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Abstract: The cross-section is crucial for quantitative characterization and analysis of the
absorption process. A model on the absorption cross-section of the simultaneous two-photon
excitation in Rb-vapor four-wave mixing process is established by using the coupled-wave
equation. Taken into account of the hyperfine structures for ®Rb and *’Rb, the third-order
susceptibility and hyperfine line strength are calculated respectively. Then, the influences of
hyperfine transition on cross section are investigated and simulation results agree well with
the experiment results. The calculated results suggest that high pumping power intensity is
essential in Rb two-photon excitation, while narrow linewidth is the limiting factor of high
absorption efficiency by comparing normalized absorption profile between pumping beam
and two-photon excitation process. Additionally, two approaches to improving absorption
efficiency, linewidth narrowness of the pumping beam and absorption linewidth broadening,
are proposed.
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1. Introduction

Simultaneous two-photon absorption (2PA) has a broad range of applications in fluorescence
microscopy, 3D optical memory, optical power limiting and photodynamic therapy since the
first verified by Kaiser and Garret in 1961 [1-3]. And many theoretical and experimental
research studies have been carried out in this field [4-6]. The two-photon absorption process
of Rb has been paid more attention excitation in recent alkali vapor studies [7—10]. One of its
advantages is the realization of cascading and coaxial output of blue-violet photons and mid-
infrared photons, which can be used in many fields of military and scientific research, such as
multi-wavelength detection, and atomic physics. Vernier achieved conversion efficiency of
2.6% in Rb by two-photon absorption experimentally in 2010 [11]. 420nm light with power
of 9.1mW was obtained by two-photon excitation and the power efficiency was 1.5% in 2014
[12]. The energy efficiency over than 1% in Rb by single-wavelength conversion was realized
in 2016 [13]. The research on new atomic transition frequency and spectroscopy of Rb which
is realized by two-photon transition from the 5S;,, to 4Ds,, was carried out in 2017 [14]. In
order to quantitatively describe and analyze the absorption process, exact estimation of the
2PA spectra and the absorption cross-section values are of critical importance. Previously,
Florescu used a modified precise one-electron model to calculate 2PA cross section of Rb
5S,-5Ds5 as 0.57 x 1072° mYW [6], and furthermore, Collins also measured the two-photon
cross section for 58,,(F = 2)-5Ds,(F = 4) in *’Rb by a differential absorption technique
experimentally [15]. The spectral characteristics of 2PA of alkali vapor, such as Rb 5S,,-5D,
Cs 6S-8S and 6S-6D have been measured [16,17]. However, more unambiguous and
systematic theory models are still needed to obtain the spectra and cross-section values of
simultaneous two-photon cross section of Rb 5S,-5D.
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In this paper, a theoretical study of the simultaneous two-photon excitation in the Rb four-
wave mixing process is carried out. Based on the coupled-wave equation and definition of
2PA cross section, the intelligible expression of the 2PA in Rb four-wave mixing process is
depicted and derived. The third-order susceptibility of Rb four-wave mixing process is
calculated with the contribution of the intermediate 5P;,, 5Py, 6Py, and 6P;/, energy states.
In addition, the nuclear spin and two isotopes of Rb are innovatively taken into account in
four-wave mixing process with total angular momentum. The influences of hyperfine
structures on 2PA cross section are analyzed, and the main reason of relatively low absorption
efficiency is found out by comparing line shape spectrum of Rb absorption and profile of
pumping light.

2. Description of the model

The Rb energy levels and four-wave mixing process with single-wavelength laser excitation
are shown in Fig. 1. Due to small energy level spacing between 5Dj), state and 5Ds, state,
and considering spectral linewidth of pumping laser and atom energy states, the Rb atoms can
be excited to 5D states (5Ds;, and 5Ds), state) by 778.1nm two-photon absorption with the
help of intermediate virtual level showed as dotted line in Fig. 1. For Rb four-wave mixing
process, the atoms in 5D;, state radiate two kinds of photons with wavelengths of 5.24pum
and 5.04um to the states of 6P;, and 6P, respectively, and the atoms in 5Ds), state radiate
photons with a wavelength of 5.23um to 6P;,, state. And then the blue-violet light of 420nm
or 422nm from state of 6P/, or 6P}, back to ground state is radiated. The wave vectors of two
pumping photons, the mid-infrared photon and the blue-violet photon are satisfied with
phase-matching in the four-wave mixing process. The partial hyperfine structures are given in
the right half of Fig. 1. The values in middle of two lines are energy differ of adjacent
hyperfine structures. It should be noted that the two-photon absorption in our text refers to the
excitation in the four-wave mixing process of Rb, which is different from ordinary two-
photon absorption process.
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7> 2570350 5Dsp 7.538 MHz P3
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Fig. 1. Schematic illustration of energy structures and four-wave mixing process of **Rb.

Two photons of same frequency v, and pumping light intensity I(vp) are simultaneously
absorbed by an Rb atom in its ground state leading to the excitation of 5D state. In coupled-
wave equation of simultaneous two-photon absorption theory, pumping beam-intensity I(vp,
z) change along the propagation direction (z axis) in Rb vapor cell can be expressed [18,19]

dl(v,,2) _ 3-Qz-v,)

&z pr A0 Iz ()
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Where k, is pumping laser wavenumber, and the speed of light in vacuum c is 3 x 10°m/s.

The permeability of vacuum g, is 4w x 10~ H/m. Im[*'] is the imaginary part of third-order

susceptibility of Rb in four-wave mixing process, which relates to the 2PA.

The nonlinear absorption coefficient due to simultaneous two-photon absorption is
defined by g [20], and corresponding 2PA cross sections o (in units of m*/W) of the Rb
atoms can be determined by using the similar solute molecules relationship [20]

3-Qx-v,)
g :%% m[7¥]=0,,N. )
P
3.27-v
O-TA ZTPIUO Im[;((s)]. (3)

»
Here N is atomic density. The n, is the linear index of refraction. The or4 is proportional
to frequency and imaginary part of third-order susceptibility.
To figure out the cross sections, we assume that incident pumping laser field is linearly
polarized for simplification, and third-order susceptibility in four-wave mixing process is
given by [21,22]

Zm (_VUV VpsVp, Vi) = P, 4

6807[/13 ijk (Vi _VP)(Vj _ZVP _irgj )(Vk _VUV) “

Where vy and vz are frequency of blue-violet light and mid-infrared light generated by
four-wave mixing process, respectively, the v;, v; and v, are respectively transition frequency
of 5S to 5P, 5S to 5D and 5S to 6P. The e is the electric charge and g, is permittivity of

vacuum. 4, = (n,s, j |r|n',s, Jj ’) is the electric-dipole matrix element between levels i and j,

Ne* Z Mol g (0

which is listed in Table 1. The I'y; reflects the linewidth of 5D energy level at frequency v,
due to various broadening mechanisms. pég):(2J i +1)71 is the occupation probability of
atomic state |g> showed in Fig. 1.

Table 1. Electric-dipole matrix elements” among levels g, i, j and &k

i unit(107"°m) i unit(107"°m)
. 2.2943 ey oy 12.6249
:Uss, . 3.2446 ﬂw‘f“z: —4.2083
7 0.6233 Uy or 9.4100
T 0.8362 7 -0.3544
T 0.2787 o s 0.2506

12

“From IEEE J. Quantum Electron. 11, 121-130 (1975).
To obtain the imaginary part of third-order susceptibility, the fine structures of 5D states
need to be taken into consideration in Eq. (4) as

Ne'p? 6r
Iml (3) —V, 0 Va, V=V — g8 Ds)y
[x ( e " )] 680”'-}13 [(VSDs/z - ZVP )2 + FDS 2 ’ ] (5)
+ [ 4FD3 2 ]X lugiluijlujk/ukg

ik (Vi —Vp )(Vk _VUV)
Here the coefficient 6 and 4 are degeneracy of 5Ds, and 5Djj,, respectively. X is
summation for the intermediate 5P;,, 5P;, 6P and 6P;), states located between state |g>

2 2
(V5D3/2 - ZVP) + FDsz
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and state |j >. Furthermore, for simultaneous two-photon absorption process, the influences of
hyperfine structures (represent by the total angular momentum F) of states resulted from the
coupling between electronic angular momentum J and the nuclear spin I (I = 3/2 for *’Rb and
I = 5/2 for ¥Rb) cannot be neglected. The hyperfine structures, shown in *’Rb energy level
diagram of Fig. 1, are described by the magnetic dipole 4 and electric quadrupole constant B.
Considering the influence of hyperfine structures, we innovatively borrow the thought from
[23].Thus Eq. (5) is expanded as

Ne4p(0) 6I”
[ 7® (=v, v, v, —v, )] = 22 Dy
(X7 (=Vy Ve, Ve, —Vi)] 6€oﬂ'h3 [(VSD5 ) 2VP)2 + FDs/zz ]

(6)

4r My M 4
+[ D3; Z]XZ e XSFF”XJ(;’.\'OXfF’
(‘}503/z —2v,)" + 1—‘03 ) v, =vp)v —vy)

where f;, is relative natural abundance (*’Rb 72.2%; “Rb 27.8%) and f; is statistical
distribution of population among F states of 5S,,, energy level, which can be given by

(2F +1)e FAT
fF = E(F)/XT *
(2F +1)e "™
2

()

The hyperfine line strengths Spg- specifies relative intensities of the F—F” (5S-5D)
transitions of the two Rb isotopes, which represents the relative probability of transitions
among hyperfine states. The Sgp- is expressed as [24]

F"F 1

The hyperfine line strengths and the frequency offset from center frequency are listed in
Table 2. It contains all possibilities of two-photon hyperfine transition from ground state 5S;,,
to 5D in two Rb isotopes. The center frequency corresponds to the transition frequency
between 5S;, and 5D in Fig. 1 when only fine structures are considered. And a summary of
other critical parameters used in the calculation are listed in Table 3. The former two
parameters are calculated according to the data in [16], and the another two parameters are
valued when the vy is set up as intermediate value of vep;, and vgpso.

{J J" 1}2
S, = (QF"+1)(2J +1) . (8)

Table 2. Hyperfine line strengths and the frequency offset from center frequency “’

SSRb 87Rb
5S12-5D3p S frequency offset 5S1»-5Ds, Srrr frequency offset
Av(MHz) Av(MHz)
F=2F=2 0.2017 1756.90 F=1F=1 0.2501 4232.03
F=2F=4 0.3469 1726.68 F=1F=3 0.3749 4304.56
F=3F=1 0.1157 —1232.49 F=2F=0 0.3214 -2616.24
F=3F=3 0.3356 -1216.16 F=2F=4 0.0536 —2574.59
5S12-5Dsp S frequency offset 5S1,-5Ds; Srrr frequency offset
Av(MHz) Av(MHz)
F=2F=0 0.0667 1791.85 F=1F=1 0.2011 4311.93
F=2F=2 0.0934 1783.58 F=1F=3 0.2110 4272.18
F=2F=4 0.1999 1767.12 F=2F=2 0.1003 -2538.76
F=2F=4 0.5022 -2590.77
F=3F=1 0.0055 —1235.08
F=3F=3 0.2342 —1222.12
F=3F=5 0.5239 —1203.85

“From Spectroc. Acta Pt. B-Atom. Spectr. 59, 1-39 (2004).
’From Rev. Mod. Phys 49, 31-76 (1977).
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Table 3. Summary of other critical parameters in model

Parameter Symbol Value Reference
-8.16 x 10" Hz [16]
vSP” V%
~1.06 x 10" Hz [16]
VSPH Ve
~1.20 x 10" Hz This work
véﬁz Vo
1.20 x 10" Hz This work
v -V

3. Result and discussions

The linewidth I'y; of 5D states is related to many factors such as temperature of vapor, buffer
gas. The influences of buffer gas are neglected for lacking of relevant experimental data. The
parameter I',; exists different values when Rb vapor is excited by single-wavelength pumping
beam in two different ways, which are only co-propagating laser beam, and both co- and
counter-propagating laser beams equally existence, respectively. In the first case, the I'y; is
determined by the Doppler broadening of energy level, which is about 1.2GHz calculated by
formula of Gauss linewidth [25] when the temperature of Rb vapor is supposed to 443K. In
the other case, in order to study the influence of narrow linewidth I',; on the cross section ora,
we suppose that the co- and counter-propagating laser beams are separated by minimum angle
(several milliradians) which is to ensure the phase-matching. And we still think that the first-
order Doppler effect is eliminated considering of the minimum angle of co- and counter-
propagating laser beams, so the main contribution to the linewidth I'y; is excited-state lifetime
and linewidth caused by collisions within Rb atoms is ignored [26]. The linewidth I'y; of the
excited 5Ds), state and 5Dj;), state are approximately 1.5MHz calculated by the excited-state
lifetime with 230 + 23 ns [27].
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Fig. 2. The cross section of two-photon absorption ors versus half wavelength of absorption.
(a) only co-propagating laser beam exist with linewidth 1.5MHz. (b) co- and counter-
propagating laser beams equally existence with linewidth 1.2GHz.

The cross section of two-photon absorption ors can be obtained by substituting Eq. (5)
into Eq. (3) with different values of I'y;. The results are shown in Fig. 2. The ora nearly
become vertical line in Fig. 2(a) for the very narrow linewidth of 5D level about 1.5MHz, and
partial enlarged drawing is located in the middle. The ora of 5S;,-5Ds), transition is about 26
times larger than that of 5S,,-5D3),, which is collectively determined by two parameters u and
vsp-vp (transition frequency difference between the 5P state and intermediate virtual state)
listed in Table 1 and Table 3, respectively. Therefore, it is efficient to elect the 5Ds), state as
the upper level. As shown in Figs. 2(a) and 2(b), there has different ors of 5S,,-5Ds),
transition when two distinct pumping schemes are taken into account. According to Eq. (5),
the maximum cross section is inversely proportional to linewidth I'y;, and therefore the ora of
5S1,-5Ds, in Fig. 2(a) is larger orders of magnitude than that in Fig. 2(b). It can be seen that
the maximum oy, about 2.5 x 1072° m*/W in Fig. 2(a) is too small, and the result suggests that
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there must be high pumping power intensity comparing with single photon-atom interaction

transition, which will be restricted in applications.
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Fig. 3. (a)-(b) The 2PA cross sections of 5S,,-5Ds; hyperfine transition of **Rb versus the
frequency offset from center transition frequency when the linewidth I'y; of 5Ds;, is 1.5MHz;
(c)-(d) the 2PA cross sections of 5S,-5Ds;, hyperfine transition of 8Rb versus the frequency
offset from center transition frequency when the linewidth I',; of 5Ds), is 1.5MHz.

The influences of hyperfine structures on two-photon excitation are analyzed. As shown
in Fig. 2, the orp of 5S,,-5Ds, transition is far larger than that of 5S,,-5D;,, so we neglect
the influence of 5S,,-5D;, transition to the ors. The linewidth I'y; of 5Ds;, level is about
1.5MHz when co- and counter-propagating laser beams equivalently coexist. The linewidth of
5Ds), level is relatively smaller compared with the energy difference of hyperfine structures,
so the influences of these hyperfine structures are obvious. It is shown in Figs. 3(a)-3(d) that
the 2PA cross sections of 5S;,-5Ds,, transition of Rb isotopes versus the frequency offset
from center transition frequency. From Fig. 3, two isotopes have distinct hyperfine structures
for each state and transitions of two-photon absorption obey the rule |AF| = 0, = 2. The
superior of ors for %Rb and *'Rb is transition of F = 3-F = 5 and F = 2-F = 4, which are
respectively correspond to transition between the higher F of ground 5S,), state and terminal
5Ds;, state. We deduce that the reason of larger ors between higher hyperfine transitions
might result from more atoms accumulating in higher F of ground 5S,,, state according to the
Eq. (7). And the ora gradually reduces from the higher hyperfine structure F to lower F of
5Ds), state for **Rb and *’Rb. However, frequency offset are significant differences between
*Rb and *'Rb.

In order to validate the results, we compare our simulation results with some experimental
values reported so far. Zapka et al. have experimentally measured the value of arp of 5S;,(F
= 2)—5Ds(F = 4) transition in *’Rb and the value is 4 x 102* m*/W [28]. Our calculated
result of ora for ¥'Rb in Fig. 3(d) is about 5.9 x 10’ m*/W which remains within the error
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range caused by different linewidth I'y; in distinct experimental circumstances. The maximum
ora of ¥®Rb 5S,,-5Ds; is hyperfine transition of F = 3-F = 5 with 1.41 x 1072 m*W in Fig.
3(b), which is close to the 2PA cross section of Rb 5S;,-5Ds, as 0.57 x 1072 m*/W in [6] and
the experimentally measured value of (1.2 £ 0.5) x 107° m*/W in [15]. And in addition, Nez
et al. have experimentally measured the absolute frequencies and relative strength of
hyperfine structure of the 5S,-5Ds/, two-photon transition in rubidium [29]. By comparison,
our calculated results agree well with the experimental outcomes reported in [29] both
relative height and frequency interval of each hyperfine energy level transition.
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Fig. 4. The 2PA cross sections of 5S;,-5Ds,, hyperfine transition versus the frequency offset
from center transition frequency when the linewidth I'y; of 5Ds;, is 1.2GHz. The solid line
refers to total absorption cross section, and every dotted line refers to one hyperfine transition
in two Rb isotopes.

The 2PA cross section arp of 5S,-5Ds, hyperfine transition versus the frequency offset
from center transition frequency in Fig. 4 when the linewidth I'; is 1.2GHz. The lineshape of
total absorption cross section is a whole for wide linewidth of every hyperfine structure. It can
be seen that the ora has four main peaks in Fig. 4. The two peaks closed to center transition
frequency are caused by hyperfine transition in ’Rb, and the other two peaks are caused by
transition in *’Rb. The total absorption cross section covers up more details about the intensity
and number of hyperfine transition. Moreover, the value of ors in Fig. 4 is much smaller
comparing with Fig. 3, which results from cross section is inversely proportional to linewidth
I'y; of 5D state.
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Fig. 5. Normalized profile function of pumping beam and two-photon absorption process when
hyperfine structures are taken into account. The values in brackets of diagrams are the
expanded multiple of pumping beam for comparing with absorption profile function. (a)
linewidth of absorption profile function is 1.5MHz. (b) linewidth of absorption profile function
is 1.2GHz.

The narrow linewidth of two-photon absorption process of 5D level in Rb have a great
help to spectral resolution and measurement. However, it is also the disadvantage of high
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absorption efficiency. As shown before, two pumping schemes not only affect the absorption
linewidth, but have an impact on the ora. To analyze the influence of linewidth on absorption
process when hyperfine structures are taken into account, normalized profile function of
pumping beam and two-photon absorption linewidth according to former results are shown in
Fig. 5. It is shown that Figs. 5(a) and 5(b) are normalized profile function of linewidth I
with 1.5MHz and 1.2GHz, respectively. The profile function of pumping beam is considered
as Gaussian lineshape and linewidth is set up as 0.00lnm or 0.007nm. It can be seen from
Fig. 5 that the two absorption lineshapes are quite different that depend on pumping schemes.
The ratio of overlap of pumping lineshape and absorption lineshape increase as linewidth of
pumping beam reduces, and absorption profile is beyond pumping spectrum range when
linewidth of pumping beam is 0.00lnm. From Fig. 5(b), hyperfine transition is
indistinguishable because of larger linewidth, and the normalized profile is much smaller than
that of Fig. 5(a). Moreover, red shift about 1.1GHz of frequency for pumping light could
increase the overlap of pumping lineshape and absorption lineshape to obtain large absorption
rate.

As we all know, wide absorption linewidth is guarantee of high absorption efficiency for
the laser gain medium. If two-photon excitation of Rb vapor is used as laser medium, the
problem of linewidth matching between medium absorption and pumping beam need to be
solved. We can know that there are two ways to improve the problem from Fig. 5. One is
linewidth narrowing of pumping beam by volume grating. However, it has the minimum
limitation from Fig. 5. And it also needs to balance the relationship of narrow linewidth and
large pumping power intensity. The other way is appropriate buffer gas filled in vapor to wide
absorption linewidth. But more experiment data about influences of buffer gas to two-photon
absorption is needed. Combining two ways might be an effective method to solve the
problem.

4. Conclusion

In this study, we report an absorption cross section model in Rb simultaneous two-photon
excitation process. The absorption cross section ors is calculated when the hyperfine
structures of two isotopes are taken into account. The calculated results show that it is
efficient to elect the 5Ds), state as the upper level for the ors of 5S,-5Ds), transition being far
larger than that of 5S,,-5D;5,, and it is essential to pumping Rb vapor using extremely strong
pumping power intensity for simultaneous two-photon excitation process. In addition,
hyperfine structures have an important influence on the o1, value and profile for simultaneous
two-photon absorption. The model and simulation results of ora could provide support for
study and design in simultaneous two-photon absorption process. Two ways, linewidth
narrowness of the pumping beam and absorption linewidth broadening by appropriate buffer
gas filled, are proposed to improve absorption efficiency. The influences of types and amount
of buffer gas need to be more researched in the future study.
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