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Abstract

We investigated second-harmonic wave patterns induced by the tightly focused radially polarized beam loaded with off-axis
vortices. The expression of the electric field of tightly focused radially polarized beam loaded with off-axis vortices through
ZnSe crystal was derived, based on which the expression of the polarization distributions of near-field second-harmonic and
the intensity distributions of far-field second-harmonic at different incident crystal planes were obtained. Numerical simu-
lations indicated the distinctive polarization distributions of near-field second-harmonic and the intensity distributions of
far-field second-harmonic when the incident crystal planes were (110) and (001). The results showed that second-harmonic

wave patterns could be regulated flexibly by changing the distance and number of off-axis vortices.

1 Introduction

Second-harmonic generation (SHG) refers to the conver-
sion of an incident optical field at frequency w, to SH field
at frequency 2w, and arises from the second-order nonlin-
ear optical susceptibility of the material [1-6]. SH imaging
has been widely used in the fields of biomedicine, instru-
ment science, and material analysis. For example, Moreaux
et al. obtained a high-resolution optical imaging of cellular
membranes and intact tissues by SHG microscopy [7, 8].
Shen used SHG and sum-frequency generation to monitor
the surface dynamics of samples due to the nondestructive
features of SH [9]. Cisek et al. used a noninvasive optical
microscopy technique based on polarization-dependent SHG
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to determine the crystal lattice structure and microscopic
heterogeneities within individual nanostructures [10-12].
Radially polarized beam (RPB) is a kind of spatially
non-uniformly polarized beam and is attracting consider-
able attention owning to its unique properties [13—15]. RPB
produces a strong longitudinal component when it is tightly
focused. The focus spot size is smaller and the energy is
more concentrated compared with linearly polarized beam
under the same condition. In recent years, researchers have
focused on the study of the SHG induced by tightly focused
RPB in nonlinear crystals. Kozawa et al. used RPB induc-
ing SH in a non-centrosymmetric ZnSe crystal, in which the
existence of the longitudinal electric field of tightly focused
RPB was confirmed by the change of intensity distributions
of SH [16]. Then, Kozawa et al. demonstrated that the con-
tribution of longitudinal electric field generated by focused
radially polarized beam was clearly distinguished from that
by azimuthally polarized beam, and the experimental dem-
onstration of SH wave patterns induced by (001) ZnSe is
reported [17]. Ohtsu et al. theoretically calculated the SH
wave patterns induced by the tightly focused RPB, and a
typical intensity pattern with figure of eight was observed
[18]. Then, Ohtsu et al. calculated the polarization distri-
butions of near-field SH and the intensity distributions of
far-field SH induced by the tightly focused RPB loaded with
coaxial vortices, and they proved that coaxial vortices with
different topological charges affect the SH wave patterns
[19]. However, these methods are only restricted to produce
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symmetric SH wave patterns. Generation of non-symmetric
patterns or even arbitrary shaped patterns of SH wave to
meet diverse demands from different aspects such as crys-
tal lattice structure detection and optical imaging remains
elusive. Since the existence of the off-axis vortex breaks
the symmetrical distribution of the light field, it can effec-
tively regulate the energy distribution of the focused field.
A method of focusing the RPB loaded with multiple off-axis
vortices on the ZnSe crystal can be applied to generate non-
circularly symmetric SH wave patterns.

In this paper, SH wave patterns induced by the tightly
focused RPB loaded with off-axis vortices are studied for
the first time. The expression of the electric field of tightly
focused RPB loaded with off-axis vortices through ZnSe
crystal is derived firstly. Then, the expression of the polari-
zation distributions of near-field SH and the intensity distri-
butions of far-field SH are derived when the incident crystal
planes are (110) and (001), respectively. In the numerical
simulations, influence of the distance and number of off-axis
vortices on near- and far-field SH wave patterns are ana-
lyzed. Finally, the rules of the SH wave patterns under the
control of multiple off-axis vortices are explored. This work
demonstrates that the distance and number of off-axis vorti-
ces could provide new degrees of freedom for SHG, making
the manipulation of the SH wave patterns more flexible.

2 Theory

Figure 1 shows the schematic of SHG induced by the tightly
focused RPB loaded with off-axis vortices. A linearly polar-
ized Gaussian beam is converted to an RPB loaded with
off-axis vortices through a spiral phase plate and a radial
polarization converter. The RPB loaded with off-axis vorti-
ces is tightly focused in the ZnSe crystal by the high numeri-
cal aperture objective to generate SH. Near-field observation

RPB loaded with
off-axis vortices

Linearly polarized
Gaussian beam

off-axis
vortices beam

screen of SH wave patterns is located on the back surface of
the ZnSe crystal (xOy plane), where P(r, @, 0) is the obser-
vation point. The far-field observation screen of SH wave
patterns is located in the position of z = z4 (x,04y, plane),
where Q(R sin @, @, Zd) is the observation point.

2.1 The tightly focused field through ZnSe crystal

Assuming that the incident cylindrical vector beam con-
forms to the Gaussian distribution, the electric field of RPB
can be expressed as follows:

2
= 7 \= -
Ep=E0exp <—;>ep=Epep D

where w is the waist radius of the incident Gaussian beam,
(p, @) is polar coordinate in the object space, where f is the
focal length of the objective and ¢, is the radial unit vector.
Assuming that an off-axis vortex is located at the point P,
in the object space and can be expressed as p;e/®1, so the
incident field can be expressed as follows [20]:

Eino(p, P) = Ep(pei¢ — plej¢1)m1 o

where m, is the topological charge of the single vortex.
When incident beam carries multiple off-axis vortices,
whose locations are centered at Py, P,,..., Py with topologi-
cal charges are m,, m,,..., my, respectively, the expression
of incident field can be given as follows [20]:

M
Eno(p.¢) =E, Y A,pM e M=0 3)
i=0

where A, is the coefficient of multiple vortices expansion,
and M = ZnNzl m,,. Based on Richards—Wolf vector diffrac-
tion theory [21], the components of electric field of tightly
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Fig. 1 Schematic of the SHG induced by the tightly focused RPB loaded with off-axis vortices
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focused RPB loaded with multiple vortices can be expressed
as follows [20]:

Ein_ M
En(r,0.2) = | By, =—— 1A, exp((M — n)o)
in(7, @, 2 J PG ®
n=0
E;, .
X / E M= ” cos 0 sin 0 exp(jkz cos 0)
0

cosO[JlH(kr sin @) — J,_, (krsin 0)]
—jcos 9 Jl+1(kr sin @) + J,_; (krsin 9)] de
2j sin 8J(kr sin 0)

“

where a is the maximum angle related to the numerical aper-
ture (NA) of the objective, @ = arcsin(NA/n,), and n is the
refractive index of objective. J;(kr sin 0) is the Bessel func-
tion of the first kind of order [,/ = M — n. The components
of electric field of tightly focused RPB through a dielectric
surface in cylindrical coordinates can be expressed as fol-
lows [22]:
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where k| = T is the wavenumber in the objective, k3 =
is the wavenumber in free space, 4 is the wavelength of inci-
dent beam, and n, is the refractive index of air. The electric
field components of tightly focused RPB loaded with mul-
tiple vortices through ZnSe crystal in the xOy plane can be
obtained by substituting Eqs. (4)—(5), there are as follows:

E

r
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and #* and # are the amplitude transmission factors for polar-
ization states parallel and perpendicular to the
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2.2 Calculation of near-field SH wave patterns

The SH wave patterns induced in the (110) and (001) crys-
tal planes of the ZnSe crystal are investigated, respectively.
Figure 2 shows the relationship between the crystal axes of
the (110) and (001) crystal planes and Cartesian coordinate
axes. x’,y’, 7/ denote crystal axes, and x, y, z denote Cartesian
coordinate axes.

The second-order nonlinear polarization intensity compo-
nents of a ZnSe crystal can be expressed as follows [19]:

( (w))2
(E(w))Z

( E(w) )2
2 E(w) E(w) (7)

(2w)
P 000400

=100004d0
00000d

y

P(zw)
z/

where d is the component of nonlinear susceptibility tensor,
E( ) is the electric field component of the incident funda-
mental beam, and P(Z‘”) is nonlinear polarization of SH in the
crystal axis coordlnates Since crystal axes are inconsistent
with Cartesian coordinate axes in the (110) crystal plane, the
electric field components of the incident fundamental beam
in crystal axis coordinates are projected to the Cartesian
coordinates and can be expressed as follows:

E . =-E,
E, E,sm45 — E|, cos45° 8)
E = —E, cos45° — E,, sin45°

Thus, the nonlinear polarization of near-field SH in the Car-
tesian coordinates can be expressed as follows:
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Fig.2 Schematic of the crystal coordinate axes of the (110) and (001)
crystal planes and Cartesian coordinate axes
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The Cartesian coordinates and cylindrical coordinates have 0 0 0

the following transformations: where B = | sin®@ cos @ cos @sin® —sin O |okgy and wgy
—sin@® cos @ 0

E.=E. cosp—E,sing
E,=E,singp+E,cos¢ 10)
E =E,

For the convenience of calculation, the nonlinear polariza-
tion of near-field SH can be obtained by substituting Egs. (10)
into (9), there are as follows:

(is equal to 2m,) are the wave number and frequency of the
SH wave, respectively. V is the volume of the ZnSe crystal
sample. T and P?®)(7) are the displacement vector (the blue
arrow in Fig. 1) and the nonlinear polarization intensity vec-
tor of near-field observation point from the point O, respec-
tively. R, © and @ are the displacement vector (the purple
arrow in Fig. 1), polar angle, and azimuthal angle of the

(20)
Ptio (sing)?(E)? + (cosqo)z(E(“’))2 + 2E(“’)E(“’)sm¢cos¢ (E“)?
Pﬁffo) = d| 2sinpcosp(E@)? — 2sm(pcos¢(E<w>)2 + 2[(COS(p)2 - (sm(p)2] E@E® (11)
peo —2cosQE”E® + 2sin (pEg“’)E(‘”)
4
«(110)
where E,, E,,, and E, in the Eq. (11) can be obtained by  far-field observation point from point O, respectively.
Eq. (6). Assuming that the ZnSe crystal is infinitely thin, the volume

When the incident crystal plane is (001), crystal axes are
consistent with the Cartesian coordinate axes, so there are as
follows:

pe E@E®
32w _ | pew
P(Og)ol) wa =2d E(w)E(‘") (12)
plo E)(C“’)E;“’)
Z

The nonlinear polarization of near-field SH in the xOy plane
can be obtained by the following:

P(2w) .
xX(001) sin pE”E®) + COS(pEiw)Eipw)

Pl | = 2d| cospE@E® — sin pE@EY

pl) singcosp(E)? — sinqocosqo(Efp“’))2 +
z(001)

integral can be simplified to surface integral. Using the fast
Fourier transform algorithm, the components of electric field
of far-field SH can be obtained easily by the following:

E(Zw)
£ | = 521—1 eXP(/kSH|R|) // |:_]kSHr ] BP9 (F)ds
E(Zw) ¢
FFT[P2”(7)]
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= -2z S;’ xpGhsulRD FFT|PE07)| as)
c )
g FFT[P2“)(7)]
Z
(13)
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Similarly, E
by Eq. (6).

E,, and E_ in Eq. (13) can be obtained

2.3 Calculation of far-field SH wa ve patterns

Green’s function approach is applied to calculate the
far-field SH wave patterns in the x;0,y, plane [18], and
the components of electric field of far-field SH can be
expressed as follows:

EC®)

e [ = 52H eXp(/kSH|R|) /// llksa ] BBCOG)av
C
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Z

14
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When the incident crystal plane is (110), the electric field
intensity components of far-field SH in the x;0,4y, plane can
be obtained by substituting Eq. (11) into Eq. (15). When the
incident crystal plane is (001), the electric field intensity
components of far-field SH in the x;04y4 plane can be
obtained by substituting Eq. (13) into Eq. (15).

where B* =
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3 The SH wave patterns

The off-axis optical vortices could generate distinctive
intensity, phase, and polarization distributions to the inci-
dent beam due to the particular helical phase structures
and central singularities, resulting in a change in the pro-
portion of polarization components of the SH wave pat-
terns. Therefore, the SH wave patterns induced by the RPB
loaded with off-axis vortices are different from the case
that beam are loaded with coaxial vortex or non-vortex. In
this case, the influence of the distance and number of off-
axis on near- and far-field SH wave patterns are analyzed
when the incident crystal planes are (110) and (001). In
the numerical simulations, the parameters are chosen as
follows: the wavelength of incident beam is A =1200 nm,
the waist radius of Gaussian beam is w =2.56 mm, the
refractive index of objective is ny = ng; = ng,, = 1.515,

Position Phase distribution
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— ! e
X
l=le

o 2w 0.1 02

Fig.3 The SH wave patterns induced by tightly focused RPB in the
(110) crystal plane of the ZnSe crystal when the distance of the single
off-axis vortex is changed. The first column is the distance and posi-
tion of single off-axis vortex. The second column shows the phase
distribution of single off-axis vortex. The third-to-sixth columns are
the polarization distributions of SH wave in near field which are P,

Near-field SH
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the numerical aperture of objective is NA = 1.2, the refrac-
tive index of ZnSe crystal is n, = 2.472, the refractive
index of air is n; = 1, and the distance between xOy plane
and x40y, plane is z; = 204.

3.1 Influence of the distance of single off-axis
vortex on SH wave patterns

When the distance from single off-axis vortex to the ori-
gin of the coordinate axis (/,) is changed, the SH wave
patterns in the (110) crystal plane are shown in Fig. 3, in
which the topological charge of single vortex is chosen as
m=1. When single coaxial vortex exists in the center of
incident field, total near- and far-field SH wave patterns
are both central bright spots with weak lobes, which are
symmetrical about Cartesian coordinate axes. When single

Far-field SH

Total Total

(o)
o

oo
Qo

= 1 ] 1 L |

05 0.6 0.7

0.4

component, P, component, P, component, and total field, respec-
tively. The imaging area is 24 X 24 and the colorbar is displayed
on the right side of the image. The seventh column is the intensity
distributions of SH wave in far field, in which the imaging area is
154 X 154 and the colorbar is displayed below the image
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Fig.4 The SH wave patterns induced by tightly focused RPB in the (001) crystal plane of the ZnSe crystal when the distance of the single off-
axis vortex is changed. The layout of figure and colorbar is the same as in Fig. 3

off-axis vortex exists in the incident field, the energy of
focused field tends to the one side without vortex, which
breaks the symmetry of near- and far-field SH wave pat-
terns. In the range of [, < w, with the increase of the dis-
tance of single off-axis vortex, P, component is gradually
transformed from a three-lobe pattern whose the middle
part is stronger and the edges are weaker to a two-lobe
pattern along the y axis. P, component is gradually trans-
formed from a strong circular spot to a four-peak pattern.
P_ component is transformed from a single hollow spot to
two-lobe pattern along the x axis. P, and P, components
account for a large proportion of polarization distributions
of near-field SH. Compared with the case that beam are
loaded with single coaxial vortex, total far-field SH wave
patterns are concentrated on the side of x < 0, which pre-
sent asymmetrical distributions along the x axis. In the
range of [, > w, the single off-axis vortex has less and less
effect on the focused field and generated SH wave patterns.
When [, approaches to infinity, total far-field SH wave pat-
tern is an eight-figure shape, and the existence of single

@ Springer

off-axis vortex almost has no effect on far-field SH wave
patterns, the far-field SH wave patterns are approximately
equal to the case without vortex.

When the distance of single off-axis vortex is changed,
the SH wave patterns in the (001) crystal plane are shown in
Fig. 4. When single coaxial vortex exists in the center of the
incident field, total near-field SH wave pattern is a central
bright spot which is symmetrical about Cartesian coordinate
axes. Total far-field SH wave pattern is a bright ring of cir-
cle. When single off-axis vortex exists in the incident field,
in the range of [, < w, with the increase of the distance of
single off-axis vortex, P, and P, components are gradually
transformed from a light spot to a two-lobe pattern which
are vertically and horizontally symmetrical, respectively. P,
component is gradually transformed from a strong circular
spot to a four-peak pattern. Different with the case of (110)
crystal plane, P, component is dominant in the polariza-
tion distributions of near-field SH, and total near-field SH
wave patterns are the half of moon shapes on the side of
x < 0. There is a phase singularity in the center of a single
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off-axis vortex, which breaks the energy symmetry of the
focused field and leads the energy to the side of non-vortex.
With the increase of [, the near- and far-field SH wave pat-
terns induced by the tightly focused RPB loaded with single
off-axis vortex tend to be symmetrical. /, will contribute to
the asymmetrically distributed focused field when it takes
a finite value.

3.2 Influence of the number of off-axis vortices
on SH wave patterns

When the number of multiple off-axis vortices is changed,
the SH wave patterns in the (110) crystal plane are shown
in Fig. 5, in which the distance of off-axis is chosen as
I, = 0.5w. When there is no vortex in the incident field,
near-and far-field SH wave patterns are both symmetrical
about Cartesian coordinate axes. As the number of off-axis

Position Phase distribution

.
Iy

0 21‘|0 0.1 0.2 03

Fig.5 The SH wave patterns induced by tightly focused RPB in the
(110) crystal plane of the ZnSe crystal when the number of the mul-
tiple off-axis vortices is changed. The first column is the number and
position of multiple off-axis vortices. The second column shows the
phase distribution of multiple off-axis vortices. The third-to-sixth
columns are the polarization distributions of SH wave in near-field

Near-field SH
P, P, P,

el | |
m

vortices increases, P, component exhibits a vertically sym-
metrical spot, while the symmetry of P, component, P,
component, and total near- and far-field SH wave patterns
are broken. Besides, P, and Py components account for a
large proportion of polarization distributions of near-field
SH. The center of far-field SH wave patterns is bright and
the surroundings are dark. Due to the existence of a phase
singularity at the center of vortex, the energy of focused field
will be taken to the side of non-vortex. When there are mul-
tiple off-axis vortices in the incident light field, the SH wave
patterns will be the result of a superposition of the influence
of single off-axis vortex on the light field.

When the number of multiple off-axis vortices is changed,
the SH wave patterns in the (001) crystal plane are shown in
Fig. 6, which indicates that P, component is dominant in the
polarization distributions of near-field SH. Different with the
condition of (110) crystal plane, the center of the far-field

Far-field SH
Total Total

(o)
Qo

“ = ]
1 L) 1 I

o i i A L J

04 0.5 0.6 0.7 0.8 09 1

which are P, component, Py component, P, component, and total
field, respectively. The imaging area is 24 X 24 and the colorbar is
displayed on the right side of the image. The seventh column is the
intensity distributions of SH wave in far field, in which the imaging

area is 154 X 154 and the colorbar is displayed below the image
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Fig.6 The SH wave patterns induced by tightly focused RPB in the (001) crystal plane of the ZnSe crystal when the number of the multiple off-
axis vortices is changed. The layout of figure and colorbar is the same as in Fig. 3

SH wave patterns is dark and surroundings are bright. With
the increase of the number of off-axis vortices, the far-field
SH wave patterns become to polygons, and the number of
edges of the polygons is equal to the number of off-axis vor-
tices. In other words, the far-field SH wave patterns follow
the arrangement of multiple off-axis vortices.

4 Conclusion

We studied the characteristics of the SH wave patterns
induced by tightly focused RPB loaded with single off-axis
vortex and multiple off-axis vortices. The results showed
that the distance and number of the off-axis vortices would
affect SH wave patterns. (1) When the number of off-axis
vortices was a constant and the distance of off-axis vortices
was in the range of 0 < [, < w, the SH wave patterns was
changed clearly with /. The existence of a phase singular-
ity at the center of vortex drove the focused field to the side
of non-vortex. (2) When the distance of off-axis vortices

@ Springer

was constant, with the increase of the number of off-axis
vortices, the SH wave patterns presented asymmetrical dis-
tributions and became more and more diverse. The SH wave
patterns were the result of a superposition of the influence
of the single off-axis vortex on the focused field. (3) Differ-
ent crystal planes show different SH wave patterns. When
the crystal plane was (110), the P, and P, components were
dominant in the polarization distributions of near-field SH,
while the P, was dominant when the crystal plane is (001).
The results demonstrated that SH wave patterns could be
effectively manipulated by changing the distance and num-
ber of off-axis vortices, which provided a new method to
determine crystal axis and analyze the type of the crystal
material.
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