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Viscoelastic solution is encountered extensively in microfluidics. In this work, the particle movement of the 

viscoelastic flow in the contraction-expansion channel is demonstrated. The fluid is described by the 

Oldroyd-B model, and the particle is driven by dielectrophoretic (DEP) forces induced by the applied 

electric field.  A time dependent multiphysics numerical model with the thin electric double layer (EDL) 

assumption was developed, in which the Oldroyd-B viscoelastic fluid flow field, the electric field and the 

movement of finite-size particles are solved simultaneously by an Arbitrary Lagrangian–Eulerian (ALE) 

numerical method. By the numerically validated ALE method, the trajectories of particle with different 

sizes were obtained for the fluid with the Weissenberg number (Wi) of 1 and 0, which can be regarded as 

the Newtonian fluid. The trajectory in the Oldroyd-B flow with Wi=1 is compared with that in the 

Newtonian fluid. Also, trajectories for different particles with different particle sizes moving in the flow 

with Wi=1 are compared, which proves that the contraction-expansion channel can also be used for particle 

separation in the viscoelastic flow. The above results for this work provide the physical insight into the 

particle movement in the flow of viscous and elastic features. 

Key Words: Microfluidics, Electrokinetic, Fluid–structure interaction, Computational fluid dynamics 

(CFD), Arbitrary Lagrangian–Eulerian (ALE) method, viscoelastic flow

1. INTRODUCTION

The microfluidics is proved to be a good tool for sample manipulation in 

biochemistry field. The particle and cell separation or sorting is one of the pre-requisite 

steps in the chemical analysis and bioassay [1-8]. In the past decades, many passive [9-12] 
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and active microfluidic chips [13-17] were proposed to manipulate particles. Due to its 

advantages on label-free nature, simplicity of the instrumentation, and analysis of high 

selectivity and sensitivity [18-21], dielectrophoresis (DEP) phenomenon has been applied 

to manipulate many different micro/nano-scale bio-entities since the beginning of 

microfluidics.  

Currently, most of the studies for DEP phenomenon are focused on Newtonian fluid. 

However, many common fluids of interest in the microfluidic field are viscoelastic. The 

viscoelastic fluid exhibits a mixture of both the viscous and the elastic behavior under 

strain. These cases related to the visco-elasticity are common in the microfluidic field, e.g. 

proteins, blood, lipids, growth regulators, and a good deal of the other compounds [22-

26]. Being different from that case in Newtonian fluid, the heterogeneous distribution for 

the first normal stress difference will affect the lateral migration of suspended particles 

happened in the microfluidic channel, when the particle is moving in the viscoelastic 

fluid. Due to above difference, previously revealed analytical methods for the 2-D or 3-D 

particle ordering, focusing and separation study may be not suitable for viscoelastic fluid. 

Few theoretical studies have been implemented for particle separation in viscoelastic 

fluid, especially the study about particle separation by DEP device in the viscoelastic 
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fluid. Usually, the viscoelastic fluid is simplified to be the Newtonian fluid without 

considering the visco-elasticity[22, 26]. In this work, we use the Oldroyd-B model to 

describe the viscoelastic fluid. Coupling with Laplace equation, and the strain energy 

density function equations, the particle trajectories are obtained by Arbitrary Lagrangian–

Eulerian (ALE) numerical method [9, 16, 18, 27], which is validated for different 

Weissenberg numbers (Wi). By comparing those trajectories for the Oldroyd-B fluid with 

Wi=0 and 1, the difference of trajectories shows that the simulation of the DEP 

phenomenon in the non-Newtonian fluid can be simplified by the Newtonian fluid in 

order to save the computation cost. So it is concluded that the method for size-based 

particles separation by DEP is also suitable for the non-Newtonian fluid. 

The rest of this paper is organized as follows. The theory for the particle trajectory 

numerical simulation in the Oldroyd-B fluid is presented in Section II. Section III 

presents the validation of the numerical method. Section IV demonstrates the results of 

this work. Section V concludes the full paper. 

2. Mathematical model 

In this study, a two-dimensional (2D) converging-diverging microchannel is 

conducted to study the particle movement in the incompressible viscoelastic fluid domain 
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Ωf  shown as Figure 1. A potential difference is externally applied from inlet AJ to outlet 

FE. Here the outlet EF is grounded. Thus the electric field E is generated to induce the 

particle Ωf to perform electrokinetic motion in this channel. The electric double layer 

(EDL) thicknesses of the charged particle and microchannel are very thin compared with 

the particle radius and the width of the microchannel. Thus, the thin EDL approximation 

can be introduced into this model. As a result, the Laplace equation is used to describe 

the electrical potential  in the domain f , 

2 0 in f            (1) 

Once  is obtained, the local electric field E can be obtained by 

in f  E           (2) 

The viscoelastic fluid is a dilute polymer solution in a Newtonian liquid solvent of 

viscosity s . Here, two physical parameters are used to characterize the polymer: the 

viscosity p  
and the relaxation time. The Oldroyd-B constitutive relation which 

describes the polymer stress contribution T  in the viscoelastic fluid is followed: 

   [( ) ( ) ] ( ) inT

p f
t

 
 

          
 

 

ΤT
T u T u T T u u u  (3) 

Here, u is the fluid velocity, I is the unit tensor, p is the hydrodynamic pressure,  Τ
u  is 

the transpose of u . 
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The flow field can be described by the following Navies-Stokes and continuity 

equation, 

  inf f f
t

    


 


u
u u          (4) 

And 

=0 in f u             (5) 

Here, )(sp        Τ
u uΙ T  and f are the total stress and the density of fluid, 

respectively. 

In this work, all the previous governing equations are normalized by following scale: 

the particle radius pr  as the length scale; the zeta potential p of the particle surface as the 

potential scale;   0 / /pf p pU r     as the velocity scale; 0 / pU r as the pressure 

scale, here s p     is total viscosity, f is the fluid permittivity. 

So the non-dimensional governing equations system is as follow: 

 
2 * 0 in f    (6) 

    
*

* * * * * *

*
Re )( inf s fp

t
     


    


 Τu

u u u TΙ u  (7) 

 
* =0 in f u  (8) 

  
*

* * * * * * * * *

*
+Wi [( ) ( ) )] ( inT

p f
t




          
 ΤT

T u T u T T u u u  (9) 
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Here, /s s   and 1/p sp      are the relative viscosities of the solvent and 

polymer. 0 /Wi= pU r is the Weissenberg number. A zero Wi corresponds to no elastic 

response, while Wi> 1 can be considered as a high Wi for many Oldroyd-B fluid.  

The corresponding boundary conditions for the above governing equation are 

following: 

*

0 / onp AJ             (10) 

* 0 on EF             (11) 

Assuming that the other solid boundaries which include the channel wall ( w ) and 

particle surface ( p ) are electrically insulating, resulting in:  

* 0 n  on w  and p          (12) 

Here n is the outward normal vector.  

The open boundary is set as the inlet and outlet of this system, that is, 

* 0 on AJ, EF  n n          (13) 

The slip boundary of the Smoluchowski electroosmotic flow (EOF) velocity is set to be 

the velocity of the charged channel wall, 

* * ( ) on
p

w
w w




    u u I nn

   

     (14) 
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  * 0 T n n  

 (15) 

In the above, 
*u w  is the dimensionless fluid velocity on the channel wall. 

The particle velocity pu  is consisted of two parts, which are (a) the Smoluchowski 

slip velocity caused by the particle’s surface charge and (b) the particle movement 

velocity. Therefore, the boundary condition in fluid field of the particle surface is 

 
*

* * *

*
( ) onp p

t



     



w
u u I nn  (16) 

In the above,
 p is the zeta potential of the particle, and is the displacement of the 

deformable particle arising from the particle movement and deformation, which are can 

be described by the hyper elastic mechanics. 

3. Numerical Method and Validation of Numerical Model 

The model presented in this paper is solved by the commercial finite element package 

COMSOL Multiphysics numerically (www.comsol.com) coupled with MATLAB which 

is run in a high performance workstation. In order to keep the accuracy of results, all the 

governing equations inside are solved by coupling method. The value of minimum mesh 

quality in the domain is the criterion to control the mesh. When the value of mesh quality 

is below 0.7 (the highest mesh quality of a finite element is 1.0), the domain is re-meshed 

and the solution is mapped to a new geometry to maintain the regularity of geometry and 
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mesh. By the above method, the particle with different shear modules can be obtained by 

steps of iteration. 

To validate the present method, we conduct the benchmark problem in the flow of 

Oldroyd-B fluid past a circular cylinder place between parallel fixed plates to compare 

the result in the paper published by Behr et al[28]. In the benchmark, the model is non-

dimensionalized. The radius of the cylinder is taken as R = 1, and the channel width as h 

= 16. The fluid and solvent viscosities are 0.41s   and 0.59p  respectively. A 

parabolic flow profile is applied on the inlet with the maximum flow rate is 1.5. The drag 

force for Weissenberg numbers 0.0 to 2.0 is shown in Figure 2a. It is indicated that the 

agreement between our model (solid line) and results (symbol) of Behr et al is excellent 

from Wi of 0 up to 2. 

Furthermore, the results are compared with the existing analytical results about the 

electrophoresis of a rigid spherical particle with the diameter d along the axis of an 

infinite long tube of diameter a   obtained by Keh and Anderson [29]. Neglecting the 

DEP force, the approximate analytical solution under the conditions of thin EDL for the 

electrophoretic velocity of a spherical particle ( pU ) is 

3 5 6

01 1.28987 1.89632 1.02780 1 w
p

p

d d d
U U

a a a





        
                      

      (17) 
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where 0 /f p zU E    is the Smoluchowski velocity with the external electric field axial 

strength zE  in the absence of particles. Here, 3 KVzE  , 60 mVw  , 20 mVp  ,

107.08 10  F/mf
  , 31000 kg/mf  and 0.001 Pa s    in the benchmark. As shown 

in Fig. 2b, the present numerical results of pU (symbols) agree well with the analytical 

solution of Keh and Anderson (solid line). The above two validations imply that the 

performance of the present model is satisfactory.  

4. Result and discussion 

Using the above validated numerical method, the parametric study has been 

conducted to make an insight of particle movement in the Oldroyd-B viscoelastic flow. 

According to the result we obtained, it is found that the DEP particle separation method 

work similarly in the viscoelastic flow as the Newtonian flow due to the low Reynolds 

number in the DEP phenomenon.  In this section, the entire length of the symmetric 

converging-diverging channel is 400μm, with La=Ld=125μm and Lb=Lc=75μm. The 

width of the uniform section and throat are set to w=200μm and b=50μm. The initial 

transverse location of the particle is dp=10μm. Furthermore, the radius of the largest 

particle in the work is pmaxr =5μm, used as the length scale. So after being normalized, the 

parameter for the geometry is following: La
*=Ld

*=25, Lb
*=Lc

*=15, w*=40, b*=10, dp
*=2.  
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We calculate the applied electric field strength   which can be obtained by dividing 

the inlet and outlet electric potential difference over the microchannel total length. In this 

study, the E is set to 10KV/m. The physical properties of the solution used in the 

simulation are 31000 kg/mf  , 0.001 Pa s   and 107.08 10  F/mf
  . We assume 

that the density and the permittivity of the deformable particle are the same as the 

solution, which means that
31000 kg/mp  and 107.08 10  F/mp

  . The zeta potentials 

of the channel wall ( w ) is assumed to be -80 mV, and the zeta potentials of the particle 

( p  ) is -15 mV respectively, used as the potential scale. Besides, the non-dimensional 

fluid and solvent viscosities are 0.59s   and 0.41p  , respectively. 

4.1 Trajectory differences between Newtonian flow and Non-Newtonian flow 

Particle trajectories for different radius in the Non-Newtonian flow with Wi=0 and 1 

are studied by the validated ALE method mentioned before. The series of particle radius 

is 5μm, 4μm, 3μm and 2μm. The radius 5=pr m  is chosen as the length scale. So the 

non-dimensional normalized particle radiuses 
*

pr  are 1, 0.8, 0.6, and 0.4. The ratio of the 

width to the particle radius 
* */ pw r  is 40, 50, 66.7 and 100, respectively. The particle 

trajectories for each particle radius are shown as Fig.3 (a)-(d). 

In the simulation, the Weissenberg number is set to 0 and 1, while the fluid with a 

zero Wi corresponds to Newtonian flow. Form the result of Fig.3, it is shown that 
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particles migrate to the center, both in Newtonian flow and Non-Newtonian flow. It 

means that the DEP phenomenon still exists in the Non-Newtonian flow. In the study 

before, it is reported that the reason that the particle migrates to the center after passing 

the throat is mainly the DEP force. Whether in the Newtonian flow or Non-Newtonian 

flow, the DEP force is generated by the applied electric field and can be calculated by 

integration of the Maxwell tensor. Therefore, the DEP forces on the particle are almost 

equal in Newtonian flow and Non-Newtonian flow if other identical settings are 

employed. However, the particle movement is driven by both the DEP force and the 

hydrodynamic force. When the particle moves in the channel, the fluid field is not only 

time dependent but also space dependent. Because of the elasticity of the Oldroyd-B flow, 

the non-dimensional hydrodynamic force on the particle in viscoelastic flow is slightly 

different from that in the Newtonian flow, as shown in Fig 4.  Thus the particle trajectory 

shift is slightly different when the particle goes through the throat between the Non-

Newtonian flow and the viscoelastic flow. However, the difference of particle trajectories 

can even be neglected compared to channel width. While the value of 
* */ pw r  changes 

from 40 to 100, the difference of y  coordinate for the trajectories after going through the 

throat is only 0.60, 0.49, 0.17 and 0.82, respectively. So that even though the difference 

changes with the value of
* */ pw r , it is less than one particle radius. As a result, in order 
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to make the computing cost lower and the design more easily, we can use the Newtonian 

flow setting instead of the viscoelastic flow setting in this DEP phenomenon which 

dominates the particle movement in the channel. 

4.2 Force differences between Newtonian flow and Non-Newtonian flow 

The difference of particle trajectories is caused by the force difference on the 

particle surface. In the fluid field, the stress tensor on the particle surface is comprised of 

two parts: the fluid reaction stress tensor and the Maxwell stress tensor. As mentioned 

above, the Maxwell stress on the particle surface is equal if other settings are identical, 

for example, shape and size of particle, fluid domain, the applied electric field and so on. 

Thus, the difference of particle trajectories is accurately caused by the hydrodynamic 

force on the particle in the channel. 

In order to depict that the hydrodynamic force on the particles changes with the 

Weissenberg numbers, we calculate the hydrodynamic force in the x and y direction fluid 

with two different Wi: 0 and 1. The particle position is picked up from the trajectory for 

Wi=1 in Fig. 3a.  In order to compare the force with different Wi, the particles are 

supposed as stationery without including the movements. So the boundary condition for 

the flow on the particles surface is non-slip condition, and others setting are identical as 

the above simulation for the case with 
* 1pr  . The hydrodynamic force of the particle 
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surface is obtained by integration of hydrodynamic stress tensor on the interaction 

boundary; then the value of force is normalized by the maximum of absolute value of 

each component. Figure 4a shows the x component of force in the main flow direction for 

the case of Wi=0 and 1.  The x component of force for Wi=0 is a little larger than that of 

Wi=0. Moreover, the difference occurs after the throat of the channel. It means that the 

particle will move with approximate velocity before and in the throat in the main flow 

direction.  And also, y component of the hydrodynamic force in the lateral migration 

direction of the case with Wi=1 is a bit larger than that of the case with Wi=0, especially 

near the throat, as shown from the Fig. 4b. The result means that the particle will be 

pushed farther away from the wall in the Newtonian flow than in the viscoelastic flow. 

However, the difference of the force is not obvious. Thus the difference of the particle 

trajectories just plays a bit of role resulting in the trajectories migration shift in the Fig. 3.  

4.3 Effect of particle size 

The trajectories for the particles with different sizes are shown in Fig. 5, where the 

particles move from inlet to outlet driven by DEP force in the viscoelastic flow. As 

discussed above, it is the DEP force that pushes the particle move across the streamline, 

which varies with the cubic of the particle size. Because that the DEP force diminishes 

with the decreasing of particle sizes, the lateral migration of particle also decrease with 
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the reducing of the particle radius. As the above phenomenon, the trajectories of particles 

with different radius are different in the viscoelastic flow (Fig. 5), that means the 

converging-diverging microchannel still have the application potential for being used for 

particle separation in the viscoelastic flow.  

5. Conclusions 

The particle electrophoretic motion due to the effect of DEP force caused by the 

non-uniform electric field through a contraction-expanding channel microchannel in the 

viscoelastic flow is numerically investigated using a time dependent ALE finite element 

numerical model. The Oldroyd-B model is used to describe the viscoelastic fluid. And the 

particle trajectories along the converging–diverging microchannel in the viscoelastic fluid 

flow with different Weissenberg numbers are obtained by the validated ALE method. 

Furthermore, the hydrodynamic force for different Weissenberg numbers is also obtained. 

The result shows that the effect of elasticity for the viscoelastic flow can be neglected in 

the DEP phenomenon, comparing with the Newtonian fluid. Particles at first is far  from 

the center of the microchannel and then move toward the centerline of the channel in the 

downstream, which means that the converging–diverging microchannel still can be 

applied on particle focusing in the viscoelastic flow. Because the particles with different 
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sizes own different trajectories, the converging–diverging microchannel has large 

potential for the continuous manipulation of biological particle e.g. DNAs and cells, for 

both Newtonian fluid and viscoelastic fluid. 
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Figure 1.Sketch of the electrokinetic motion for a spherical particle of radius 
pr and zeta potential 

p in a converging–

diverging microchannel with zeta potential w . Here, w is the width of the main channel, and the widths of channel 

with outlet/inlet AJ and FE are same; b is the width of the throat; pd  is the distance between the nearest channel wall 

and the center of the spherical particle. 

 

 

Figure 2.(a) The drag force as the function of the Weissenberg number for the flow past a circular cylinder. The triangle 

symbols and solid line represent the simulation solution of Behr et al [28] and the numerical results from the present 

model, respectively  (b) Velocity of a sphere particle moving along the cylindrical tube axis as a function of the ratio 

between the sphere diameter d and the channel diameter a. The solid line and triangle symbols respectively represent 

the analytical solution of Keh and Anderson [29] and our present model numerical results.  
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Figure 3 Particle trajectories in the Non-Newtonian flow with Wi=0 and 1, while the Non-Newtonian flow with Wi=0 

can be regarded as Newtonian flow. The non-dimensional radiuses of particle are following: (a) 
* 1pr   (b) 

* 0.8pr   

(c) 
* 0.6pr   (d) 

* 0.4pr   , the length of axis for each sub figure is identical.  

 

 

Figure 4 The hydrodynamic force of particle  surface  calculated by integration of hydrodynamic stress tensor of the 

interaction face, which have been normalized by the maximum  of absolute value of each component  (a) x component, 

in the main flow direction  (b) y component, in the lateral migration direction. 
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Figure 5 Particle trajectories in the Non-Newtonian flow with Wi= 1. The non-dimensional radiuses of particle 
*

pr  for 

each trajectory are 0.4, 0.6, 0.8, and 1, respectively. 
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Figure 4 The hydrodynamic force of particle  surface  calculated by integration of hydrodynamic stress tensor of the 

interaction face, which have been normalized by the maximum  of absolute value of each component  (a) x component, 

in the main flow direction  (b) y component, in the lateral migration direction. 

 

Figure 5 Particle trajectories in the Non-Newtonian flow with Wi= 1. The non-dimensional radiuses of particle 
*

pr  for 

each trajectory are 0.4, 0.6, 0.8, and 1, respectively. 
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