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1. Introduction

The payload (such as IR, laser and television) has found a wide use in many important fields, for example guided missiles,
tracking systems and image processing. Two-axis gimbal platform controller is used to isolate payload from disturbances.
The controller is usually implemented via two loops, the outer loop called track loop and the inner loop called line of sight
(LOS) stabilization loop. The typical control architecture of the two-axis gimbal platform is shown in Fig. 1. The track loop
consists of specific sensor such as image processer and image tracker. However, in most cases, the LOS stabilization loop
employs a two-axis gyro in the inner frame to sense rate disturbance. The LOS stabilization loop determines the performance
of the system and is the focus of the design. However, structural defects and cross-coupling between pitch and yaw channels
can deteriorate the performance of platform in the condition of the base disturbance [1,2].

Controller design is based on the kinetic model of two-axis gimbal platform, which can be obtained through the Euler
rigid body dynamics [3] or Lagrange equation [4]. The configuration of the sensor, which can be divided into direct method
and indirect method [5], is another problem of controller design. For most two-axis gimbal platform, direct method is a
common approach. After determining the configuration of the sensor, the controller can be designed based on a variety of
control methods. So far, several control schemes were introduced to the two-axis gimbal platform design. PID controller
and its improved form have been widely used in the controller design [6-8]. Hoo optimization approach has been regarded
as an effective and efficient multivariable robust design method. Compared with the PID controller design procedure, the
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Fig. 1. The typical control architecture of the two-axis gimbal platform.

design procedure of Hoo can take unmodeled dynamics into consideration and effectively handle the multi-input multi-
output(MIMO) systems. Hoo control is also widely used in the two-axis gimbal platform [9-11]. Sliding mode control,
which is one of the nonlinear robust control methods, has been used in the LOS stabilization loop [12,13]. This method can
drive the systems states from any initial state to a user-specified surface. However, the high switching gain and switching
action between the different sliding mode surfaces may lead to serious chattering problem [14]. During recent years, some
intelligent control strategies, such as adaptive fractional-order sliding-mode [15], fuzzy logical [16,17] and Self-Organizing
Recurrent Wavelet-Neural-Network [18] were also applied in LOS stabilization loop.

Sometimes, the two-axis gimbal platform only works for a limited period of time, in which case we only examine its
performance during that time period. For example, missile seeker only works in the terminal guidance stage, which begins
from the seeker catching a target and ends after the missile hitting the target. This example can be described with finite
time stability (FTS) theory. A system is said to be FTS if, given a bound on the initial condition, its state does not exceed a
certain threshold during a specified time interval [19]. On this basis, many scholars have studied the finite time stability
of various conditions, such as the FTS of continuous systems with additive time-varying delays [20] and FTS for linear
discrete-time system with time-varying delay [21]. Amato [22] extended the definition of FTS to the definition of finite-time
boundedness (FTB) and provided a sufficient condition guaranteeing FTB via state feedback. For finite-time control problems
of linear systems subject to time-varying parametric uncertainties and exogenous disturbance, a synthesis method based
on minimizing a linear objective with LMI constraints was presented in [23].

Most of these researches put forward controller based on the model of azimuth axis while the elevation angle was kept
fixed, cross moments of inertia were taken to zero and the disturbance from the roll axis of the basement were neglected.
When the roll angular velocity of the basement is not zero, the system dynamics and operational conditions will change.
So the performance of two-axis gimbal platform with a controller based on single axis model will deteriorate under high
dynamic circumstances. To improve control performance, we adopt the LPV model to design the LOS stabilization loop
controller in the finite time application. Based on the sufficient condition of FTB, we can get the controller by solving the
LMI feasibility problem. When an application environment is determined, we can get more targeted controllers.

The outline of the paper is organized as follows. In Section 2, we establish the dynamic model of the two-axis gimbaled
platform and obtained its LPV form. In Section 3, a controller design method based on FTB theory is proposed, and the
corresponding parameter setting principle is established. A series of simulations validate the effectiveness of the controller
in Section 4. Finally, the conclusions are highlighted in Section 5.

2. Dynamic model of a two-axis gimbal platform
2.1. Equation of motion of a two-axis gimbal platform

A conventional configuration for the gimbal motion of a two-axis gimbaled platform is depicted as in Fig. 2. Three
coordinate frames are used to define the rotation about a dynamic platform, that is a body-fixed frame (B), a frame (A)
fixed to the outer yaw (azimuth) gimbal and a frame (E) fixed to the inner pitch (elevation) gimbal.xq; Ya; Za; and X, Ve Ze;
represent the yaw and pitch gimbal frame axis, respectively. x;, ¥}, z, represent the body frame axis. LOS elevation control is
exercised via the inner gimbal y-axis, while azimuth control is applied via the outer gimbal z-axis. The angular rate sensors
are mounted on the LOS axes. The center of rotation is in the frame origin, which is assumed to be the same point for the
three frames. 1 0 and ¢ are defined as the Euler angles which uses yaw-pitch-roll transformation order. i represents the
relative azimuth angle between the outer and base coordinate frames. 6 represents the relative elevation angle between
the inner and outer coordinate frames. ¢ represents the relative angle between the inertial and base coordinate frames. The
transformation matrixes can be expressed as below.

cosyr siny O cosf 0 —sinf 1 0 0
R,y =|—-sinyy cosyy O ,R, 9= 0o 1 0 'Ryp=10 cos¢ sing (1)
0 0 1 sinf 0 cosf 0 —sing cos¢
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Fig. 2. Two-axis gimbaled platform configuration.

We introduce

Wax Wex
p
W= |(q|[,04= | Wy | ,WE= | Wey (2)
r
Waz Wez

as the angular velocity vectors of frames B, A and E, respectively. Therefore the angular velocities of the outer and inner
gimbal are given by the Euler angular relationship.

(x)AZRZJ/,(DB-i-[O 0 1[/]7- (3)

(DE=Ryy5(0A+[O 0 O] (4)

where w = wqz — 1 and 6= Wey — Way.
The relationship between the angular acceleration of the inner and outer gimbal coordinate frames is obtained by
differentiating (4).

(;.)E:Ry,g(;)Aﬁ—Ry,gO)A[O 9 O]T+[0 9 O]T (5)

—sinf 0 —cosf
where R, g = 0 0 0 . Then @,is given by
cosf 0 -—sinf

. . > P T . T
6p =R géor —R) )R, g04[0 6 0] —R]4[0 6 0] (6)
Based on rigid body dynamics, the dynamic equation of motion for a two-axis gimbaled sensor system can be formulated
as

JEO 4+ 0F x Jpop =Tg (7)

where the sum of the kinematic torques about the elevation gimbal is

Tex 0
Tt = | Temotor | — Tef (8)
Tez 0

Tex and T, are reaction torques exerted by elevation on azimuth gimbal. T, is elevation stabilization control torque.
T,sis friction torques. The friction torque consist of both linear and nonlinear parts, so it can be expressed asTer = Kef0 + Tefic,
where K, is viscous friction coefficient, T, is nonlinear friction torques. To simplify the analysis, it is assumed that the
gimbal rotation axes are aligned with the principal axes of inertia so that the inertia sub-matrices of elevation are diagonal)g =
diag (]exx Jeyy Jezz )
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The elevation control axis is the inner gimbal y-axis, so the inner gimbal dynamics equation can be expanded as

Jeyyd)ey = —WezWex (Jexx — Jezz) + Teimotor — Kefé — Tefric (9)

As the disturbance stems from base rates wg and the controlled variables are wey and we;, so substituting (3) into (4) and
then into (9). Then the elevation axis dynamics can be expressed as below

Wax — SN Owe,

CosO ) (exx —Jezz) = Teimotor — efric T Kef (q cosf —p sin@) (10)

Jeyy@ey + Kefwey + Wez (

In a similar manner, the torque dynamics for the azimuth gimbal body are derived from

Ja®a + 004 x J404 + R ;T =Ty (11)

Tax 0
where Ty = l Tay — | 0 |.Ta and Tgy are azimuth gimbal reaction torques on base. Tyzmoror iS azimuth stabilization

TazMotor Taf
control torque. Ty is the friction torque between base and azimuth gimbal. As with the inner gimbal friction torque. Tys =

Ko 0 + Tapric, where Ky is viscous friction coefficient, Tag;c is nonlinear friction torques.

Assuming the outer inertia matrix is also diagonal, Jycan be expressed as], = diag (]axx Jayy Jazz ) Substitute the Tg as
(7)into (11) and the @4 as (6) into (10) to obtain

[JaR] 5+ R}, ol | ©F + @4 x Jaa + R}, o (@F x Jpr)
T o . T T o T
AR oRy00n[0 6 0] ~JIaRs[0 6 o] =Ta (12)
The azimuth axis dynamics are generated by the third element of vector (12). Expanding the equation for this component
results in
Jazez = SN O (Jaz + Jex) Dax + (Jaza)ez —sin efexwaz) 6
—cos6 [U)axway (Jay —]ax) —sin eweya)ezlez + WeyWaxJey — COS ea)exwey]ex] (13)
+¢056 [Tazmotor — Tar — Kaf0]

where [, = Jaz + c0s20)e; + sinzejex
As with the elevation axis, this equation needs to be expressed in terms of the controlled variables we; wey, the elevation
and azimuth angles 6 and ¥, and base disturbances. Based on (3) and (4), we can get

Wex

= osB (wax —sin Gwez) (14)

Waz Wez — sin Qwax) (15)

1
= %50 (
Substitute (14) and (15) into (13), the modified expression is derived as
Jaz@ez = 8:0ez + 8yWaxWey + ByzWey@ez + Topase + €050 [ Taznotor — Tag | (16)
where Ty is the disturbance from base motion.
Tobase = (cos WP + sin g — a)ayr) (azz + Jexx) sin @

sin0 (17)

1 .
Jazzaxay (1 + sin°0) — 2exxtVaxtay ——

" cosO

- (]ayy —]axx) WaxWay €08 O + Kyf COS O (sin Owax + r)

1 .
8y = Cos0 (.]azz + Slnzgfexx) Wax + cos O ( exx *]eyy) Wax (18)

g, = Ztang(]exx +_]aZZ)way — Raf (]9)
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8yz = — (Jazz + Jexx) tan 0 + (Jezz — Jexx) sSin6 cos 6

2.2. LPV form of the stabilization loop

The elevation and azimuth axis dynamics can be expressed in a state differential equation form as
X=A(t)x+D(x,t) +.r] (Tmotor + Tobase + Tnontinear)

where

t t
X1 =/ Wey (T)AT; X3 = wey (t); X3 :/ Wez (T)dT; X4 = wez (L)
0 0

0 1 0 0
0 0 g
AO=1o o o
o & o &
JﬂZ .]al
0
(Jexx — Jezz) sin @ 2
Jeyy COS 6 X4
D(x,t) = W
0
8yzX2X4
]ﬂZ

J’1 = diag (0, 1/Jeyy, 0, 1/jaz)

T
Tmotor = [O TeIMotor 0 TazMotor]

Tobase = [0 Kef (q cos6 — psin 9) 0 Topase ] !

Trontinear = [0 — Lefric 0 —cosOT, 'c}

835

(20)

(21)

(22)

(23)

(24)

(27)

(28)

D(x, t) is omitted after linearizing the system at the equilibrium point. System matrix A (t)changes according to wgx (t)and

wgy (t), what’s more, azimuth and elevation axis dynamics are coupling.
Assuming wax (t)and wqy (t) are bounded and in the polytope of vertices:

Wax (t) € [~Wax0, @axo]

way (t) € [—wayO» wayO]

The linearized LOS stabilization loop is a polytopic LPV system with exogenous disturbance:
x(t)=A(p(t))x(t)+Bu(t)+ Gw(t)
where B=G =J7", u(t) = Tmotor» W (t) = Topase + Tnoniinear» A (P (t)) is constrained to the polytopeP given by

-
I
>

=]

S
B

4 4
PO =Y P(OAL Y pO=1p(0)=0j=1,-4
A po

Jj=1

(29)

(30)

(32)
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and
ro 1 0 0 1 ro 1 0 0 1
Kef ] exx — Jezz ef ] exx — Jezz
0 —-— 0 , 0 0
A] _ ]eyy ]eyy cos 9 ( axO) ’ A2 _ Jeyy ]eyy cos 9 ( axO)
0 0 1 0 0 0 1
‘?L] 0 }(EA 0 ‘;Lz 0 ?LZ
o0 ¥ o az : 0 ¥ o az : (33)
Kef ] exx — Jezz Kef ] exx — Jezz
As = 0 _m 0 Jeyy Jeyy cOs 6 (~®ax0) ,AL = 0 _]ej 0 Jeyy Jeyy cos @ (©aro)
0 0 1 0 0 0 1
0o & 9 i) 0o & 9 i)
L Jaz Jaz - - Jaz Jaz -

1
8y1 =8y3 = oo (Jazz + sin Hjexx) (—waxo) + cos O (Jexx _Jeyy) (—waxo)

821 = 822 = 2tan 0 (Jexx +Jazz) (_U)ayo) — Kyr

(34)
1
8y2 = 8y4 = 0s0 (Jazz + sin efexx) (waxo) + cos 0 ( exx —Jeyy) (waxo)
822 = 874 = 2tan 0 (Jexx +Jazz) (wayo) — Kyr
The exogenous disturbance w is time varying and satisfies the constraint in a fixed finite time interval
T
/ wl(Ow(t)dt <d*,d>0 (35)
0

3. Controller design in finite time application occasions

We need the following FTB concept for LPV system. Given a positive scalar T and a class of exogenous disturbance signals
w defined as (35), the closed-loop system

x()=A()x(t)+B(p(t)u(t)+G(p(t))w(r) (36)
is said to be finite-time bounded with respect to (c{, ¢z, T, R, d) (c; < czandR > 0),if
xT(0)Rx(0) < c2 = xT (t)Rx(t) < 2,

T (37)
vt e [O,T],Vw:/ wl (w(t)dt <d?,d>0
0

Given system(36), there exists a state feedback in form of u(t) = K (p(t))x(t) such that the system
x(t)= (AP )+ K ()))x(t)+ G (p(£)w(t) (38)

is FTB if, fix a scalar & > 0 and find two symmetric positive definite matrices Q; € R™"and Q, € R*! and matrices Lj € R™M,
j=1,---,N, and positive scalars A1, A, A3 such that the following LMIs hold

}»]I < Ql <I (39)
)\,21 < Qz < )\,31 (40)
czeoT ¢ d

C1 }\.1 0 >0 (4])
d 0 A
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Table 1
The gimbal parameters assumed in the simulation.
Inner Outer
Axis Jix = 0.05 kg m? Jox = 0.1kgm?
Iner- Jiy = 0.325kgm? Joy = 0.4kgm?
tia Jiz = 0.2kgm? Joz = 0.6 kgm?
Axis viscous Friction Kif = 0.56 kg m/rad/s Kos = 0.56 kg m/rad/s
Axis Coulomb Friction T fric = 0.75 kgm/rad/s To fric = 0.75kg m/rad/s
Axis cable restraint Ki,, = 0.1 kgm/rad Kow = 0.1kgm/rad
9ij+@ji<0!]§i<~i§N (42)
@i <0,i=1,--\N (43)
where
M  GQy
Oy = . ,1<i,j<N (44)
QG -
11 11 T 1
M=AR 2QqR 2 +B,‘Lj+<AiR 2Q1R 2 +BiLj) —aR 2Q4R 2 (45)
then the state feedback gain is given by
N N
K(P)=> pOK. Y p(O)=1,p(0)=0,j=1,-,N (46)
j=1 j=1
with
11!
Kj:Lj(R SQiR 2) (47)

Remark: In order to solve the controller design problem with the sufficient conditions above, we need to use the LMI
toolbox to solve LMI feasibility problem, which is described by conditions (39)-(45), then evaluate the state feedback matrix
K;. The detailed proof of the sufficient condition is shown in reference [23]. However, we solve LMI feasibility problem to
get a controller, instead of minimize linear objective under LMI constraints in [23].

The principle of parameter setting should be determined before designing the controller. Design specifications of the
controller depends on the stability requirement, the intensity of the movement of the base and the sensor specifications.
When the lead-proportional-integral controller is adopted in the single-channel decoupling model, P. Garnell [24] illustrated
how to determine the design specifications and how to compromise in a given condition. However, with the controller design
method presented in this paper, the controller parameters depend on cq, ¢, T, d. The desired finite time T, scalar « and the
ratio of ¢; and d is determined by the typical working mode. The value of c, will have an effect on the specifications of
the two-axis gimbal platform, such as bandwidth and settling time. A smaller c, will result in a bigger gain and a higher
bandwidth. When an application environment is determined (c7, o, T, d is determined), the design process can be simplified
as adjusting c,.

The controller is designed with the following gimbal parameters, which were listed in Table 1.

Considering a typical application environment, c1, ¢, and d is setas ¢; = 1,c; = 165, T = 13 and d = 1. At the same time,
limited working time is set to 13 s. The LMI feasibility problem yields the state feedback matrix with

K = [-0.0396 -68.3903 —0.001 0.0290
—0.003 0.0118 -0.0967 -132.5956
K, = [—0.0396 -68.3903  0.001 —0.0290
| 0.003 —0.0118 -0.0967 -132.5956 (48)
Ks = —0.0396 -28.8318 —-0.001 0.0290
—0.003 0.0118 -0.0967 —35.2223
[—0.0396 -28.8318 0.001 —0.0290
Ka = 0.003 —0.0118 -0.0967 -35.2223
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Fig. 3. Angular velocity and framework angle input.

The state feedback gain is given by(46), with
(0.5 — wax) + (0.5 — way)

p1= a (49)
(0.5 — wax) + (0.5 + way)

p2= 7] (50)
(0.5 + wax) + (0.5 — way)

p3 = a (51)
0.5+ wax) + (0.5 4+ wq

py - 05 Fww)* (05 + o) (52)

1

According to (3), we can get wqx and wgqy by the angular velocity of the base, which is measured by the gyroscopic mounted
on the base.

Wax = PCOS VY + qsinyr (53)

waqy = —psiny +qcos Y (54)

4. Simulation and results

The two-axis gimbal platform was simulated in order to provide a comparison of the controller designed in this paper
and a PI compensator. Two rate gyros are chosen to provide angular velocity information of the gimbal in the control process,
whose constant drift is 15°/h. A PI compensator was given by

Gc(s)=18s+25

(55)

In order to test the designed FTB controller performance in a limited time, especially the pitch and yaw channel coupling
interference suppression performance, a simulation experiment is designed. The sinusoidal disturbance rates arep = q =
r = 3sin(6r). The simulation represents a typical disturbance environment with aircraft. System input angular velocity is
section of trapezoidal wave, the maximum angular velocity is 6°/s. Angular velocity input and the corresponding framework
angle input is shown in Fig. 3.

When the pitch channel tracking the input signals, pitch output error and yaw coupling error are shown in Fig. 4(a) and
(b).Even if the input is a single frequency sine signals, yaw channel also can produce error due to the coupling. It can be seen
from the diagram that, the max tracking error of pitch channel were 0.2°/s with both Pl and FTB controller. The max coupling
error of yaw channel with PI controller is 0.8°/s, however, the max coupling error of yaw channel with FTB controller is down
to 0.2°/s.
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Table 2
Error analysis results of elevation and azimuth channels.
Pitch channel error Yaw channel error
PI controller FTB controller PI controller FTB controller
IAE 0.01881 0.01417 0.02393 0.01086
ISE 3.507e-5 2.304e-5 5.9e-5 1.321e-5

When the yaw channel tracking the input signals, pitch coupling error and yaw output error are shown in Fig. 5(a) and
(b). It can be seen that the max tracking error in yaw channel with PI controller is 0.3°/s and that with FTB controller is down
to 0.14°/s. As for the max coupling error, FTB controller reduced that from 0.14°/s to 0.06°/s.

In order to support the performance analysis, a quantitative study of error analysis has been achieved utilizing two
frequently used error integral criteria; integral square error(ISE) and integral absolute error(IAE):

T
ISE = / le(o)[*dt
0 (56)

T
IAE :/ le(t)| dt
0

where e (t)is the measured error,and T = 13.The values of error integral criteria obtained for elevation and azimuth channels
are provided in Table 2, which indicates that the error in FTB controller is minimum as compared to PI controller which shows
the superiority of the proposed FTB controller.

To quantitative coupling error between pitch and yaw channel, we statistic the coupling output in 13 s. That is to say, we
cumulative the pitch angular velocity coupling when yaw channel tracking orders and the yaw angular velocity coupling
when pitch channel tracking orders. We also use the ISE and IAE to measure coupling. The quantitative results are provided
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:széeliig interference analysis results of elevation and azimuth channels.
Yaw channel coupling Pitch channel coupling
PI controller FTB controller PI controller FTB controller
IAE 0.05914 0.0143 0.01882 0.01009
ISE 4.3e-4 2.524e-5 3.371e-5 9.719e-6

in Table 3. It can be seen from the table that, compared to PI controller, FTB controller have a stronger coupling inhibition
ability.

5. Conclusions

In this paper, we developed the dynamic model of a pitch-yaw gimbal platform and presented its LPV form. AFTB controller
is proposed to improve the performance under disturbance in finite time. A simulation test was designed to compare the
controller presented in the paper and the PI controller. The results show that the FTB controller has a stronger disturbance
rejection and coupling inhibition capability. The design and analysis method can be applied in the controller design of seeker
or some other pitch-yaw gimbaled sensor system.
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