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Abstract—Physical-layer network coding (PNC) has received
much attention, both from academia and industry lately, since
it takes advantages of multiple-access signals. Because of a re-
duced number of time slots (TSs), PNC is capable of improving
throughput significantly, especially for a typical 3-node network
consisting of 2 user terminals and 1 relay node. However, a net-
work with M nodes (M > 3) and without adopting additional
techniques needs (2M − 2) TSs to realize information exchange
among all the nodes, since network coding is unable to distinguish
between users at the relay node. This paper proposes uniquely
decodable codes (UDCs) for PNC in wireless cooperative commu-
nications. The proposed UDC requires only two TSs for informa-
tion exchange irrespective of the number of nodes in the network.
This paper also investigates the amplify-and-forward and decode-
and-forward modes for UDC-based PNC. The bit error rate and
throughput of the proposed schemes are analyzed in this paper. Us-
ing simulation results, we demonstrate that our theoretical results
align well with the simulation results.

Index Terms—Cooperative communications, multiple-access
channel, physical-layer network coding (PNC), uniquely decodable
codes (UDCs).

I. INTRODUCTION

N ETWORK coding (NC) is used both in wired and wireless
networks [1]. One of the most promising topics on NC is

physical-layer NC (PNC) [2], [3], which takes advantages of
multiple-access interference signals at relay node and achieves
higher throughput. PNC can be viewed as a special case of
cooperative communications [4]–[6].

There exists a great deal of works on PNC in literature, in-
cluding but not limited to the following:

1) various coding methods for PNC [7]–[13], e.g., convo-
lutional codes [12], repeat-accumulate codes, and low-density
parity-check codes [7], [13];
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2) various modulation schemes for PNC [14]–[17];
3) asynchronous problems of PNC [19]–[22].
Besides these basic physical-layer techniques, the PNC net-

work is also an interesting research topic [23]–[25].
It is well known that the flat fading channel is more attractive

and important for wireless transmission. Hence, how to reduce
the effect of the Rayleigh fading channel is another important
problem of PNC. Most existing works on PNC are restricted to
the additive white Gaussian noise (AWGN) channel. Some of
them tackle the problem in fading channels using equalization
[26], pre-coding [27], [28], or multiple-input multiple-output
(MIMO) techniques [29], [30]. However, the degrees of freedom
brought by MIMO are not fully utilized, since extra antennas
are used to overcome the Rayleigh fading.

Actually, PNC is able to significantly increase the throughput
of the 3-node network. However, it is not suitable for theM -node
(M ≥ 3) network consisting of (M − 1) user terminals and one
relay node, since NC (such as “XOR”) is unable to distinguish
data from multiple users. Therefore, it is an interesting problem
to reduce the number of time slots (TSs) for theM -node network
without degrading the throughput in the Rayleigh fading channel
[18], [31].

Currently, the non-orthogonal multiple access (NOMA) tech-
nique has been widely used in PNC systems [31]–[34]. Us-
ing different power-domain and/or multiple constellations, it
is possible to support multiple users to share the same re-
sources and improve spectral efficiency. There are a variety of
types of NOMA techniques, e.g., power-domain NOMA, sparse
code multiple access (SCMA). Unlike power-domain NOMA,
this paper exploits the application of uniquely-decodable codes
(UDCs) in extracting and mapping data from multiple user ter-
minals at the relay node. The UDC was originally designed for
multiple-access channels [35]–[41]. The essential idea behind
the UDC is to extract data from multiple users without ambigu-
ity. Thus, the UDC can be viewed as a special case of NOMA,
and it exploits coding techniques to separate different users.
The achievable data rate of UDCs is higher than the largest rate
of any single user, and some UDCs can even correct errors in
a noisy channel [37]. Inspired by these attractive features of
UDCs, this paper is the first to integrate UDCs into PNC. The
main contributions of this paper can be summarized as follows.

1) This paper proposes new UDC-based PNC schemes
both for the amplify-and-forward (AF) and decode-and-
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forward (DF) modes, and investigates the transmitter and
receiver structures of the proposed system.

2) The theoretical bit error rate (BER) and the throughput
performances of the proposed system are derived in detail.

3) A UDC-based multi-user PNC scheme, as well as a cor-
responding pre-coding technique, is proposed.

The remainder of this paper is organized as follows. The basic
architecture of UDC-based PNC is presented in Section II. A
special class of UDC for the proposed schemes is presented in
Section III. The BER and the throughput for the given models
are analyzed theoretically in Section IV. UDC-based multiple-
user PNC and pre-coding techniques for the proposed scheme
are discussed in Section V. Simulation results are presented in
Section VI. Finally, some concluding remarks and future work
are offered in Section VII.

II. ARCHITECTURE OF UDC-BASED PNC

In this paper, it is assumed that there are no direct commu-
nication links between any two users. They have to exchange
information via any relay node. It is also supposed that BPSK
is adopted during the entire transmission.

A. Traditional NC and PNC for the 3-Node Network

Consider a general 3-node network model, which includes
two user terminals (users 1 and 2) and one relay node (node R).
Actually, any one of networks can be decomposed into a number
of basic 3-node networks; therefore, the 3-node model is focused
upon in this research. As illustrated in Fig. 1(a), the traditional
scheme needs four TSs to complete information exchange. Con-
sidering the NC scheme in Fig. 1(b), the data sequences d1(t)
of user 1 and d2(t) of user 2 are modulated to signals s1(t) and
s2(t), and then are sent to relay node R during the first and
second TSs, respectively. Then, NC is carried out at the relay
node, i.e., dR (t) = d1(t) ⊕ d2(t), and the NC-encoded dR (t)
is modulated to sR (t), which is then broadcast to the two user
terminals in the third TS. Users 1 and 2 can obtain d2(t) =
d1(t) ⊕ (d1(t) ⊕ d2(t)) and d1(t) = d2(t) ⊕ (d1(t) ⊕ d2(t)),
respectively. Thus, the NC scheme needs three TSs to com-
plete information exchange. For the PNC scheme, two users
simultaneously send their signals during the first TS. Assuming
perfect synchronization, the relay node R receives the sum-
signal (s1(t) + s2(t)) of the two users. After mapping the
sum-signal into the encoded data dR (t) = d1(t) ⊕ d2(t), relay
nodeR broadcasts the PNC signal [as shown in Fig. 1(c)]. Thus,
the PNC scheme needs only two TSs to complete information
exchange.

B. UDC-Based PNC for the 3-Node Network

This paper presents two types of UDC-based PNC schemes
for the 3-node network. These two schemes are elaborated as
follows.

1) UDC-Based AF PNC Scheme: The frame of the AF mode
is shown in Fig. 2, and the system block diagram is shown in
Fig. 3.

Fig. 1. Traditional, NC, and PNC schemes, where “Mod” and “Map” represent
modulation and mapping, respectively. (a) Traditional scheme. (b) NC scheme.
(c) PNC scheme.

Fig. 2. UDC-based AF PNC scheme.

Fig. 3. Transceiver diagram of the UDC-based AF PNC scheme.
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Fig. 4. UDC-based DF PNC scheme.

Fig. 5. Transceiver diagram of the UDC-based DF PNC scheme.

This scheme consists of two TSs. During the first TS, two
separate user terminals simultaneously transmit data sequences
to the relay node, denote by d̃1(t) and d̃2(t). In the first TS,
d̃1(t) and d̃2(t) pass through UDC encoders C1 and C2 , yield-
ing encoded data sequences d1(t) and d2(t), respectively. The
encoded data d1(t) and d2(t) are then modulated into s1(t) and
s2(t) apiece. Next, the modulated signals s1(t) and s2(t) are
transmitted through two separate flat fading channels. The relay
node directly forwards the combined sum-signal with only some
simple signal processing, i.e., decision. In the second TS, the
relay node broadcasts the combined sum-signal to the two user
terminals.

This scheme has three major features in comparison to its
conventional PNC counterpart. First of all, the sum data rate at
the relay node, R1 +R2 , is greater than 1 and smaller than 2,
where R1 and R2 are the rates of users 1 and 2, respectively.
This will be further introduced in the following section. Since
the relay node in this scheme only decodes and forwards the
received combined sum-signal, this does not change the data
rate. Second, the UDC decoding table is required at each termi-
nal node. Third, this scheme is unable to take advantages of the
error detection (or correction) feature of UDC, since the relay
node does not perform UDC decoding.

2) UDC-Based DF PNC Scheme: Fig. 4 illustrates the UDC-
based DF PNC scheme. Actually, this scheme can be seen as
a special case of PNC, since the only difference is that UDC
encoding is performed before modulation as shown in Fig. 5.
Consequently, the relay node needs to first detect the sum-signal
and then map the detected signal with NC, i.e., dR (t) = d1(t) ⊕
d2(t).

Aided by UDC, this scheme is capable of improving the BER.
Moreover, it is applicable to not only the AWGN channel but also
the flat fading channel. The UDC decoding table is only needed
at the relay node, whereas in the AF PNC case it is needed at
each user terminal. This helps reduce the design complexity of
the receiver.

Fig. 6. Traditional, PNC, and UDC-based AF PNC of a 4-node network.

C. Multiple-Node Network

For a multiple-node network with M user terminals and one
relay node, assuming there are no direct links between any
two users, the traditional non-NC scheme needs 2M TSs for
information exchange. For PNC, the smallest number of TSs
is 2M − 2. Take the 4-node network shown in Fig. 6 as an
example. In the first TS, users 1 and 2 send signals to relay
node R, which then broadcasts the network-coded signal to all
the nodes in the second TS. Hence, users 1 and 2 are able to
obtain each other’s information after the second TS. During the
third TS, users 1 and 3 send signals to the relay node, which
broadcasts the network-coded signal in the fourth TS. User 3
recovers user 1’s information in the fourth TS, and then obtains
user 2’s information according to the received signal of the first
TS. Similarly, user 2 can recover the information from user 3 by
using the information from user 1. Therefore, it is easy to see
that the difference between the traditional and PNC schemes is
insignificant with the increase in M .

Because multiple-user UDC can separate multiple users si-
multaneously, the UDC-based schemes with both the AF and
DF modes are able to exchange information in two TSs for an
M -node (M > 2) network. Because of the significantly reduced
number of TSs, AF/DF provides a higher throughput than that
provided by PNC. The challenge lies in the design of effective
multiple-user UDCs. There have been some reported studies on
multiple-user UDC [42]–[44]. However, this still remains an
open research problem.

III. SPECIAL CLASS OF THE PROPOSED SCHEMES

A. Uniquely Decodable Codes

UDC is proposed for the multiple-access channel [36], in
which multiple information sequences from independent users
are encoded and combined into a single sequence. At the re-
ceiver, the decoder separates this coded sequence into the origi-
nal sequences of the multiple users. Thereby, the coded sequence
must possess a structural property such that it can be uniquely
separated. The key issue of UDC is to construct UDCs for users.

Suppose Vn is the vector space of all the n-tuples over GF(2),
and Cm is a subset of Vn . Denote the number of codewords
in Cm by |Cm |. If and only if, two different n-tuple vectors
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TABLE I
DECODING TABLE FOR UNIQUELY DECODABLE PAIR,

C1 = {00, 11} AND C2 = {00, 01, 10}

um ,vm ∈ Cm satisfy the following condition:

M∑

m=1

um �=
M∑

m=1

vm (1)

then, set Cm is supposed to constitute the UDC codewords of
the mth user.

Sum rate Rsum is defined as

Rsum =
1
n

log2

M∏

m=1

|Cm |. (2)

Consider a simple case where the code length is n = 2,
and the UDCs for users 1 and 2 are C1 = {00, 11} and
C2 = {00, 01, 10} with the decoding table given in Table I.
The rate pair for C1 and C2 is (0.5, 0.7925). By looking up
Table I, any received vector can be decoded into two codewords
C1 and C2 without ambiguity.

In this section, we take the given UDC pair listed in
Table I as an example to elaborate on the theory behind our
proposed schemes. The encoded vector set for users 1 and 2
are d1 = (d1(0), d1(1)) ∈ {00, 11} and d2 = (d2(0), d2(1)) ∈
{00, 01, 10}, respectively. Although this UDC pair is simple, yet
it provides high data rates and is instrumental in understanding
the principles behind UDC.

B. AF Mode

The diagram of the UDC-based AF PNC scheme is shown in
Fig. 3. Since BPSK is assumed, the modulated signal of the uth
user su (t)(t = 0, . . . , n− 1) can be expressed as

su (t) =
√
Ec (2du (t) − 1) (3)

where u = 1 or 2, Ec is the symbol power in one symbol time,
and su = (su (0), su (1), . . . , su (n− 1)).

Let us first consider the case without AWGN and Rayleigh
fading. The received signal rR (t) at the relay node R be-
comes rR (t) = s1(t) + s2(t). The detailed results are shown in
Table II.

Then, we consider the case with flat fading. It is assumed that
the channel impulse response remains constant during a single
codeword interval. In this case, the time interval of a codeword
equals that of two symbol intervals, since the codeword length
is n = 2. Without consideration of AWGN, the received signal
at the relay node is given by rR (t) = h1s1(t) + h2s2(t). For
convenience of notation, we define the following:

{
x =

√
Ec (h1 + h2)

y =
√
Ec (h1 − h2).

(4)

Fig. 7. Mapping process of the UDC-based AF PNC scheme. (a) Without
noise. (b) With noise.

Suppose sR (t) is the result of rR (t) after decision, and is broad-
cast in the second TS. For simplicity, define the mapping set Ψ as
the detected codeword in the noiseless channel, and |Ψ| denotes
the cardinality of Ψ. Apparently, there is a one-to-one correspon-
dence between Ψ and the users. As shown in Table III, there are
|Ψ| = 6 elements in Ψ, and Ψ = {ψ1 , ψ2 , ψ3 , ψ4 , ψ5 , ψ6} =
{(x, x), (y, y), (−x,−y), (y, x), (−y,−x), (x, y)}.

It may occur that sR (t) does not belong to Ψ when per-
forming hard-decision, resulting in erasure symbols (ξ, ξ) at
the relay node that will be broadcast in the second TS. The
mapping set Ψ is utilized for decoding at the user nodes so
that the data sequences transmitted by different users can be
decoded without ambiguity. We use a simple hard-decision
example to elaborate on the decoding procedure at the user
node in the second TS. If the received signal is (x, y), then
d1 = (1, 1) and d2 = (1, 0) are decoded. If the received signal
falls outside of Ψ, then it is considered that the erasure symbols
(ξ, ξ) are received by both users.

However, sR (t) can always be decoded inside set Ψ using soft
decision, based upon the minimum Euclidean distance criterion.
The mapping progress under the AF mode is illustrated in Fig. 7.

C. DF Mode

“XOR” is adopted as the mapping operation at the relay node
R, i.e., dR (t) = d1(t) ⊕ d2(t). Denote the data sequence after
mapping by a vector dR = (dR (0), . . . , dR (n− 1)) with the
UDC codeword length of n, which equals 2 in our case. The
mapping process is presented in Table IV.

Table IV establishes a mapping relationship between the
received sum-signal vector rR = (rR (0), rR (1)) and data se-
quence dR . Fig. 8 shows the mapping process without the
AWGN. The relationship is given as.

1) If received signal rR = (−x,−x), then dR = (0, 0).
2) If received signal rR = (y, y), then dR = (1, 1).
3) If received signal rR = (−x,−y), then dR = (0, 1).
4) If received signal rR = (y, x), then dR = (1, 0).
5) If received signal rR = (−y,−x), then dR = (1, 0).
6) If received signal rR = (x, y), then dR = (0, 1).
When noise is included, the received signal atR will become

as follows:

rR (t) = h1s1(t) + h2s2(t) + n(t) (5)

where n(t) is the Gaussian noise with variance σ2 .
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TABLE II
RECEIVED SIGNAL AT THE RELAY NODE WITHOUT CONSIDERING FLAT FADING

TABLE III
RECEIVED SIGNAL AT THE RELAY NODE IN CONSIDERATION OF FLAT FADING

TABLE IV
DATA SEQUENCE MAPPING AT RELAY NODE R USING “XOR”

Fig. 8. Mapping process of the UDC-based DF PNC scheme. (a) Without
noise. (b) With noise.

Noise will cause mapping errors. For example, assume that
the correctly detected signal vector is (−x,−x); if there are
no mapping errors, the mapped output vector will be (0, 0).
With one mapping error, the mapped output will be either (0, 1)
or (1, 0), whereas the output is (1, 1) if there are two mapping

errors. The mapping process of the UDC-based DF PNC scheme
in a noisy channel is illustrated in Fig. 8.

After obtaining the mapped data sequence dR (t), it is then
modulated into sR (t) and broadcast to both users 1 and 2.

At each user terminal, users 1 and 2 perform d2(t) =
d1(t) ⊕ (d1(t) ⊕ d2(t)) and d1(t) = d2(t) ⊕ (d1(t) ⊕ d2(t)),
respectively, to complete information exchange.

IV. THEORETICAL ANALYSIS OF THE PROPOSED SCHEMES

In this section, we will analyze the symbol error rate (SER) of
the proposed schemes with the AF and DF modes. It is assumed
that the channel state information (CSI) is perfectly known at
both the transmitters and receivers, and that BPSK modulation
is used. Meanwhile, there are no sysnchronization errors, and
0 s and 1 s are generated with equiprobability by each user.

A. General SER Analysis

The end-to-end system SERs of the proposed schemes are
determined both by the first TS (multiple-access phase) and the
second TS (broadcast phase).

We first discuss the first TS. Without loss of generality, we
assume |h1 |2 > |h2 |2 > 0. It is noted that the probability of
|h1 |2 = |h2 |2 is extremely small, and thus negligible for a ran-
dom fading channel. The received signal at the relay node can
be expressed as (6), shown at the bottom of this page.

Denote by pa→b(= P (b|a)) the probability of detected sym-
bol b, given that symbol a is transmitted. f(r |x ), f(r |y ),

rR (t) = h1s1(t) + h2s2(t) + n(t)

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

√
Ech1 +

√
Ech2 + n(t) = x+ n(t), if s1(t) =

√
Ec, s2(t) =

√
Ec√

Ech1 −
√
Ech2 + n(t) = y + n(t), if s1(t) =

√
Ec, s2(t) = −√

Ec

−√
Ech1 +

√
Ech2 + n(t) = −y + n(t), if s1(t) = −√

Ec, s2(t) =
√
Ec

−√
Ech1 −

√
Ech2 + n(t) = −x+ n(t), if s1(t) = −√

Ec, s2(t) = −√
Ec

(6)
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f(|h1 |2), and f(|h2 |2) are defined as the probability density
functions (PDFs) given by

f(r |x ) =
1√
2πσ

exp

{
−
[
r −√

Ec (h1 + h2)
]2

2σ2

}

f(r |y ) =
1√
2πσ

exp

{
−
[
r −√

Ec (h1 − h2)
]2

2σ2

}

f(|h1 |2) =
|h1 |2
σ2

Ray
exp

(
−
(|h1 |2

)2

2σ2
Ray

)

f(|h2 |2) =
|h2 |2
σ2

Ray
exp

(
−
(|h2 |2

)2

2σ2
Ray

)
(7)

where |h1 |2 and |h2 |2 follow the same Rayleigh distribution
with variance σ2

Ray.
It is easy to see that the optimal decision thresholds for the

given scheme are respectively h1
√
Ec , 0 and −h1

√
Ec , owing

to the facts that the transmit signals are of equiprobability and
BPSK modulated. Thus, we arrive at (8), shown at the bottom
of this page, where we have the following:

P =
∫∫

|h1 |2> |h2 |2
f(|h1 |2)f(|h2 |2)d|h1 |2d|h2 |2

Because of the symmetry between x and −x, it is easy to
show that

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

p(−x)→(−y ) = px→y

p(−x)→y = px→(−y )

p(−x)→x = px→(−x)

p(−x)→(−x) = px→x .

(9)

Similarly, we have (10), as shown at the bottom this page, where

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

p(−y )→(−x) = py→x

p(−y )→y = py→(−y )

p(−y )→x = py→(−x)

p(−y )→(−y ) = py→y .

(11)

For further discussions, define pψi→ψj
(= P (ψj |ψi)) as the

probability that detects codeword ψi as ψj , where ψi(ψj ) ∈ Ψ.
It is easy to derive the expression of pψi→ψj

, according to the
expressions of pa→b . For example, assuming ψi = (−x,−x)
and ψj = (x, y), we have pψi→ψj

= p(−x)→(x)p(−x)→(y ) .
In the second TS, sR (t) is broadcast to the two users, and the

received signal by the uth, user ru (t), is given as

ru (t) = hRusR (t) + nu (t) (12)

where hRu is the channel gain between the relay node and
the uth user in the second TS, and nu (t) is the AWGN. It
can be readily shown that the SER of the second TS, Pe,BC,

px→y = P (y |x ) =
1
P

∫∫

|h1 |2> |h2 |2

[∫ h1
√
Ec

0
f(r |x )dr

]
f(h1)f(h2)dh1dh2

px→(−y ) = P (−y |x ) =
1
P

∫∫

|h1 |2> |h2 |2

[∫ 0

−h1
√
Ec

f(r |x )dr
]
f(h1)f(h2)dh1dh2

px→(−x) = P (−x |x ) =
1
P

∫∫

|h1 |2> |h2 |2

[∫ −h1
√
Ec

−∞
f(r |x )dr

]
f(h1)f(h2)dh1dh2

px→x = P (x |x ) =
1
P

∫∫

|h1 |2> |h2 |2

[∫ +∞

h1
√
Ec

f(r |x )dr
]
f(h1)f(h2)dh1dh2 (8)

py→x = P (x |y ) =
1
P

∫∫

h1>h2

[∫ +∞

h1
√
Ec

f(r |y )dr
]
f(h1)f(h2)dh1dh2

py→(−y ) = P (−y |y ) =
1
P

∫∫

h1>h2

[∫ 0

−h1
√
Ec

f(r |y )dr
]
f(h1)f(h2)dh1dh2

py→(−x) = P (−x |y ) =
1
P

∫∫

h1>h2

[∫ −h1
√
Ec

−∞
f(r |y )dr

]
f(h1)f(h2)dh1dh2

py→y = P (y |y ) =
1
P

∫∫

h1>h2

[∫ h1
√
Ec

0
f(r |y )dr

]
f(h1)f(h2)dh1dh2 (10)
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can be obtained as

Pe,BC =
∫

1
2

erfc

⎛

⎝

√
Ec(hRu )

2

2σ2

⎞

⎠

·
[
hRu
σ2

Ray
exp

(
−hRu

2

2σ2
Ray

)]
dhRu . (13)

Actually, the end-to-end system SER, Pe , consists of two parts
corresponding to the multiple-access channel (first TS) and the
broadcast channel (second TS), respectively. As a result, we
have the following:

Pe = 1 − (1 − Pe,MAC) (1 − Pe,BC) (14)

where Pe,MAC is the SER of the multiple-access channel.

B. SER of the AF Mode

We discuss the SERs of the AF mode both with the soft-
decision and hard-decision cases.

1) SER Upper Bound of Soft Decision: For ease of expo-
sition, define Nψi→ψj

as the number of symbol errors when
codeword ψi is erroneously detected as ψj . It is obvious that
1 ≤ Nψi→ψj

≤ n. Let Pout be the probability that sR is detected
outside Ψ.

There exist three detection scenarios. The first scenario is that
the codeword is correctly recovered. The second one is that sR is
wrongly detected to be a codeword in Ψ, while the last scenario
is that sR is detected as a codeword outside Ψ.

Thanks to the above three detection scenarios and two TSs
of information exchange completion, there are nine cases in to-
tal when analyzing the system SER. Assume that the correctly
detected codeword is ψi , while ψj and ψk (j �= k) are the er-
roneously detected codewords. The nine cases are discussed in
detail in the following.

1) The detected codeword of the first TS corresponds to the
first case, which means the detected codeword is ψi . If the de-
tected codeword of the second TS is also case one, there is
no detected error. If the detected codeword of the second TS
belongs to case two, the detected codeword is ψj and the corre-
sponding symbol errors are Nψi→ψj

. If the detected codeword
of the second TS is case three, the final detected codeword is
viewed as erasure codeword (ξ, ξ) implying two symbol errors.
Thus, at this time, the average SER, P1 , is derived as

P1 =
|Ψ |∑

i=1

1
|Ψ| ·

pψi→ψi

1−Pout

⎛

⎝
|Ψ |∑

j=1,j �=i

1
n
Pψi→ψj

·Nψi→ψj
+Pout

⎞

⎠ .

(15)
2) The detected codeword in the first TS corresponds to case

two, which means the detected codeword is ψj . If the detected
codeword of the second TS is case one, there are no further
errors, and the corresponding symbol errors are still Nψi→ψj

.
If the detected codeword of the second TS is ψk (k �= j), no
error occurs when k = i, andNψj→ψk

errors occur when k �= i.
Similarly, Pout is the probability of ψj being out of Ψ after the

decision. Thus, the average SER, P2 , is given as:

P2 =
|Ψ |∑

i=1

|Ψ |∑

j=1

1
|Ψ| ·

pψi→ψj

1−Pout

⎛

⎝
|Ψ |∑

k=1,k �=i

1
n
pψj→ψk

·Nψj →ψk
+Pout

⎞

⎠.

(16)
When soft decision is considered at the relay, all the received
codewords can find a corresponding codeword in Ψ by using the
minimum Euclidean distance. There is no detected codeword
outside mapping table set, Ψ. Thus, we can derive an upper
bound of the average SER as Pe,AF = P1 + P2 .

2) Hard Decision: For convenience, we use the codeword er-
ror rate (CWER),Pcw, to approximate the SER,Pe , for the hard-
decision situation. Since an arbitrary symbol error in a codeword
can result in an incorrect codeword; thus, the relationship be-
tween the CWER and the SER is given as Pe ≤ Pcw ≤ nPe . For
the proposed case of n = 2, we have Pe ≈ Pcw. Define the CW-
ERs of the multiple-access and broadcast channels as Pcw,MAC

andPcw,BC, respectively. The SER of the AF mode can be shown
as

Pcw = 1 − (1 − Pcw,MAC) (1 − Pcw,BC)

= 1 −
|Ψ |∑

i=1

1
|Ψ|pψi→ψi

|Ψ |∑

i=1

1
|Ψ|pψi→ψi

. (17)

C. SER of the DF Mode

For the DF mode, the SER of the broadcast channel, Pe,BC, is
similar to (13), since the users can directly recover the received
data sequences without using the mapping table. Thus, it is only
necessary to discuss the Pe,MAC part of the SER of the multiple-
access channel, which is determined by the mapping table.

1) SER Upper Bound of Soft Decision: Similar to the AF
mode, there are two cases for the detected codewords in the
first TS when employing soft decision. The first one is correct
detection, while the other one is incorrectly detected codewords
that are located in set Ψ. Thus, Pe,MAC can be calculated as

Pe,MAC =
|Ψ |∑

i=1

1
|Ψ|

|Ψ |∑

j=1

1
n

pψi→ψj

1 − pout
Nψi→ψj

. (18)

Plugging (18) into (14), we are able to derive the average SER,
Pe,DF,soft, as

Pe,DF,soft = 1 − (1 − Pe,MAC) (1 − Pe,BC) (19)

2) Hard Decision: The main difference between the hard
decision and the soft decision is that sR (t) may be decoded
out of the mapping table set, Ψ. When the detected codeword
falls outside the mapping table set, Ψ, the erasure codeword
(ξ, ξ) is achieved at the relay node, which will be sent out in
the second TS. Although there exists a probability that detected
ru = (ru (0), ru (1)) may fall into the mapping table set, Ψ,
again in the second TS, yet this probability is so small that it
can be ignored. Under such conditions, the average SER of the
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DF mode is given as:

Pe,DF,hard =
|Ψ |∑

i=1

1
|Ψ| [(1 − Pout)Pe,DF,soft + Pout]. (20)

V. GENERAL CASE FOR THE PROPOSED SCHEME

In previous sections, we discussed the UDC-based PNC
schemes based upon a simple and efficient UDC and BPSK
modulation. To generalize the proposed systems, whereM > 2,
the architecture of the transmitter and the receiver should be sim-
ilar. It should be noted that a δ-decodable UDC is able to correct
�(δ − 1)/2� or fewer errors, and thus improves the SER per-
formance. Moreover, different modulation schemes may also
affect the performance. The generalized UDC-based PNC sys-
tem based upon a general δ-decodable pair in conjunction with
higher order modulation is capable of providing a much better
performance.

In this section, multiple-user UDC-based PNC and pre-coding
technique are introduced. It is noted that part of the multiple-user
UDC-based PNC has been introduced in [47].

A. Multiple-User UDC-Based PNC

To realize multiple-user UDC-based PNC, the key issue is to
find M -user UDCs. This paper explores the UDC proposed by
[45], which provides two codewords xm and ym for the mth
user. Thus, its sum rate, Rsum = 1

n log2
∏M

m=1 2 = M/n.
Set zm = xm − ym , where zm ∈ {0,−1, 1}. Define an

M × n difference matrix, D, for the M users’ codeword set
(C1 , C2 , . . . , CM ), which contains zm as a row. Let the rows
of D be linearly independent over {0,−1, 1}. For an arbitrary
integer l (1 ≤ l ≤ n), if the lth component of zm is 0, then the
lth components of xm and ym both equal to 0. If the lth com-
ponent of zm is 1 (or −1), then the lth components of xm and
ym are 1 and 0 (or 0 and 1), respectively. The initial value of
D is D0 = [1], and the iterative procedure for computing the
difference matrix D is given as

Db =

⎡

⎢⎣
Db−1 Db−1

Db−1

Ib−1

−Db−1

0b−1

⎤

⎥⎦ (21)

where Ib−1 is the identity matrix of order of 2b−1 , 0b−1 is the
zero matrix of order of 2b−1 , and b is the order of the difference
matrix D. When b = 1 and suppose there are three users, then
we have

Db =

⎡

⎢⎣
1 1

1 −1

1 0

⎤

⎥⎦ . (22)

Thus, the codeword set of each user is C1 = {11, 00},
C2 = {10, 01}, and C3 = {10, 00}. If each user uses QPSK
modulation, the mapping set at the relay is illustrated in Fig. 9.

There are some elements overlapping in case (c) because
of different QPSK constellation, which makes the codewords
no longer uniquely decodable. Moreover, the elements in set
Ψ vary with different constellation mappings in cases (a) and

Fig. 9. Different QPSK constellations and mapping sets, Ψ, at the relay node
with three users.

TABLE V
CODING AND BPSK MODULATION MAPPING FOR THREE USERS

(b), thereby resulting in varying Euclidean distances. The min-
imum Euclidean distances for cases (a) and (b) are 2 and

√
2,

respectively. So, assuming BPSK modulation, the mapping re-
lationship is presented in Table V.

The subsequent analytical process is similar to that of the
2-user case, and is thus omitted for brevity purposes.

B. Pre-Coding for the Proposed Scheme

As discussed in the preceding parts, the SER of the system
is affected by the optimum decision threshold as shown in (6),
which is a function of the channel impulse response, h1 (or h2).
Consequently, the BER and the capacity of the system vary with
the channel impulse response. This part will discuss pre-coding
for the proposed schemes in an attempt to reduce the effect of the
channel impulse response. The system diagram with pre-coding
is illustrated in Fig. 10.

The main difference lies in the addition of a pre-coding pro-
cessor inserted before transmission. If the CSI is known at each
user terminal, the weights w1 and w2 for users 1 and 2 should
be

⎧
⎨

⎩
w1 = h∗

1

|h1 |2

w2 = h∗
2

|h2 |2 .
(23)

Thus, the received signal becomes

r(t) = h1 (w1s1(t)) + h2 (w2s2(t)) + n(t)

= h1
h∗1

|h1 |2
s1(t) + h2 · h∗2

|h2 |2
s2(t) + n(t)

= s1(t) + s2(t) + n(t) (24)
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Fig. 10. Pre-coding for the proposed UDC-based PNC schemes.

Fig. 11. SER performances of the AF UDC-based PNC mode both in Rayleigh
flat fading and AWGN channels, whereC1 = {00, 11} andC2 = {00, 01, 10}.

where x = 2
√
Ec, and y = 0. As can be seen from (21), the

effect of flat fading is removed, and the channel becomes an
AWGN equivalent one.

Pre-coding is useful in improving the system performance un-
der the fading channel. However, the CSI needs to be known at
the user terminals as well as at the relay node, along with a feed-
back link. The extra feedback channel increases the complexity
of the system. Thus, channel estimation is also an interesting
issue for the proposed schemes, which is beyond the scope of
this paper.

VI. SIMULATION RESULTS

This section presents computer simulation results to validate
both the SER and throughput performances of the proposed
schemes.

A. SER Performance

It is assumed that σ2
Ray = 1, and the UDC shown in Table I

is used for the M = 2 case. Figs. 11–13 plot the SER results
of users 1 and 2 with different transmission modes. For fair
comparison, each node (a user terminal or the relay node) is
allocated the same transmit power.

As can be observed from Figs. 11 and 12, the SER perfor-
mances of the proposed systems in Rayleigh fading channels
are worse than those in AWGN channels. And, the traditional

Fig. 12. SER performances of the DF UDC-based PNC mode both in Rayleigh
flat fading and AWGN channels, whereC1 = {00, 11} andC2 = {00, 01, 10}.

Fig. 13. Comparison between the AF and DF modes in AWGN channels,
where C1 = {00, 11} and C2 = {00, 01, 10}.

PNC provides the best SER performances among the AF and DF
modes. Moreover, the theoretical results are almost in agreement
with the simulated results in both the AWGN and Rayleigh fad-
ing channels. From Fig. 13, it is found that the DF mode offers a
slightly better SER performance than that of the AF mode, since
UDC is employed at both the user terminals and the relay node,
which enables error detection (or correction) at all the nodes.
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Fig. 14. Sum rate of the different UDC construction method, where M is the
number of users.

With the increasing of SNR, the difference between the AF and
DF modes becomes smaller. By contrast, the AF mode exhibits
a worse SER performance since the UDC is not used at the relay
node. As for the AWGN channels, the SER performances are
comparable to that of the PNC system.

B. Throughput

In this paper, the throughput TP is defined as the number
of bits successfully transmitted by the system per unit TS. At-
tributed to the properties of UDCs, the proposed schemes need
only two TSs for complete information exchange, irrespective
of the number of users in the system. As a result, given the sum
rate of UDC, Rsum, the throughputs under the AF (TPAF) and
DF (TPDF) modes can be expressed, respectively, as

TPAF = RsumRs(1 − Pe,AF)/2,

TPDF = RsumRs(1 − Pe,DF)/2 (25)

where Pe,AF (or Pe,DF) is the BER of the proposed scheme,
and Rs is the symbol rate. Let Rs be 106 symbol/s, and as-
sume Pe,AF = Pe,DF = 0. Thus, the maximum throughput of
the UDC-based PNC is TPUDC = Rsum/2 Mb/s.

For the given simple UDC for two users (as shown in Table I),
TPUDC = 1.2925/2 = 0.6462 Mb/s.

According to the different UDC construction method, its sum
rate, Rsum = M/n, where M = (b+ 2) · 2b−1 and n = 2b , as
shown in Fig. 14. Thus, the maximum throughput is TPUDC =
M
2n Mb/s. For example, when M = 3 and n = 2, its throughput
is 0.75 Mb/s; when M = 8 and n = 4, the throughput equals
1 Mb/s. Obviously, the throughput of UDC-based PNC is an
increasing function of M .

Since the PNC withM users needs 2M − 2 TSs to exchange
information, the system throughput is given as

TPPNC =
MRs(1 − Pe,PNC)

2M − 2
(26)

Fig. 15. Throughput comparison between the UDC-based PNC and the clas-
sical PNC.

Fig. 16. System throughput of various comparative schemes with the AF and
DF modes.

wherePe,PNC is the BER of theM -user PNC system. Obviously,
(26) is a decreasing function of M . When M = 2, the PNC
system has the maximum throughput of TPPNC = 1 Mb/s. When
M → ∞, TPPNC = 0.5 Mb/s.

The throughputs of the UDC-based PNC and the classical
PNC are compared in Fig. 15. When M = 2, the throughput of
the UDC-based PNC is smaller than that of the PNC system.
When M ≥ 3, the throughput of the UDC-based PNC is equal
to or larger than that of the PNC system. With the increase inM ,
the UDC-based PNC provides a better throughput performance
than that by the classical PNC system.

Fig. 16 plots the system throughput of various schemes with
both the AF and DF modes. From the figure, it can be seen that
for any transmission scheme, if the SNR is large enough, its
throughput in the AWGN channel is always higher than that in
the Rayleigh fading channel. However, with an increase in the
SNR, the discrepancy becomes smaller. And, if the SNR is large
enough, the throughputs in the AWGN and the Rayleigh fading
channels will be around the same. For all the schemes in the
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AWGN channel, it is found that the DF mode provides a higher
throughput than that by its AF counterpart, since its SER in the
multiple-access channel is smaller than that in the AF mode.

VII. CONCLUSION

This paper proposed new UDC-based PNC schemes for wire-
less cooperative communications, which extract and map data
from different users at the relay node. It is capable of reducing
the number of TSs for theM -node network, and thus, improves
the system throughput. This paper also introduced two transmis-
sion schemes, i.e., the AF and DF modes, both of which provide
different features. For example, the AF mode is relatively easy to
implement, but offers a poorer SER performance. A notable ad-
vantage of the proposed UDC-based PNC schemes is that they
work effectively in the flat fading channel with a small SER
penalty. Therefore, the proposed schemes will be very useful
for future wireless communications systems. There still remain
some open and interesting problems for the proposed schemes,
e.g., multiple-user UDC design, which will be studied in our
future work.
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