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ABSTRACT This paper investigates the working efficiency and reliability of a piston pair of radial piston
pumps by accurately calculating the shape and pressure distribution of the piston pair. First, a leakage model
of the piston pair is established based on the equivalent liquid resistance and adaptive eccentricity. This model
considers the piston micro-motion in the cylinder and the force balance. Then, the piston clearance shape
and pressure distribution are numerically simulated using a genetic algorithm and the finite-volume method,
and the clearance leakage flow is discussed. The example analysis demonstrates the accuracy of the model;
the iterative algorithm has good numerical stability at the given precision and can rapidly converge to the
global optimal solution of the model to obtain the real-time piston eccentricity state and pressure distribution
with high accuracy. The results demonstrate that the model has high accuracy. Finally, the effects of various
parameters such as the piston diameter, initial clearance of the piston pairs, and piston speed on the leakage
rate are discussed. The conclusions of this paper provide guidance for the design of water piston pumps.

INDEX TERMS Equivalent liquid resistance, leakage, piston pump, pressure distribution, self-adaptive
eccentricity.

I. INTRODUCTION
The piston pump is amechanical device that is used to convert
mechanical energy into fluid pressure. As an important mem-
ber of the pump family, the radial piston pump [1]–[4] has
high efficiency, high working pressure, high reliability and
a long lifespan [5]–[7]. The life and efficiency of the pump
are affected by the pressure distribution and leakage flow of
the piston pair, which consists of the piston and cylinder. The
pressure distribution and leakage flow are closely related to
the piston clearance shape, which is influenced by the piston
eccentricity. The piston eccentricity is formed by the incline
and the offset relative to the axis of the cylinder during the
reciprocating motion of the piston.

Kumar and Bergada [8] analyzed the relationship between
the piston clearance, leakage flow and torque of the piston.
Bergada textitet al. [9] used a pressure equalizer groove to
study the pressure of the piston oil film. Pelosi and Ivantysyn-
ova [10] and [11] analyzed the kinematics of the piston and

friction of the oil film and improved the oil film lubrication
characteristics of the piston by changing the surface shape
of the piston. Garrett [12] studied the effect of the piston
material on the thermal deformation of the piston and found
that the oil film shape determined the working state of the
pump. Using simulations, Wieczorek and Ivantysynova [13]
found that the piston eccentricity could influence the pressure
on the piston oil film. Sadashivappa et al. [14] investigated
the performance of the oil film of the elliptical piston and
provided a new idea for the design of the piston pump and
motor. Fang and Shirakashi [15] examined the character-
istics of the oil film lubrication of the piston and found
that the thickness of the oil film decreased as the pump
speed increased. Deeken [16] constructed virtual prototypes
to study the microscopic characteristics of the oil film.
Ma et al. [17] analyzed wear behavior of swash plate/slipper
pair of axis piston hydraulic pump based on EHL model.
Xu et al. [18] studied the micro-motion of the piston in the
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cylinder and found that the piston eccentricity caused by the
micro-motion of the piston affected the oil film characteris-
tics.

Qian and Liao [19] considered a nonisothermal
fluid-solid coupling model of the piston leakage flow.
Mihailidis et al. [20] present a new line contacts model,
which considers the thermal effects and the non-Newtonian
lubricant behavior, to investigate the influence of the lubricant
on the pressure distribution and film shape. Zhou et al. [21]
proposed a point contact lubrication model which considers
the non-Newtonian thermal elastohydrodynamic lubrication
(EHL) theory for a crowned herringbone gear drive, and
investigated the effects of the major geometry and working
parameters on the lubrication performance. Yang et al. [22]
proposed a Reynolds equation for a general lubrication prob-
lem for the non-Newtonian fluid through regarding the lubri-
cant flow as a superposition of Poiseuille flow and Couette
flow. Lin et al. [23] investigated the power-law film slider
bearings with the Rabinowitsch fluid model by deriving a
two-dimensional non-Newtonian Reynolds equation.

Yang et al. [24]–[29] proposed a new integral transform
method to find the solution for the differential equation, and
the method can be applied to solve some partial differential
equations. Qian and Liao [30] analyzed the piston force by
numerically solving the pressure balance equation of the
piston and studied the valve eccentric oil film characteristics.
However, it is difficult to establish the relationship between
the leakage of the piston pair and the adaptive eccentricity of
the piston.

Therefore, this paper aims to simulate the piston micro-
motion, pressure distribution of the piston pair, and leakage
flow at different angular positions of the eccentric wheel.
We develop a fully coupled fluid-structure mathematical
model that considers the adaptive eccentricity that is caused
by piston micro-movement and equivalent hydrodynamic
resistance of the water film thickness. This model is solved
using a numerical method that can simultaneously obtain the
pressure distribution and leakage rate.

II. MATHEMATICAL MODEL AND SOLUTION TECHNIQUE
A. HYDRODYNAMIC EQUATION
A general lubrication system in the Cartesian coordinate sys-
tem is studied. For a common non-Newtonian fluid, the vis-
cosity decreases as the shear stress increases over a certain
range of shear stress. A variety of mathematical models can
be used to describe this behavior. Among them, the power law
model has been widely used because of its simplicity in the
limited range of shear rate. The relationship between the shear
stress and shear rate is nonlinear for non-Newtonian fluids,
and the general form can be written as:

τ = φγ n (1)

where γ is shear rate and τ is shear stress.8 is a dimensional
constant, whose dimension depends on the power law index n.
The non-Newtonian behavior and contact friction effect are

included. The pressure distribution in the contact domain is

governed by the modified Reynolds equation, which can be
written as:
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In Eq.(2), ρ is the lubricant density; p is the oil film pres-
sure;8 is the dynamic viscosity;VSθ andVSL are the film axis
velocities on the piston and cylinder surfaces, respectively; h
is film thickness; and t is time.

The parameter n is an index that measures the non-
Newtonian behavior of a fluid. Normally, n is less than 1 or
n is greater than 1. When n = 1, the model degenerates
into a Newtonian fluid lubrication model. The theoretical
values of the non-Newtonian parameter has been selected by
the method in the available literature and obtained through
experiment.

B. FORCE ANALYSIS OF THE PISTON
The piston causes eccentricity in the cylinder because of the
uneven force that is generated when the piston moves. The
force condition of the piston is shown in Figure 1.

FIGURE 1. Stress analysis of the piston.

In the plane of rotation of the eccentric wheel, the X and
Y axes are defined as the axial direction of the piston and
the direction perpendicular to the piston, respectively. Then,
the force balance equation and moment balance equations of
the piston in the X and Y directions are:

Fs − FfP + Fa − FPP − Fk = 0 (3)

f2Fs + FG + Fpx = 0 (4)

MFS +MFG +MFP = 0 (5)

where Fs is the supporting force of the eccentric wheel to the
piston; Ffs is the friction force of the eccentric wheel to the
piston; Fa is the inertial force of the piston; Fk is the elastic
force of the return spring to the piston; FPP is the piston
drainage chamber pressure; FfP is the friction of the water
film to the piston; FG is the gravity of the piston; FPy is the
dynamic support force of the submerged piston membrane,
which acts at the location where the cylinder comes into
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contact with the surface of the piston and acts along the piston
surface to the column plug axis;8 is the rotation angle of the
eccentric wheel; and MFS , MFG, and MP are the torques of
the external force.

At any point in the piston movement, the external forces
Fs, Fa, Fk , FPP, and FG of the piston can be calculated
using the above parameters. The dynamic bearing force FP
of the submerged piston film is affected by the shape of the
submerged water film. At different positions of the piston,
the piston pair produces different water film shapes, which
correspond to different dynamic pressure support forces to
satisfy the balance force of the piston pair. Figure 1 shows
the piston sub-clearance diagram, the piston eccentric state,
and the piston axis tilt. The relative movement of the piston
and cylinder are equivalent to the relative movement of two
non-parallel planes before and after the pressure difference.
The clearance between the water film will produce a dynamic
pressure.
FPy can be obtained by a radial positive pressure integral

that acts on the surface of the piston:

Fpx =
∫∫

p(x, y) cos(α)dxdy (6)

where

p(x, y) = ph(x, y)+ pc(x, y) (7)

where Ph is the fluid support hydraulic pressure of the pis-
ton and Pc is the solid contact pressure. In the mixed friction
region, the pressure distribution consists of the fluid pressure
Ph and the solid contact pressure Pc. The fluid pressure Ph at
any point on the piston surface that is caused by the dynamic
pressure bearing is expressed as:
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where pk is the dynamic pressure caused by the dynamic
pressure support, µ is the viscosity of the liquid, V is the
velocity of the piston, L is the remaining length of the piston
in the cylinder, i.e., the seal length of the piston, and x is the
point coordinate. Figure 2 shows that h1 and h2 are the water
film thicknesses at the two ends of the piston, and p1 and p2
are the pressures at the two ends.

FIGURE 2. Equivalent model of clearance.

The solid contact pressure Pc is expressed as:

p̄c(x, y) =
1
�

∫
(�)

pc(x, y)d� (9)

where pc(θ,L) is the contact pressure at any point on the
piston surface.

pc(x, y) = f [wel(x, y)+ wpl(x, y)] (10)

where wel is elastic deformation and wpl is plastic defor-
mation.

wel(x, y) =
1

πEcom

∫∫
pc(x ′, y′)dx ′dy′√

(x − x ′)2 + (y− y′)2
(11)

where Ecom is the comprehensive Young’s modulus of the
piston and the cylinder.

C. ANALYSIS OF THE PISTON CLEARANCE
The contact of the piston and cylinder occurs mainly in the
points of contact at both ends. As such, the clearance of the
piston and cylinder, which is considered the point contact
model, can be expressed as:

h(x, y) = hh(x, y)+ hc(x, y) (12)

hh(x,y) is the clearance considering the deformation of the
piston and the cylinder with non contact.

hh(x, y) = he(x, y)+1h1(x, y)+1h2(x, y) (13)

where1h1 and1h2 are the radial swell of the cylinder bore
and the radial decrease of the piston outer surface caused by
the fluid pressure, respectively. According to Lame’s formula
for a thick-walled cylinder, the deformations are given as:

1h1 = p
d
2E

(
d20 + d

2

d20 − d
2
+ υ) (14)

1h2 = p
d
2E
− pL

d
2E
υ (15)

where d0 is the outer diameter of the cylinder. The second
term that includes PL in Eq. (12) is the piston radial Poisson
deformation, neglecting the inertia force acting on the piston.
he(x,y) is the initial clearance considering the real-time

eccentricity and offset of the piston. As shown in Figure 3,
considering the possible inclination and eccentricity of the
piston in the cylinder, the piston clearance is:

he(x, y) = h0 − e(θ, e, y) · cos(α) (16)

where h0 is the initial clearance when the piston is con-
centric to the cylinder, e is the eccentricity and θ is the offset
of the piston, and α is the coordinate in the circumferential
direction.

The inclination and eccentricity of the piston in the cylinder
are denoted by θ and e, respectively. The piston eccentricity at
different positions on the piston circumference is expressed as

e(θ, e, y) = (0.5L − y) · tan(θ )+ e (17)
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FIGURE 3. Piston position in the cylinder.

where L is the piston seal length, which changes cycle
because of the sine reciprocating motion of the piston.
hc(x,y) indicates the effect of contact deformation on the

piston clearance.

hc(x, y) =
x2

2Rx
+

y2

2Ry
+ wel(x, y) (18)

where wel(x,y) is elastic deformation of contact point,
Rx , Ry, are the reduced radius of curvature of an equivalent
cylindrical.

D. NUMERICAL SOLUTION
For Eq. (2), VSθ = 0, because there is no rotational motion of
the piston in the cylinder. Without considering the squeezing
effect of the liquid, the right side of the equation is reduced
to only the axial velocity VSL :
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In order to facilitate an iterative solution, the non-
dimensional Rayleigh equation is:
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The pressure boundary conditions are:

P(Y = 0) = P0; P(Y = L) = PL;

In this paper, the finite-volume method is used to calculate
the pressure distribution of the secondary water film. The
speed of the integral operation has been improved greatly
though using a method provided in the literature [24].

The lubrication area of the piston seal band is meshed in the
circumferential and radial directions, and the half-grid range
region around the grid node is defined as the limited control
volume, as shown in Figure 4.

FIGURE 4. Schematic of the staggered mesh discretization.

Both sides of the equation along the axial and radial dis-
cretization and the second integral can be obtained:

εi−1/2,jPi−1,j + εi+1/2,jPi+1,j + εi,j−1/2Pi,j−1
+ εi,j+1/2Pi,j+1 − ε0Pi,j
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where. Hij and Pi are the film thickness and pressure of
the P(i,j), respectively, and K kl

ij is the stiffness coefficient of
elastic deformation.

The iterative computation contains two coupling layers
because the piston offset and tilt couple with the force balance
equation of the piston, and the piston clearance couples with
the pressure distribution of the piston pair. The outer itera-
tion layer adjusts the force balance in Eq. (4) to attain the
accuracy of the iterative error by changing the piston offset
and tilt angle. When the inner iteration is used to calculate
the position of the piston, the pressure distribution of the
piston pair is two times less than the specified value. In this
paper, the genetic algorithm is used to solve the force balance
equation, and the finite-difference method is used to solve the
pressure distribution of the piston pair. The solving process is
shown in Figure 5.

E. SOLVING PROCESS OF THE GENETIC ALGORITHM
The genetic algorithm (GA) is a random search algorithm that
draws on the natural selection and natural genetic mechanism
of biology, which is highly suitable for solving complex and
nonlinear problems [19]–[21]. The main concept of the GA
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FIGURE 5. Solution trend.

is to code the solved problem and then generate a certain-
sized population with a reasonable fitness function to assess
gene performance; on this basis, the population can be copied,
crossed and mutated.

The objective function is g, and the decision variables are
e and θ . Because the piston offset and tilt angle are typically
small, the constraints are 0 ≤ e ≤ 1 µm and 0 ≤ θ ≤ 0.0001
rad. The initial population was generated using a random
distribution. The iteration ends when the objective function
value of the optimal individual in the population is less than
0.001.

III. MODEL VALIDATION AND DISCUSSION
Numerical calculations were performed for the radial piston
pump. The structural parameters, material properties of the
piston pair and operating conditions of the pump are listed
in Table 1.

TABLE 1. Input parameters of the model.

Figure 6 plots the velocity and inclination of the pis-
ton versus the eccentric wheel angle for a rotational speed
of 1,000 rpm.

FIGURE 6. Piston lift and velocity versus eccentric wheel angle.

Figure 7 shows the trend and average of the objective
function value of the optimal solution in the iteration process
of the GA for an eccentric wheel angle of8=0◦. The optimal
solution, which was obtained after 51 iterations of the GA,
is e0=0.928 µm and θ =0.000299.

FIGURE 7. Solution trend.

Figure 8 shows that the offset of the piston significantly
affects the leakage. For example, the leakage rate of the piston
at an offset of 5 µm is approximately 3 times that of an
offset of 2 µm. In contrast, the incline of the piston does not
considerably affect the leakage. A possible reason for this is
the very small allowable incline angle due to the extremely
small ratio of the radial clearance to the axial sealing length.

FIGURE 8. Adaptive eccentric state analysis of the piston.
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Figure 9 shows the change in the piston self-adaptive
eccentric state when the speed is 1,000 rpm. In Figure 9, the
dot is the piston offset (unit: um), and the point is the piston
inclination (unit: rad).

FIGURE 9. Analysis of the adaptive eccentric state of the piston.

In this study, two numerical models are considered: the
self-adaptive eccentric (SAE) model and the complete eccen-
tric (CE) model. The SAE varies with the position of the
piston and satisfies the constraints of the force balance con-
dition. The adaptive eccentricity of the piston, which is con-
sistent with the instantaneous micro-motion of the piston
in the cylinder, can be obtained using the GA and finite-
volume technique and is close to the actual situation. The
CE model also uses the finite-volume method but assumes
that the central clearance is h0, the minimum clearance of the
edge is 0.1 µm, and the piston is in a fully eccentric state.
The minimum clearance of the CE model is always 0.1 µm,
whereas the minimum clearance of the SAE model may vary
between 0.1 µm and h0 µm. The CE model assumes that
there is only incline, and no offset. As shown in Figure 10,
the leakage flow is affected more by the offset than by
the incline; thus, the leakage of the CE model is relatively
small.

FIGURE 10. Leakage rate versus eccentric wheel speed.

We compared the numerical analysis results and measure-
ments to validate the model. Figure 10 shows the measured
and calculated leakage rates versus the eccentric wheel speed.
The SAEmodel established in this study accurately describes

the physical phenomena that occur in the piston pair and can
predict the leakage rate with good accuracy. The simulation
results are consistent with the experimental data, demonstrat-
ing the reliability of the model.

The leakage rates calculated using the SAE model are con-
siderably higher than those calculated using the CE model.
The effects of the structure and operating parameters of the
pump on the leakage rate will be discussed next.

Figure 11 shows the pressure distribution of two differ-
ent models and three different non-Newtonian parameters
(n =0.7, 0.8, and 0.9), for a piston angular position of 90◦,
an initial clearance of 3 µm, an outlet pressure of 7 MPa and
a rotational speed of 1,000 rpm. The fluid pressure calculated
using the SAE model decreases slowly from the top edge
to the end edge of the seal, which is notably different from
the results obtained using the CE model. The smaller n is,
the more obvious the shear thinning of the fluid and the
lower the viscosity of the lubricant. For the same calculation
conditions, the smaller n is, the smaller the load capacity
of the lubricating film under the condition of the same film
thickness distribution; that is, the corresponding pressure
distribution will also be smaller.

FIGURE 11. Pressure distributions in the axial direction (L=20.6 mm).

The following discussion mainly focuses on the change
in the overall piston leakage and pressure distribution of
the piston pair with variations in the outlet pressure, speed
and initial seal clearance. The overall leakage is obtained by
integrating the temporal leakage in Figure 11 as a function of
the angular position. Figures 12-15 show the changes in the
leakage flow for different piston parameters.

Figure 12(a) shows the leakage rate in the piston pair
assembly versus the eccentric wheel angular position for an
initial clearance of 3 µm and a turning speed of 1,000 rpm.
Three different piston diameters of 4, 6 and 8 mm were
considered. Figure 12(a) shows that larger piston diameters
correspond to more leakage.

Figure 12(b) shows the effect of the piston diameter on the
total leakage flow. The leakage rate increases rapidly with
changes in the piston diameter. The ratio of the leakage rates
of the SAE and CE models slowly decreases from 2.3 to
1.2 when the piston diameter increases from 3 mm to 8 mm.
With the increase in diameter, the SAE model has a slower
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FIGURE 12. Leakage rate versus piston diameter. (a) Instantaneous
leakage rate. (b) Total leakage rate.

FIGURE 13. Leakage rate versus initial clearance. (a) Instantaneous
leakage rate. (b) Total leakage rate.

leakage rate than the CE model, which indicates that the
diameter of the piston has a greater effect because the CE
model assumes that the clearance of the secondary edge of

FIGURE 14. Leakage rate flow of the piston at different speeds.
(a) Instantaneous leakage rate. (b) Total leakage rate.

FIGURE 15. Leakage rate versus piston cylinder pressure.
(a) Instantaneous leakage rate. (b) Total leakage rate.

the piston is minimal. When the piston diameter increases,
the incline of the piston is aggravated, and the leakage of the
piston increases.
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Figure 13(a) shows the leakage rate in the piston pair
assembly versus the eccentric wheel angular position for an
initial clearance of 3 µm and a cylinder pressure of 2 MPa.
Three different initial clearances were considered: 3, 4 and
5 µm. As shown in Figure 13(a), a larger initial piston
clearance corresponds to a larger leakage flow because the
initial clearance of the piston determines the average piston
clearance, and larger pistons have greater leakage.

Figure 13(b) shows that the total leakage rate calculated
using the SAE model doubles when the piston clearance
increases from 2 µm to 5 µm. The difference between the
SAE model and CE model increases as the initial clearance
of the piston increases. The leakage flow of the SAEmodel is
approximately 1.1 and 1.9 times that of the CE model when
the clearance is h0 = 2 and h0 = 5, respectively. Therefore,
the SAE model is more accurate when the initial clearance of
the piston is large.

Figure 14(a) shows the leakage rate in the piston pair
assembly versus the eccentric wheel angular position for an
initial clearance of 3 µm and a turning speed of 1,000 rpm.
Three different cylinder pressures were considered: 2, 5 and
10 MPa.

The piston leakage varies under different export pressure
conditions. The piston clearance is related to the positive pres-
sure of the piston, and the forward pressure increases with the
outlet pressure of the piston chamber. Therefore, the piston
leakage rate increases as the outlet pressure increases.

Figure 14(b) shows the effect of the piston outlet pres-
sure on the total leakage rate flow. As shown in the figure,
the piston total leakage flow increases as the outlet pressure
increases. In addition, the difference between the CE and SAE
models increases as the export pressure increases.

Figure 15(a) shows the leakage rate in the piston-pair
assembly versus the eccentric wheel angular position for an
initial clearance of 3 µm and a cylinder pressure of 2 MPa.
Three pump turning speeds were considered: 200, 500 and
1,000 rpm. When the piston is connected to the higher-
pressure side, the leakage is affected by the turning speed
because the Couette flow, which is related to the piston
velocity, is higher than the Poiseuille flow.

Figure 15(b) shows the effects of different outlet pressures
and motor speeds on piston leakage. The piston leakage flow
increases with increasing motor speed. The pressure differ-
ence causes Poiseuille flow, which causes Couette flow. The
piston velocity does not considerably affect the leakage flow
when the pressure difference is large. However, the maximum
pressure of the piston chamber is 10MPa, and thus, the piston
leakage flow increases as the motor speed increases. The
leakage increases more rapidly at lower piston chamber pres-
sures.

IV. CONCLUSIONS
In this paper, we conducted a simulation to observe the influ-
ence of structural and operating parameters on pressure distri-
bution and leakage. The piston diameter D, speed n, pressure
P and initial clearance h0 were varied in the simulation.

The following conclusions are drawn from the results of
this study:

1) The piston in the cylinder has a certain micro-
movement, which causes eccentricity of the piston and
cylinder. This eccentricity in turn causes the piston
clearance to vary continuously. As a result, the pressure
distribution of the piston is uneven.

2) The piston clearance and motor speed significantly
affect the performance of the piston pump, whereas
the initial sealing length, piston diameter and piston
eccentricity do not considerably affect the leakage of
the piston.

3) The calculation example demonstrates that the outlet
pressure, motor speed and initial sealing clearance are
closely related to the pressure distribution, dynamic
pressure effect and clearance change during piston
movement. These parameters considerably affect the
leakage flow of the piston.

4) The hydrodynamic characteristics of the water film are
highly sensitive to the overall offset and incline of the
piston. The hydrodynamic characteristics of the water
film are more sensitive to the piston incline than the
offset. The overall offset of the piston greatly affects
leakage, whereas the incline does not considerably
affect leakage flow.

5) The numerical simulation results that are based on
the Reynolds equation and force balance equation are
consistent with the experimental results, to a certain
extent. However, there are some errors. The error of
the theoretical numerical solution mainly originates
from the simplification of the calculationmodel and the
precision control of the iterative operation.

6) Future studies will focus on the grooves on the piston
face and their effects on fluid characteristics.
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