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The Giant Steerable Science Mirror (GSSM) is the tertiary mirror of the future large telescope, the Thirty Meter
Telescope. However, the mirror is too large to be tested using only one aperture, and using many apertures will
increase the cost of testing. To accomplish testing at a low cost, the number of apertures should be reduced. The
Ritchey–Common (R–C) testing method, commonly used for testing large flat surfaces, uses only a reference
spherical mirror and avoids the use of large planar interferometers. Additionally, only the low-spatial-frequency
mirror figure is relevant in the system assembly and alignment. Hence, the applicability of sparse-aperture testing
is investigated in this paper. Sparse-aperture testing and the R–C method were combined to lower the cost. Using
this method and the normalized point source sensitivity (PSSn), the mirror figure can be specified in a simple and
accurate manner. Moreover, as fewer subapertures are under test, the efficiency can be improved. An error analysis
is conducted, focusing on the shifting error, irregularity error, tipping error, tangential/sagittal error, and seeing.
For the testing of the GSSM prototype, the error analysis showed the total error in PSSn is 0.9701. ©2018Optical

Society of America

OCIS codes: (120.4640) Optical instruments; (120.4610) Optical fabrication; (120.4800) Optical standards and testing; (120.5050)

Phase measurement.
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1. INTRODUCTION

Researchers are developing increasingly larger telescopes in or-
der to explore more details of the universe. However, as the size
of the planar mirror in the optical system increases, the require-
ments for large planar mirror testing become more challenging.
The Ritchey–Common (R–C) method, which focuses on the
measurement of standard planar mirrors, was proposed in 1904
by Ritchey, based on Common’s work. Since a planar mirror
has no light-focusing function, it needs to be armed with a stan-
dard spherical mirror. Because of the relatively low cost of large
spherical mirrors, the R–C method can be implemented more
easily than large planar interferometer testing [1–6]. The R–C
method is used to obtain the figure of the VLT’s tertiary mirror
[3]. In the Large Sky Area Multi-Object Fiber Spectroscopic
Telescope (LAMOST), the R–C method is used to perform
qualitative figure testing of the reflecting correcting mirror hex-
agonal planar mirror with a 1.1 m diagonal line [7].

Subaperture stitching was originally proposed by Kim and
Wyant, in the early 1980s, for testing large mirrors without
using an interferometer of the same size. Its basic principle is
to obtain the complete surface information, part by part
[8–12]. However, although the subaperture stitching algorithm

has the unique benefits of expandable measuring range and
high lateral resolution, the number of subapertures increases
as the size of the telescope increases. Moreover, subaperture
testing needs setup translation changes between different loca-
tions; therefore, the process must consider the relative position
changes and adjustments, both of which affect the stability and
repeatability of the measurements. Thus, much redundant time
and personnel costs are incurred in the preliminary testing
stage. If the number of subapertures can be reduced reasonably
or if they can be separated into sparse subapertures, the detec-
tion efficiency can be improved greatly. Xu et al. studied the
sparse-subaperture testing error of a mirror in high-energy laser
weapon systems after surface ring polishing [13]. The error
distributions of the large optical components vary greatly with
scale, unlike those of the smaller planar mirrors. The error
characteristics still require further investigation [14–18].

R–C testing requires a standard sphere. However, for large
sizes, a large spherical mirror’s grinding, supporting, and real-
time monitoring can present a series of practical problems and
become important factors restricting the application of the R–C
method. Yang took advantage of a standard sphere’s elliptic pro-
jection on a planar mirror, and improved the R–C method’s
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measuring range to
p
2 times the standard sphere’s diameter by

rotating the mirror under test. However, for a bigger flat, this
method will not work.

For a larger telescope such as the Thirty Meter Telescope
(TMT), whose tertiary mirror is a Giant Steerable Science
Mirror (GSSM, 3.594 m × 2.536 m), the normalized point
source sensitivity (PSSn) must be introduced in the system en-
gineering to fully evaluate its performance [19–23]. Further in-
vestigations on the PSSn for GSSM figure testing will promote
the error evaluation significantly. For sparse-aperture testing,

the main problem lies in the separation of the errors introduced
by the mirror and the measurement system aberrations. A rea-
sonable error evaluation criterion can help organize the infor-
mation and extract the valuable information. The PSSn can
directly relate the performance evaluation to the imaging qual-
ity and is better than the traditional evaluation indexes (RMS,
FWHM, 80% EE, etc.) in terms of representing the error in
sparse R–C testing [24,25].

2. PSSn ANALYSIS IN GSSM

The definition of PSSn is shown as Eq. (1),

PSSn �
RR

A�f x , f y� jOTFej2jOTFt�a�ej2RR
A�f x , f y� jOTFt�a�ej2

, (1)

where OTFe is the optical transfer function (OTF) due to error
of telescope. OTFt�a�e is the OTF of telescope under seeing
considering the error and seeing. A�f x , f y� is the integration
area in frequency domain.

For wavefronts with the same RMS but different frequency
components, the corresponding far-field diffraction patterns
and their PSSn would be different. The relationship between
the wavefront frequency component and the PSSn is shown in
Fig. 1. Generally, with the increase in internal fluctuation, the
PSSn will decrease correspondingly. Moreover, with the rota-
tion of the wavefront, the value of PSSn will change.

In sparse-aperture testing, the figure error of the optical
element and the air turbulence are usually contributors to the
stitching error. A smaller and faster reference optical item will
reduce the error. The GSSM R–C sparse-aperture testing uses
smaller, sparsely located apertures to estimate the PSSn of
the GSSM.

During GSSM R–C sparse-aperture testing, the OTF is
modulated by the entrance pupil, and the relationship between
the PSSn and OTF is shown in Eq. (2),

PSSn �
RR

A�f x , f y� jOTFej2jOTFt�a�ej2jP�x � γf x , y � γf y�P�x − γf x , y − γf y�j2RR
A�f x , f y� jOTFt�a�ej2jP�x � γf x , y� γf y�P�x − γf x , y − γf y�j2

, (2)

where γ � λz
2 ,P is the generalized pupil function, and λ is the

wavelength. x, y, z is the coordinate, and f x , f y is the spatial
frequency.

From Eq. (2), it can be inferred that the PSSn of the sparsely
sampled case will be less than that of the full-aperture case. The
relation between the sparse-aperture sampling ratio and PSSn is
shown in Fig. 2. If there is no overlap between subapertures, the
limit PSSn is 0.2597.

3. RITCHEY–COMMON SPARSE-APERTURE
TESTING

The R–C method can realize the testing of an extremely large
flat, without requiring a large interferometer. It makes full use
of the existing standard spherical mirror, thereby improving the
economic efficiency. When combined with a translation or
rotation mechanism, the mirror figure of the large flat can be
tested. The experimental scheme used for realizing the testing
in the R–C sparse method is shown in Fig. 3(a).

A laser tracker, a coordinate measuring machine, can obtain
a more precise R–C angle, θ. First, the position of the sphere-
mounted retroreflector (SMR) is measured before recording the
SMR’s coordinate reflected via the planar mirror. By averaging
these two coordinates, the position and normal direction of the
planar mirror can be obtained. Practically, in order to reduce
the error introduced by moving the SMRs, the target SMR
position is obtained by averaging the positions of two
SMRs placed symmetrically on either side of the target SMR.

Fig. 1. Relationship between wavefront frequency and PSSn. Fig. 2. PSSn limit values of sparse-aperture sampling.
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Second, the position of the light source point is determined by
the pinhole setting before the interferometer. Then, the laser
tracker is adjusted to reflect the light beam onto the planar mir-
ror and the spherical mirror, which is eventually received by the
target SMR through the pinhole. We can calculate the exact θ
using the angle and length information. The θ obtained by this
method is not only unique but also accurate because of the di-
rect rebuilding of the main light path. The position accuracy of
the reflection point on the reference sphere and θ testing ac-
curacy (at θ � 55° and d � 5 m) are shown in Fig. 3(b).

The R–C sparse-aperture testing needs to realize the relay
transformation of the wavefront. In the measurement process,
we need to consider the interconversions among the following
coordinate systems: (i) the interferometer coordinate system for
measuring each subaperture; (ii) the mirror local coordinate sys-
tem; and (iii) the coordinate system of the whole planar mirror.

The relationship between the physical coordinates and pupil
coordinates can be established using targets. Practically, there
are many targets on a planar mirror under test, and the corre-
sponding areas will appear on the measurement data matrix.

After obtaining the surface figure, we can use Eq. (2) to cal-
culate the OTF and PSSn. The shape of the reference spherical
mirror’s projection on the planar mirror is elliptical in this test-
ing; therefore, it can be considered suitable to process the
GSSM figure measurement.

A preliminary sparse-aperture measurement process of a pla-
nar mirror is processed as shown in Fig. 4 (at θ � 55°). The
resultant PSSn is 0.3766 and the corresponding sparse-aperture
PSSn obtained by the planar interferometer is 0.3693.

4. TESTING ERROR ANALYSIS

To understand the testing results of the RC sparse testing bet-
ter, an error analysis is necessary. The metrological errors of the
sparse-aperture R–C method can be classified into in-plane
errors and out-of-plane errors. In-plane errors refer to the errors
due to the translation and rotation of the sparse apertures.
Meanwhile, the out-of-plane errors are the errors perpendicular
to the direction of the GSSM’s norm line.

A. In-Plane Error
The in-plane errors include the shifting error and irregularity
error. Testing at different angles will suppress the circumferen-
tial error, and, hence, it is ignored here [26].

The R–C method requires removing the flat, relative to the
reference surface. In this process, even if a target is used, an
alignment error (shifting) will be introduced, as shown in
Fig. 5(a). Assuming that the interferometer coordinate system
is W �x 0, y 0� and the mirror coordinate system is WP�x, y�, the
following equations [Eqs. (3) and (4)] represent the relationship
between the two coordinate systems:

W �x 0, y 0� �
XU
u�0

XV
v�0

auvx 0uy 0u−v (3)

and

WP�x, y� � 4 cos θ
XU
u�0

XV
v�0

auv

�
x

cos θ

�
u
yu−v: (4)

Among them, auv is a coefficient of polynomials presenting
the figure. U and V are integrations referring to the order
of polynomials used here. θ is the R–C angle.

Assuming the alignment error is δ along the x direction, the
shifting error expression is shown in Eq. (5). The effect of the
shifting error is shown in Fig. 5(b).

WP�x � δ, y� −WP�x, y�

� 4 cos θ
XU
u�0

XV
v�0

anm
Xm
j�0

Cj
m

�
x

cos θ

�
m−j

�
δ

cos θ

�
j
yn−m

− 4 cos θ
XU
u�0

XV
v�0

anm

�
x

cos θ

�
m
yn−m

� 4 cos θ
XU−1

u�0

XV
v�0

anm
cosm θ

Xm
j�1

Cj
mxm−jδjyn−m: (5)

RC sparse testing will project the pupil of the system on the flat
surface. Therefore, during this process, the aperture expansion

Fig. 4. Preliminary sparse-aperture measurement of planar mirror.
Fig. 5. Ritchey–Common sparse-testing in-plane error: (a) coordi-
nate system and (b) effect of shifting error.

Fig. 3. Sketch of Ritchey–Common sparse-aperture testing: (a)
coordinate system and details of the assembly and (b) accuracy of θ
testing (at θ � 55° and d � 5 m).
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(growth), shrinkage, and irregularity of sparse aperture are
unavoidable.

An aperture deformation parameterized model was set up
as shown in Fig. 6(a). The maximum distance between the edge
of the subaperture and the chord ab is hmax. Here, we used
0.99hmax and 1.01hmax to simulate the boundary of the suba-
perture under contraction and expansion. The directions are
shown in Fig. 6(b), along with the corresponding PSSn.

B. Out-of-Plane Error
The out-of-plane errors include the tipping error, tangential/
sagittal error, and seeing.

Every sparse aperture detects only a part of the large flat mir-
ror. In a smaller area, the low-order aberrations play a primary
role. On the other hand, because of the measurement errors,
there is a certain amount of relative piston and tip/tilt errors
between the subapertures. The accuracy of the results will
be affected greatly if these components are retained.

The PSSn is used as the evaluation criterion, and the rigid-
body displacement in the subaperture is removed using the
optimized method, as shown in Fig. 7.

The PSSn of the result is estimated first, and the apertures
are tipped/tilted randomly. Then, after searching for the maxi-
mum PSSn in this data set, the gradient can be estimated by the
rigid-body motion of the maximum case. After several steps, the
rigid-body displacement in the sparse-aperture R–C testing will
be removed to some extent; however, some residual compo-
nents may be present.

We analyze the impact of the individual subaperture rigid-
body displacement on the overall PSSn. The impact of the nth

aperture and tip/tilt (VarΦS
x_n,VarΦS

y_n) on the overall slope
RMS is VarΦF

n , as shown in Eq. (6) [27,28]:

VarΦF
n � VarΦS

x_n cos
2

�
2π

N

�
� VarΦS

y_n sin
2

�
2π

N

�
: (6)

The influence of the N subaperture tip/tilt error on the overall
slope RMS is given by Eq. (7),

VarΦF �
XN
n�1

VarΦF
n : (7)

The PSSn of the ideal system is 1, and with the decrease in this
value, the difference between the ideal system and practical sys-
tem becomes larger. The influence of the N subaperture piston
and tip/tilt error on the whole PSSn is shown in Eq. (8),

PSSntipping � 1 − μr20

�
2π

λ

�
2 VarΦF

2π2
� 1 − 2γ

VarΦF

λ2
, (8)

where γ � μr20 and γ � 0.11 μm∕rad.
For the R–C sparse-aperture testing in subapertures, the pri-

mary deformation, which is similar to power, will lead to differ-
ent imaging positions in the tangential and sagittal directions
and introduce additional astigmatism. For GSSM, which has
very tight requirements regarding astigmatism, the error in
the sag/tan direction will influence the estimation accuracy
of astigmatism and its corresponding PSSn. The tangential
and sagittal focal plane for R–C sparse-aperture testing is shown
in Fig. 8.

Next, we calculate the slope RMS of astigmatism,

Φ5�x, y� � α5ρ
2 cos 2θ � α5ρ

2�2 cos2 θ − 1�
� 2α5x2 − α5�x2 � y2�, (9)

where α5 is the astigmatism coefficient. The slopes introduced
by astigmatism in both directions are shown in Eq. (10),

ΦS
5_x_n�x, y� � α5_n�4x� − α5�2x� � 2α5_nρ cos θ

ΦS
5_y_n�x, y� � −α5_n�2y� � −2α5_nρ sin θ, (10)

where A is the area of the subaperture. The mean of Eq. (10) is
shown in Eq. (11),

Fig. 6. Influence of aperture in-plane error: (a) aperture deforma-
tion parameterization model and (b) corresponding PSSn.

Fig. 7. Sparse-aperture Ritchey–Common testing rigid-body dis-
placement removal.

Fig. 8. Tangential and sagittal error for Ritchey–Common sparse-
aperture testing: (a) parameterization model and (b) corresponding
PSSn.
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hΦS
5_x_n�x, y�i �

ZZ
A
2α5_nρ cos θρdθdρ∕A

�
ZZ

A
2α5_nρ

2 cos θdθdρ∕A

� 2α5_x_n
A

ZZ
A
ρ2 cos θdθdρ � 0

hΦS
5_y_n�x, y�i �

−2α5_n
A

ZZ
A
ρ2 sin θdθdρ � 0: (11)

The mean square of Eq. (10) is shown in Eq. (12),

VarΦS
5_x_n �

ZZ
A
4α25_nρ

2 cos2 θρdθdρ∕A

�
ZZ

A
4α25_nρ

3 cos2 θdθdρ∕A

� 4α25_n
A

πR4

4
� α25_nπR

4

A

VarΦS
5_y_n �

ZZ
A
4α25_nρ

3 sin2 θdθdρ∕A

�
α25_yπR

4

A
: (12)

The influence of the N subaperture sag/tan error on the overall
slope RMS is obtained from Eq. (13),

VarΦF
5 �

XN
n�1

�VarΦS
5_x_n � VarΦS

5_y_n�, (13)

where R is the radius of the full aperture while μ is the radius of
the subaperture proportion, and ρ0 is the polar diameter of the
subaperture. The distance between the tangential focal plane
and sagittal focal plane is given in Eq. (14). θ_n is set as 55°.

a5_n �
16d 2b4 sin2 θ_n
4μ2R2 cos θ_n

: (14)

Here, Eq. (15) declares the relationship between PSSn and the
slope RMS.

PSSnsag∕tan � 1 − 2γ
VarΦF

5

λ2
� 1 − 4γ

πR4

λ2A

XN
n�1

α25_n: (15)

C. Air Turbulence
Another experiment error that needs to be considered is the
effect of air turbulence near the mirror. The statistical charac-
teristics of the mirror are not distributed uniformly and are de-
pendent on the physical measurements. The “image motion”
method is used to purchase the amount of jitter σa and the
atmospheric coherence length r0. The relationship between
these parameters [29] is shown in Eq. (16),

r0 � 3.18k−
6
5D−15σ

−65
a : (16)

Deliberating the fact that the subapertures are independent of
each other, it is conceivable to use the subaperture average in-
formation on the spatial domain instead of the sequence analy-
sis on time domain. In other words, the correlation operation is
used to estimate the correlation length of the atmosphere, in-
stead of the sequence analysis, and the correlation length is
estimated in the spatial domain, which can greatly improve

the real-time function of the measurement is shown in
Fig. 9. The aperture average factor [30] is given by Eq. (17),

Θ � 16

πD2

Z
D

0

ρdρ
e4C�ρ� − 1
e4C�0� − 1

×
�
cos−1

�
ρ

D

�
−

�
ρ

D

��
1 −

�
ρ

D

�
2
�1

2

�
: (17)

The relation between the atmospheric coherence length r0,
aperture average factor, and aperture D is shown in Eq. (18),

r0 � DΘ1
2: (18)

The influence of the atmosphere on the PSSn is shown in
Eq. (19),

PSSnseeing �
Z ����e−3.44

	
λ~f
r0



5∕3
����
4

d~f ∕
Z ����e−3.44

	
λ~f
r0



5∕3
����
2

d~f ,

(19)

where r0 is the atmospheric coherence length, λ is the wave-
length, and f is the spatial frequency. After several calculations,
the impact of atmosphere on the PSSn is found to be approx-
imately 0.9974.

As the GSSM is a very large and complicated project, the
CIOMP decided to build a 1:4 scaled prototype to learn
and understand [31–36]. The cell assembly was accomplished
quite recently. The testing error calculation is for the prototype
mirror (899 mm × 635 mm). The GSSM prototype will be
tested using six sparse apertures of diameter 200 mm. The error

Fig. 9. Laboratory seeing measurement.

Fig. 10. Error analysis in of GSSMP R–C sparse-aperture testing.
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analysis of the GSSMP R–C sparse-aperture testing is shown
in Fig. 10.

5. CONCLUSION

In this study, we investigated the sparse-aperture R–C testing,
which is expected to be very useful for the metrology and
assembling of GSSMs (TMT’s tertiary mirror). The in-plane
errors—which include the shifting and irregularity errors—
and the out-of-plane errors—which include the tipping error,
tangential/sagittal error, and seeing—were analyzed. According
to the error analysis, the testing error was 0.9701 for a 1 m
scaled planar mirror (GSSMP). Because of the normalized
nature of the PSSn, it will be suitable for a 4 m scaled planar
mirror (GSSM).
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