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A B S T R A C T

Segmented primary mirror, which is the prerequisite for space telescope with aperture beyond
4m, is very sensitive to co-phasing errors stemming from segment position and attitude errors as
well as aspheric parameter errors. These errors are random and therefore difficult to correct,
which can result in image quality degradation. In order to investigate the impacts of the co-
phasing errors, a nonlinear calculation method of wavefront deformation is proposed through ray
tracing, and numerical simulations are accomplished to analyze the impact of all these errors.
The simulation results show that random co-phasing error will lead to uncertain wavefront de-
formation, which can be estimated using the Monte Carlo simulation. When the error limits are
small enough, the wavefront deformation caused by definite or random co-phasing errors ap-
proximately obey the linearity theorem, and the total deformation is the root sum square of
wavefront deformations generated by all single co-phasing errors.

1. Introduction

To meet the requirements of astronomy observation, astronomers need to go further, explore, discover and study more distant and
faint planet, which means building telescopes with larger aperture for greater light-gather power and spatial resolution [1,2]. The
study from National Aeronautics and Space Administration (NASA) shows that the discovery speed of earth-like planets is directly
proportional to the 1.8th power of the aperture diameter D and the 0.4th power of the time t, thus a telescope with aperture larger
than 8m is necessary to meet the basic requirements of astronomy observation [3,4]. Space-based telescopes are immune to the
effects of earth atmosphere and diurnal thermal cycling compared with ground-based telescopes, and can achieve diffraction-limited
imaging. This outstanding advantage fascinates astronomers. However, space-based telescope with aperture larger than 4m should
adopt the segmented and deployable primary mirror (PM) because of the limitation from the launch vehicle fairing [5–7]. In order to
achieve this target, several programs using segmented PM are being implemented, which include the James Webb Space Telescope
(JWST) [8], the Advanced Technology Large Aperture Space Telescope (ATLAST) [9] and the Thirty Meter Space Telescope (TMST)
[10].

When segments with correct aspheric parameters are properly phased relative to each other, they act as a single mirror [11].
Limited by the precision of positioning mechanism, segments will inevitably contain six degree of freedom (DOF) pose errors (in-
cluding three DOF position errors and three DOF attitude errors) after PM co-phasing. Additionally, the optical parameter errors
deriving from fabrication will also bring significant wavefront deformation (WD). All these errors will result in image quality de-
gradation. At present, the research on segment co-phasing error mainly focuses on the error detection [12–15]. The analysis of WD
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caused by random aspheric parameter and pose errors is rarely concerned. Piston and tip/tilt errors with definite value defined in PM
coordinate system have been analyzed by Ref. [16–22]. They cannot resolve the impact of errors with random value and the errors
defined in segments coordinate system neither.

This paper proposes a nonlinear method for calculating the WD stemming from segments random pose and parameter errors.
Firstly, we introduced the basic composition of a segmented PM with 8m aperture. The sources of the random co-phasing errors are
then presented. The WD caused by these errors is analyzed through rays tracing. Finally, numerical simulations are carried out to
verify the theoretical equations. This work can provide a theoretical basis and data support for segmented telescope design and
fabrication.

2. Segmented primary mirror

The optical architecture of a space observatory with 8m segmented PM is illustrated in Fig. 1. Its optical design is a three mirror
anastigmat (TMA), with four optical surfaces: the segmented PM, secondary mirror (SM), tertiary mirror (TM), and the folding
mirror. The PM consists of 10 circular segments. Each segment is 1.9 m in diameter, and has identical aspheric parameters (radius of
curvature =R m10 and conic constant = −k 1). When properly phased relative to each other, these segments act as a single mirror,
and can provide an aperture of approximate 8m for observatory. This operation is achieved in the segment coordinate system S{ }i
(Fig. 1(b)) by six DOF rigid body motions of each segment.

3. Sources of co-phasing errors

The PM co-phasing errors mainly include segment aspheric parameter errors originating from fabrication errors, and segment
pose errors caused by six DOF positioning errors.

3.1. Aspheric parameter errors

Segments are grinded, ground and polished successively to obtain the optical surface meeting requirements. Different testing
methods are used in different stages to ensure machining accuracy. Interference testing is used in the polishing stage, and profil-
ometer testing was used in other stages. Segment prescription errors mainly originate from test errors in manufacture, as the
manufacture precision is greater than the corresponding testing accuracy. The prescription errors are mainly produced in profil-
ometer testing, because the material removal is so little in polishing process that it cannot change segment surface-shape. The
profilometer testing consists of two stages. Firstly, the coordinate values of discrete points on the segment surface are measured, and
then aspheric parameters are calculated using least square method. Therefore, the prescription error is the function of the mea-
surement errors of all the points. According to the central limit theorem (CLT), the segment prescription errors approximately follow
multidimensional independent normal distribution:

∼ ∼ΔR σ Δk σN(0, ); N(0, )R k
2 2 (1)

where ΔR is the paraxial radius error of curvature. Δk is the conic constant error. σ R is the standard deviation of ΔR. σk is the standard
deviation of Δk.

3.2. Pose errors

In order to fit the rocket faring, the PM must be folded and then deployed in space. Limited by the precision of deployable
mechanism, the segments will inevitably contain six DOF pose errors after deployment. For the segmented PM with conic-section

Fig. 1. Optical design of an 8m space telescope.
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surface, at least a five DOF platform is needed to compensate these errors. Parallel mechanism has been the first choice for the co-
phasing platform, because of its properties of compact structure, little space occupation, high structural stiffness, large carrying
capacity, little error accumulation and high precision.

Fig. 2 shows a typical six DOF parallel platform. It consists of fixed platform, moving platform and six linear actuators. The
segment is mounted to the moving platform. Therefore, the segment pose errors are equivalent to the platform positioning errors.
Sources of platform positioning errors mainly include fit clearance, creeping phenomenon and control error. They will result in that
the moving platform stops at undetermined position and with undetermined attitude. This randomness of positioning errors will lead
to slight changes in the other five DOF, even though the platform just moves along one DOF. According to practical experience,
positioning errors of the platform approximatively follow multidimensional independent uniform distribution:

∼ΔX a bU[ , ]i i i (2)

where ΔX i is one DOF pose error of the segment defined in its local coordinate system (LCS). ai and bi are the error limits.

4. Wavefront deformation originating from co-phasing errors

4.1. Basic theory

The nominal conic-section surface defined in Cartesian coordinate system is shown in Fig. 3 and can be expressed as:

=
+ − +

z cr
k c r1 1 (1 )

2

2 2 (3)

where = +r x y2 2 2. =c R1/ is the paraxial curvature. R is the paraxial ROC. k is conic constant.
An incident ray reflected by a segment with co-phasing errors is sketched in Fig. 4.
The ray with direction î originating at point P1 on the nominal wavefront. It intersects the nominal surface at point P2, and the

actual surface with deformation at point P3. The reflected ray directions are r̂nom and r̂ respectively. When the ray directions are close
enough to the PM principal axis vector, the small-angle approximation holds [23], and the total optical path-length difference (OPD)
caused by segments slight deformations is the sum of the changes in the incident-ray and reflected-ray OPD:

Fig. 2. Diagram of a co-phasing platform with 6 DOF rigid body motion.

Fig. 3. An incident ray is reflected by a segment with co-phasing errors.
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= +OPD L θd (1 cos ) (4)

where Ld is the path length from P2 to P3 along the incident ray, θ is the supplementary angle between the incident ray and the
reflected ray.

4.2. Wavefront deformation originating from segment pose errors

Set the vector of segment pose errors is:

=ΔX Δθ Δθ Δθ Δs Δs Δs[ _ , _ , _ , _ , _ , _ ]seg x seg y seg z seg x seg y seg z
T (5)

where Δθ _seg x , Δθ _seg y and Δθ _seg z are the rotation errors around x, y and z axes of the segment LCS S{ }i respectively, and Δs _seg x ,
Δs _seg y and Δs _seg z are the position errors along x, y and z axes respectively.

According to the homogeneous transformation theory, the actual pose of segment Si with pose errors can be expressed as:

= ⎡
⎣

⎤
⎦

T R S
0 1

Si
(6)

where TSi is the pose matrix of segment Si defined in its LCS S{ }i . =S Δs Δs Δs[ _ , _ , _ ]seg x seg y seg z
T is the position vector.R is the attitude

matrix and can be derived by rotation transformations (including roll, pitch and yaw):

=
=

R Δθ Δθ Δθ
z Δθ y Δθ x θ

RPY( _ , _ , _ )
Rot( , _ )Rot( , _ )Rot( , _ )

seg z seg y seg x

seg seg z seg seg y seg seg x (7)

where x ΔθRot( , _ )seg seg x means rotation Δθ _seg x around the x-axis of segment LCS, y ΔθRot( , _ )seg seg y means rotation Δθ _seg y around the
y-axis of segment LCS, and z ΔθRot( , _ )seg seg z means rotation Δθ _seg z around the z-axis of segment LCS:

=
⎡

⎣

⎢
⎢

−
⎤

⎦

⎥
⎥

x Δθ Δθ Δθ
Δθ Δθ

Rot( , _ )
1 0 0
0 cos _ sin _
0 sin _ cos _

seg seg x seg x seg x

seg x seg x (8)

=
⎡

⎣

⎢
⎢−

⎤

⎦

⎥
⎥

y Δθ
Δθ Δθ

Δθ Δθ
Rot( , _ )

cos _ 0 sin _
0 1 0

sin _ 0 cos _
seg seg y

seg y seg y

seg y seg y (9)

=
⎡

⎣

⎢
⎢

− ⎤

⎦

⎥
⎥

z Δθ
Δθ Δθ
Δθ ΔθRot( , _ )

cos _ sin _ 0
sin _ cos _ 0

0 0 1
seg seg z

seg z seg z

seg z seg z

(10)

The effect of segment pose errors on the reflected-ray position is:

⎡
⎣⎢

′ ⎤
⎦⎥

= ⎡
⎣⎢

⎤
⎦⎥

P T P
1 1

Si Si Si
2 2

(11)

where ∘Si is a vector defined in LCS S{ }i . =P x y z[ , , ]T
2 2 2 2 is the intersection of the incident-ray and the nominal surface.

′ = ′ ′ ′P x y z[ , , ]T
2 2 2 2 is the point on the actual surface corresponding to P2 (Fig. 5).
The position vector of point ′P 2 defined in globe coordinate system (GCS) S{ }0 is:

⎡
⎣⎢

′ ⎤
⎦⎥

= ⎡
⎣⎢

′ ⎤
⎦⎥

= ⎡
⎣⎢

⎤
⎦⎥

P T P T T P
1 1 1

S S
Si

Si S
Si

Si Si0
2 0 2 0 2

(12)

where ∘S0 is a vector defined in GCS S{ }0 , and TS
Si
0 is the transfer matrix from the GCS S{ }0 to the LCS S{ }i .

The OPD due to segment pose errors in incident-ray is：

= ′ ′
⎯ →⎯⎯⎯⎯⎯

⋅′L P P id ˆ1 2 2 (13)

where P′′
2 is the intersection of the nominal surface and the incident-ray which passes through point ′P 2 and is along direction î .

Fig. 4. The OPD originating from pose errors.
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According to Eq. (4), the total OPD due to slight segment pose errors is:

= +OPD L θd (1 cos )1 1 (14)

4.3. Wavefront deformation originating from aspheric parameters errors

The aspheric parameter errors ΔR and Δk do not change the surface rotational symmetry, and the actual optical surface can be
expressed as:

′ =
′

+ − + ′ ′
Sag r c r

k c r
( )

1 1 (1 )

2

2 2 (15)

where ′ = +c R ΔR1/( ) and ′ = +k k Δk.
The effect of segment parameter errors on the OPD is much the same as the effect of segment pose errors: surface deformation

changes the OPD in incident-ray:

=
⎯ →⎯⎯⎯⎯

⋅L P P id ˆ2 2 3 (16)

Where P2 is the intersection of the incident-ray and nominal surface, and P3 is the intersection of the incident-ray and actual surface
(Fig. 6).

Therefore, the total OPD due to slight aspheric parameter errors is:

= +OPD L θd (1 cos )2 2 (17)

5. Numerical simulation

Extensive numerical simulations were performed to validate Eqs. (14) and (17). Using 1037 incident-rays, which are approxi-
mately uniformly distributed on each segment surface, calculates partial WD. The total PM WD is the sum of all 1037n (n is the
segments number) incident-rays OPD:

Fig. 5. The OPD originating from aspheric parameter errors.

Fig. 6. The incident-rays position.
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=

⎡

⎣

⎢
⎢
⎢
⎢

⋮

⎤

⎦

⎥
⎥
⎥
⎥

Δw

OPD
OPD

OPD

_
_

_

ray

ray

ray n

1

2

1037 (18)

5.1. Simulations of co-phasing errors with definite value

For definite segment co-phasing errors, the accurate wavefront deformation (WD) can be obtained through numerical simulation
(Fig. 7). Fig. 7(a)–(c) are respectively the WDs with three DOFs (Δθ Δθ Δθ_ , _ , _seg x seg y seg z) attitude error ″1 . Fig. 7(d)–(f) are respec-
tively the WDs with three DOFs (Δs Δs Δs_ , _ , _seg x seg y seg z) position error =λ λ nm1 ( 632.8 ). Fig. 7(g) is the WD with the paraxial ROC
error =ΔR λ1 . Fig. 7(h) is the WD with the conic constant error =Δk 1e-4. It can be seen from Fig. 7 that each segment has the same
WD in its own LCS, and the segmented PM has rotational symmetry wavefront aberration in its own PM coordinate system (GLS).
Moreover, the segments low-order aberrations compose the PM high-order aberration. These plots verify that the Eqs. (14), (17) and
(18) are able to calculate the impacts of all segment co-phasing errors defined in LCS.

The WD root mean square (RMS) changing with single co-phasing error limit is shown in Fig. 8, the abscissa of which uses
normalized coordinate. The attitude errors limits change from 0° to 0.5°, the position errors limits change from 0mm to 1mm, the
paraxial ROC error limit changes from 0mm to 2mm, and the conic constant error limit changes from 0 to 0.01. It can be seen from
the sensitivity curves that the PM WD changes linearly with co-phasing errors when the errors limits are small enough, which is
defined as the linearity theorem. Moreover, the WD sensitivity to different co-phasing error is disparate.

Fig. 7. The WD originating from single co-phasing error with definite value.

Fig. 8. Sensitivity curves of the WD RMS changing with single co-phasing error.
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5.2. Simulations of single random co-phasing error

In fact, each segment has disparate co-phasing error, the value of which is random and follows certain statistical regularity. Using
the Monte Carlo simulations, the WD probability distribution can be obtained, and the WD expectation and standard variance can be
predicted. These data can evaluate the impact of random co-phasing errors approximately. Fig. 9 shows the WD RMS expectation
changing with single random co-phasing error, and Fig. 10 shows the WD RMS standard variance changing with single random co-
phasing error. Similarly, normalized abscissa is used, and the variation range of each co-phasing error limit is the same as that of
Fig. 8. The pose errors follow multidimensional independent uniform distribution, the parameter errors follow multidimensional
independent normal distribution, and the sampling times is 10,000 for each Monte Carlo simulation. It can be seen from the results
that the expectation of the WD RMS obeys the linearity theorem similarly, and the standard variance also obeys the linearity theorem
approximately. Moreover, disparate co-phasing error form has different impact capability.

5.3. Simulations of mixed co-phasing errors

Similarly, all co-phasing errors are coexisting and independent with each other. Fig. 11 shows the WD probability distribution
originating from the above eight kinds of random co-phasing errors, where the WD RMS expectation stemming from single co-phasing
error is λ1 . It can be seen from the curve (Fig. 11(a)) that the WD obeys normal distribution approximately, and the total WD is the
root sum square (RSS) of the WD caused by all single co-phasing error:

∑= ≈ = =
=

E λ RMS λ λ2.85 8 2.83rms
i

i
1

8
2

(19)

where Erms is the expectation of total WD RMS, and RMSi is the WD RMS expectation stemming from single co-phasing error.
Fig. 11(b) shows the average WD map. Because positive OPD compensates negative OPD, the RMS of the map is approximately zero,

Fig. 9. Sensitivity curves of WD RMS expectation changing with single random co-phasing error.

Fig. 10. Sensitivity curves of WD RMS standard variance changing with single random co-phasing error.
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which is consistent with that the best expectations of all co-phasing errors is zero.

6. Conclusion

This paper proposes a nonlinear method for calculating the WD stemming from segments random pose and aspheric parameter
errors. Taking an 8m segmented PM composed by 10 segments for instance, numerical simulations are accomplished. Our research
shows that random co-phasing errors will lead to uncertain WD which can be estimated using the Monte Carlo simulation. When the
error limit is small enough, the WD caused by definite or random co-phasing errors approximately obeys the linearity theorem, and
the total WD is the root sum square of WD generated by all single co-phasing errors.
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