, the laser and
acousto-optic modulator accuracies, or background noise.

Suppose voltages of two measured signals and actual fre-
quencies of the acousto-optic modulator are respectively

Ui =U +∆U,
Uq =U,
θi = θ +∆θi,
θq = θ +∆θq,

(6)

where U and θ represent the theoretical truth values, Ui, Uq,
θi, and θq represent the actual measured values, ∆U , ∆θi, and
∆θq represent the measurement errors. Then we can obtain

tan∆ϕ =
U +∆U

U
cos∆θi

cos∆θq
tan∆ϕm, (7)

where ∆ϕ and ∆ϕm indicate respectively the theoretical truth
value and the actual demodulation measurement result, respec-
tively. Now we define the error gain factor δ as

δ =
U +∆U

U
cos∆θi

cos∆θq
−1. (8)

This becomes clear if equation (7) is written in the form of

tan∆ϕ = (1+δ ) tan∆ϕm. (9)

We find again

∆ϕ−∆ϕm = arctan
[

δ tanϕm

1+(1+δ ) tan2 ϕm

]
= f (δ ) . (10)

We know that ∆U/U is a very small value and cos∆θi is ap-
proximately equal to cos∆θq, so δ is an infinitesimal. Then
the function f (δ ) has the following Taylor series expansion at
δ = 0:

f (δ ) = f (0)+ f ′(0)δ +
1
2

f (0)′′δ 2

+
1
6

f (0)′′′δ 3 +o(δ 3). (11)

Noted that o(δ 3) is an infinitesimal of higher order. So we
acquire the demodulation output result

∆ϕ ≈ ∆ϕm +
1
2

sin(2∆ϕm)δ

+

[
−1

4
sin(2∆ϕm)+

1
8

sin(4∆ϕm)

]
δ

2

+

[
3

12
sin(2∆ϕm)−

3
12

sin(4∆ϕm)

+
3

24
sin(6∆ϕm)

]
δ

3 +o
(
δ

3) . (12)

As can be seen from Eq. (12), there is a small deviation of
the higher harmonic components between the measured val-
ues and true values of the phase of the intermediate frequency
signal. It is the fluctuations of the phase of the intermediate
frequency signal that causes the instability of its frequency.
Accordingly, we put forward an ameliorated arctangent algo-
rithm based on phase-locked loop to track the frequency of the
intermediate frequency signal.

As well we can obtain direct quantitative relationships be-
tween the amplitude error of two I&Q signals ∆U , the fre-
quency error of the acousto-optic modulator ∆θ and the error
gain factor δ

δ
∣∣cos∆θi=cos∆θq = ∆U/U,

δ |∆U=0 =
cos∆θi

cos∆θq
−1≈ 1

2

((
∆θq
)2− (∆θi)

2
)
. (13)

It should be mentioned that equation (13) is an approxima-
tion with assumptions during the derivation of the equation.
In reality, these two assumptions are difficult to achieve due
to the presence of noise. However, we can still draw some
useful information: the error gain factor is proportional to the
square difference of the frequency error of the acousto-optic
modulator but inversely proportional to the amplitude of the
orthogonal signal.

3. Numerical and experimental results
3.1. Numerical results

As suggested in Section 2, the amplitude errors of two
I&Q signals ∆U and the frequency errors of the acousto-optic
modulator ∆θ are important factors affecting the accuracy of
demodulation outputs. In the simulation environment, we re-
alize the whole process of the arctangent demodulation algo-
rithm, which can achieve the demodulation output with the
target vibration characteristics. Before the numerical simula-
tions, we set some parameters globally: the frequency of the
acousto-optic modulator ωs = 20 MHz, the wavelength of the
laser source λ = 1550 nm, the frequency of the target vibra-
tion fs = 1000 Hz, the target vibration amplitude As = 100 nm.
The numerical simulation results of the effects of ∆U and ∆θ

on demodulation outputs are evaluated with the following fig-
ures.

Figure 2 shows the variation of demodulation results with
the frequency error of the acousto-optic modulator ∆θ under
the ideal environment. As can be seen from the five figures,
no matter how small the frequency error is, there is always
a cumulative error, and it increases with time. Although the
cumulative error still exists when the accuracy is better to a
certain extent, the demodulated results are not affected by the
frequency error in a limited range. In other words, if we want
better demodulated results, we should put forward higher re-
quirements for the accuracy of the acousto-optic modulator.

030701-3



Chin. Phys. B Vol. 28, No. 3 (2019) 030701

-100

0

100

200

300

3.733.693.65

100

50

150

200

0 0.01 0.02 0.03 0.04 0.05
Time/s

0 0.01 0.02 0.03 0.04 0.05
Time/s

0 0.01 0.02 0.03 0.04 0.05
Time/s

0 0.01 0.02 0.03 0.04 0.05
Time/s

Time/10-1 s

-200

0

200

400

600

-350

-250

-150

-50

50

150

-150

-100

-50

0

50

100

150

200

-100

0

100

200

300

400

0 0.1 0.2 0.3 0.4 0.5
Time/s

A
m

p
li
tu

d
e
/
n
m

A
m

p
li
tu

d
e
/
n
m

A
m

p
li
tu

d
e
/
n
m

A
m

p
li
tu

d
e
/
n
m

A
m

p
li
tu

d
e
/
n
m

(a) (b)

(c) (d)

(e)

Fig. 2. Demodulation results varies with the frequency error of the acousto-optic modulator ∆θ ; in panels (a)–(e), the accuracies of the
acousto-optic modulators ∆θ/θ are 1×10−5, 8×10−6, 4×10−6, 2×10−6, and 1×10−7, respectively.
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Fig. 3. The single amplitude spectrum of demodulated signal of the
acousto-optic modulators.

Figure 3 shows the single amplitude spectrum of the de-
modulated signals with the accuracy of the acousto-optic mod-
ulator ∆θ/θ = 2× 10−6. It is evident that there are many

harmonic components because of the frequency error of the
acousto-optic modulator ∆θ . Thus a decrease of the accuracy
of the acousto-optic modulator will lead to a reduction of the
signal-to-noise ratio and displacement resolution of the system
due to the instability of the intermediate frequency signal. A
close agreement can be seen between the theoretical and nu-
merical results. Then we will continue experimenting to verify
the theoretical analyses.

Figure 4 illustrates the variation of demodulation results
with the frequency error of the acousto-optic modulator ∆θ

under the uniform random noise environment and the accuracy
of the acousto-optic modulator is 1× 10−7. In the simulation
process, the uniform random noise is added to the carrier sig-
nal, and the ratios of the noise amplitude to the carrier signal
are 0.1, 0.01, and 0.001, respectively. The demodulation de-
viation observed in this figure indicates that the demodulation
result is worse even distorted when the noise reaches a certain
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level. The cumulative error and the harmonic components still
exist.
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Fig. 4. Demodulation results vary with the frequency error of the
acousto-optic modulator ∆θ under noisy environment; in panels (a)–
(c), the relative amplitude of noise is 0.1, 0.01, and 0.001, respectively.

From the principle of the arctangent demodulation al-
gorithm, we know that the amplitude error of two I&Q sig-
nals will lead to a coefficient error in the demodulation result,

which can be eliminated with the assistance of the phase un-
wrapping process of the arctangent demodulation algorithm.
The numerical simulations also prove that the amplitude error
of two I&Q signals has little effect on the demodulation re-
sults. However, the instability of the intermediate frequency
(IF) signal will have a great influence on the demodulation re-
sult of the experiment. Then we will improve the experiment
by adding a phase-locked loop (PLL) to track the IF signal fre-
quency. If the frequency of the IF signal jitter is close to the
frequency of the target vibration, it will be difficult for us to
distinguish them by the filter. Fortunately, the frequency of the
IF signal jitter is smaller than the target vibration frequency in
practical engineering applications. Therefore this provides a
possibility for us to track the frequency of the IF signal. Ex-
periment results match the expectations and validate the feasi-
bility of the improved algorithm.

3.2. Experimental results

The experiment setup is shown in Fig. 5 and a linearly po-
larized fiber laser with 10 kHz linewidth at the wavelength of
1.55 µm is selected as the light source.[19–21] In the process of
laser transmission, we use polarization-maintaining fibers to
maintain the direction of linear polarization and improve the
signal-to-noise ratio of the coherent detection system, so as
to achieve the high-precision measurement of target vibration
characteristics. The frequency of the all-fiber acousto-optic
modulator fAOM = 20 MHz. The balanced detection is an ef-
fective suppression of the local oscillator intensity noise in the
heterodyne detection. However, dominant noise sources are
not eliminated by means of the balanced detection and a care-
ful matching of the carrier frequencies is necessary to avoid
a severe system impairment. A standard 12-bit AD converter
board digitizes output signals of the photodetector at a max-
imum sample rate of 200 Msa/s, which is sampled and pro-
cessed the IF frequency signal with the phase-locked loop as
shown in Fig. 6. And the arctangent algorithm based on the
phase-locked loop is implemented in the hardware device.

laser

: ray direction 

coupler
AOM

coupler
2T2 balanced

photodetector

polarizing
prism

fiber 

free space

collimator
telescope

fiber quarter wave platehalf wave plate
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todetectortodetectortodetectortodetector

A/D 
converter

signal processing 
circuit

target

1T2

Fig. 5. The experimental setup of heterodyne detection system.
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Fig. 6. The arctangent algorithm process based on PLL.

In this experiment, a linearly polarized beam with a wave-
length of 1.55 µm is transmitted from a single-frequency con-
tinuous all-fiber laser. A 1 : 9 beam coupler divides the laser
into two parts. The low power part serves as the local oscilla-
tor (LO) light and the other part serves as the signal light. The
telescope transceiver system works as an interface between the
signal light and echo signal reflected by the target. And the
echo signal is mixed with the LO signal in a 3 dB coupler.
Then the mixed signal detected by a balanced photodetector is
known as the IF signal, whose frequency components include
the driving frequency of the acousto-optic modulator and the
Doppler frequency shift generated by the target modulation.
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Fig. 7. (a), (b) The demodulation output results without PLL and (c)
power spectrum when the signal to noise ratio is equal to −33.95 dB.

The signal generator generates sinusoidal waves with a
frequency of 1000 Hz for the loudspeaker which drives the

target to produce a standard sinusoidal vibration. The detec-
tion distance between the telescope and target is about 30 m
and the vibration frequency of the target is 1000 Hz. A si-
nusoidal carrier signal at the frequency of 20 MHz is applied
to the local oscillator light. Partial algorithm process and de-
modulation output results are implemented in the simulation
software.

Figure 7 shows the demodulation output results of the tar-
get vibration without PLL. The demodulated signals are pre-
sented as amplitude graphs in Figs. 7(a) and 7(b). Figure 7(a)
is processed by the bandpass filter, while figure 7(b) is not.
Figure 7(c) shows the power spectrum of the demodulation
results. The bandwidths of the bandpass filters in the exper-
iment are 300–3000 Hz. According to the power spectrum,
we calculate the SNR of the heterodyne detection system to be
−33.95 dB. In the details of the demodulated signals shown
in Fig. 7(b), it is obvious that there are cumulative errors and
high-frequency noise components due to the instability of the
IF signal and the demodulated waveform is irregular. This
phenomenon is in accordance with the simulation result shown
in Fig. 4.
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Fig. 8. (a) The demodulation output results with PLL and (b) power
spectrum when the signal to noise ratio is equal to 14.69 dB.

Figure 8 shows the demodulation output results with PLL.
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Figure 8(a) is the demodulation output result of the target vi-
bration and figure 8(b) is the power spectrum of the output re-
sults. In this case, the SNR of the heterodyne detection system
is equal to 14.69 dB and the output waveform is closer to the
sine wave. The arctangent algorithm based on PLL is an ef-
ficient way to eliminate redundant harmonic components and
improve the displacement resolution of the heterodyne detec-
tion system. Therefore, we believe that improving the stability
of the IF signal can increase the signal-to-noise ratio of the
heterodyne detection system.

For better measurement results shown in Fig. 9, the de-
tectable displacement at a distance of 30 m of the heterodyne
detection system is approximately 20 nm. Figures 9(b) and
9(d) show the partial enlarged details of Figs. 9(a) and 9(c).
The bandwidth of the bandpass filer in Fig. 9(a) is still 300–
3000 Hz but we set the bandwidth of the bandpass filer in
Fig. 9(b) to 900–1100 Hz. In the target a sinusoidal vibra-
tion with a vibration frequency of 1000 Hz occurs. When the
recovered vibration is also a standard sinusoidal vibration, we
believe that the amplitude of the vibration is the detectable

displacement of the heterodyne detection system. The demod-
ulation result of Fig. 9(d) is close to the standard sinusoidal
waveform. From Figs. 9(b) and 9(d), it can be deduced that the
detectable displacement in Fig. 9(d) is approximately 20 nm.
It should be noted that this method is only suitable for single
frequency vibrations but not suitable for complex vibrations.
So we can set different filter ranges to adapt different applica-
tion scenarios.

It should be noted that there are many factors that affect
the resolution of displacement. Firstly, standard sinusoidal
micro-vibration detection brings a higher requirement for the
target material and elastic deformation of the target may be
distorted when the vibration amplitude is very small. Sec-
ondly, there are additional spurious noise components in het-
erodyne detection, which may push the practical limits of dis-
placement resolution to lower level. As mentioned, the high
resolution is feasible only under the provision of sufficiently
small filter bandwidth of the subsequent signal processing sys-
tem.
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Fig. 9. The detectable displacement of target vibration when the detection distance is 30 m. In panels (a) and (c), the bandwidth of the bandpass
filer is 300–3000 Hz and 900–1100 Hz, respectively; panels (b) and (d) are the corresponding partial enlarged details of panels (a) and (c).

4. Conclusion

We put forward an improved arctangent algorithm based

on phase-locked loop in the field of heterodyne detection,

which can improve the signal-to-noise ratio and detection ac-

curacy of the system. The influence of amplitude errors of two

I&Q signals and frequency errors of an acousto-optic mod-

ulator on the heterodyne detection is analyzed by theoreti-
cal derivations. According to the definition of the error gain
factor, we have given the comparison between the measured
values and true values of the phase of the IF signal. We set
up an experiment to verify the feasibility and stability of the
improved algorithm. The experimental results show that the
instability of the intermediate frequency signal can be elimi-
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nated and the cumulative error will disappear. The theoretical
simulations and experimental results exhibit a good agreement
during the research. Meanwhile, the ameliorated arctangent
algorithm can improve the SNR of the heterodyne detection
system. Our experimental setup has a detectable displacement
of about 20 nm at a detection distance of 30 m.
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