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Atmospheric turbulence seriously affects the quality of free-space laser communication. The Strehl ratio (SR) is
used to evaluate the effect of atmospheric turbulence on the receiving energy of free-space laser communication
systems. However, the SR method does not consider the area of the laser-receiving end face. In this study, the
power-in-the-bucket (PIB) method is demonstrated to accurately evaluate the effect of turbulence on the receiving
energy. A theoretical equation is first obtained to calculate PIB. Simulated and experimental validations are then
performed to verify the effectiveness of the theoretical equation. This work may provide effective guidance for the
design and evaluation of free-space laser communication systems. © 2018 Optical Society of America
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1. INTRODUCTION

Free-space laser communication has been widely investigated
because of its high bandwidth and anti-interference perfor-
mance [1–5]. Many communication modes, such as horizontal,
space-based, and satellite-to-Earth link, have been developed.
Communication quality will be affected by atmospheric turbu-
lence for certain communication modes, such as satellite-
to-Earth link and horizontal laser communication. Therefore,
the effect of atmospheric turbulence on free-space laser com-
munication has been analyzed by numerous researchers.
Tyson et al. investigated the effects of low-order aberrations
on the bit error rate (BER) model from the scintillation prob-
ability [6]. Liu et al. studied the effect of atmospheric turbu-
lence on the coherent efficiency of coherent communication
[7]. For single-mode fiber reception, Ruilier established a
mode-coupling theory to evaluate the effect of atmospheric tur-
bulence on energy efficiency [8]. Juarez and Brown analyzed
the effect of strong turbulence on the Strehl ratio (SR) of a free-
space optical communication system [9].

In most of the aforementioned studies, SR was used as a
criterion for evaluating the effect of atmospheric turbulence on
the BER of a free-space laser communication system. When the
SR method is utilized, the effect of the area of the laser-receiving

end face is disregarded. However, the area of the laser-receiving
end face will actually affect the receiving energy of the laser. The
power-in-the-bucket (PIB) is defined as all the power within a
circular region in the cross section of laser beam, and the radius of
the circular region is defined as the bucket radius [10]. As it is
related to the area of receiving end face, PIB is more suitable to
calculate the receiving energy. Some researchers have tried to use
PIB to calculate receiving energy [11]. But no concrete formulas
are given. Ji et al. studied the degradation of PIB for the laser
beam propagating through the turbulence and obtained a spe-
cific equation [12]. Nevertheless, they have no consideration of
the receiving optical system. Therefore, the effects of both the
atmospheric turbulence and receiving system on the receiving
energy will be considered, and a concrete formula will be given.
This work is helpful for the accurate evaluation of the commu-
nication quality of free-space laser communication and the
design of the communication receiving systems.

2. THEORY

A. Effect of Atmospheric Turbulence on PIB
A simple model (Fig. 1) is established to analyze the effect of
atmospheric turbulence on PIB. The laser with an initial phase
of ϕ0 propagates through the atmospheric turbulence, and its
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phase is distorted by the turbulence with phase ϕ. The diameter
of the entrance pupil is D, the focal length of the optical system
is f , and the radius of the receiving end face is R. The entrance
pupil and focal planes are expressed with the polar coordinates
(ρ, θ) and (γ, φ), respectively. Thus, the received energy can be
expressed with PIB, i.e.,

PIB �
Z

R

0

Z
2π

0

I �p�γ;φ��γdγdφ: (1)

The Huygens–Fresnel principle indicates that the light
intensity of point p may be described by [12]

I�p� � U �p�γ;φ�� · U ��p�γ;φ��
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where the initial phase ϕ0 is disregarded to simplify the discus-
sion; A is the amplitude of the incident optical field; λ is the
wavelength of the laser; andU is the complex amplitude, which
can be represented as
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Theoretically, PIB may be calculated by substituting Eq. (2)
into Eq. (1). However, the formula is complicated to analyze
the effect of turbulence on PIB. The formula for PIB is then
simplified, as shown in the Appendix A. The simplified PIB
may be expressed as

PIB � ζ

Z
S

Z
S

exp�iϕ�ρ1��exp��iϕ�ρ2��
2RJ1�πRl�

l
dρ1dρ2;

(4)

where ρ1 and ρ2 are the coordinates of two arbitrary points on
the pupil plane, l is the distance between ρ1 and ρ2, J1 is the
first-order Bessel function, and ζ is defined as
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: (5)

Equation (4) can be rewritten as
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(6)

As light goes through the atmospheric turbulence, its phase
ϕ will be distorted, and PIB will be affected according to
Eq. (6). The atmospheric turbulence is random, and thus,
the statistical average of PIB may be written as

hPIBi � ζ
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In Eq. (7), the statistical average part can be rewritten as	Z
S
exp�iϕ�ρ��exp��iϕ�ρ� l��dρ
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where Φ � ϕ�ρ� − ϕ�ρ� l�; f �l jS� is the distribution density
of l over area S; and f �Φ� is the distribution density of Φ,
which follows normal distribution with an expectation of zero.
Thus, f �Φ� may be expressed as

f �Φ� � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πhΦ2i

p exp

�
−

Φ2

2hΦ2i

�
: (9)

The Kolmogorov model of atmospheric turbulence indicates
that the variance of Φ is given by [13]

hΦ2i � h�ϕ�ρ� − ϕ�ρ� l��2i � 6.88

�
l
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�5
3

; (10)

where r0 is the atmospheric coherence length. Then, f �Φ�may
be rewritten as

f �Φ� �
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f �l jS� should also be described in detail to obtain the exact and
calculable expressions of hPIBi. A circular aperture without
obstruction is selected as an example to deduce the expression
for f �l jS�. As shown in Fig. 2(a), the pupil aperture is assumed
as a unit circle with a diameter of 2. Point A belongs to the
annulus with a radius of r and a width of dr. Thus, the
distribution density of point A can be obtained from the ratio
of the annulus area to the unit circle area, i.e.,

Fig. 1. Schematic of PIB.
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f �rjS� � f �A� � 2πr
π

dr � 2rd r: (12)

Point B has a distance l from A, and it should be in the an-
nulus that is centered atAwith a radius of l and a width of d l , as
shown in Figs. 2(b) and 2(c). The distance l has three conditions:
(1) l < 1 − r, as shown in Fig. 2(b); (2) 1 − r < l ≤ 1� r, as
shown in Fig. 2(c), which represents the annulus area within
the unit circle area; and (3) l > 1� r, which is the part of
the annulus beyond the circle area, as shown in Fig. 2(d).
Thus, the distribution density of point B may be described as

f �l jr� � f �BjA�
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The distribution density f �l jS� can be written as the prod-
uct of Eqs. (12) and (13) as follows:
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The average PIB can be acquired as follows by combining
Eqs. (7), (8), (11), and (14):
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The average PIB is related to r0 and the aperture of the re-
ceiving end face R. Consequently, the PIB can be calculated

accurately from the known r0 and R. In free-space laser com-
munication, the normalized PIB is always used and may be
written as

hPIBnormi �
hPIBi

PowerNo turbulence

� hPIBi
A2

�
πD2

4


 ; (16)

where PowerNo turbulence represents the total receiving power
without the turbulence effect.

The turbulence strength D∕r0 is changed from 0.5 to 20,
and the aperture of the receiving end face R∕RA is altered from
0.08 to 5 to compute the effects of r0 and R on PIB. RA is the
ideal radius of the Airy disk, and it is equal to 1.22f λ∕D. The
change in the normalized PIB is computed as shown in Fig. 3.
The color bar represents the value of the normalized PIB. The
PIB contours are also shown in Fig. 3, with an interval of 0.1.
The PIB is improved with increases in r0 and R. Along with a
certain contour, the expected PIB can be designed with differ-
ent combinations of parameters for free-space laser communi-
cation systems. Three typical contours are fitted as follows:

hPIBnormi � 90%:
RD
f λ

� 0.8
D
r0

� 1.8

hPIBnormi � 80%:
RD
f λ

� 0.7
D
r0

� 0.8

hPIBnormi � 50%:
RD
f λ

� 0.5
D
r0

� 0.4: (17)

The SR is also calculated using the formula to compare with
the SR method [14], i.e.,

SR ≈
�
1�

�
D
r0

�5
3

�−65
: (18)

Figure 4(a) shows the normalized receiving energy as a func-
tion of D∕r0 for the PIB and SR methods under the condition
of R � 1.22f λ∕D. Although the change tendency is similar,
the computed normalized receiving energy of the PIB method
is higher than that of the SR method. For D∕r0 � 4, the rela-
tion between the normalized receiving energy and R∕RA is
shown in Fig. 4(b) for the PIB and SR methods. The normal-
ized receiving energy increases with an increase in the aperture
of the receiving end face for the PIB method. For the SR
method, however, the normalized receiving energy is a
constant. The energy distribution is distorted, and the area
is enlarged due to the effect of turbulence. An increase in

Fig. 2. Diagram of f �l jS� in a unit circle: (a) probability of
point a with a distance of r from the center, (b) l ≤ 1 − r,
(c) 1 − r < l < 1� r, and (d) l > 1� r.

Fig. 3. PIB as a function of atmospheric coherent length and the
aperture of the receiving end face.
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the receiving aperture will also increase the received energy.
Therefore, the PIB method may compute the received energy
more accurately than the SR method. Two curves exhibit a
crossover with R∕RA � 0.6. When R is 0.6 times the Airy disk,
the calculated results of the PIB and SR methods are the same
under the condition ofD∕r0 � 4. When the receiving aperture
deviates from this point, the evaluation error will be increased
for the SR method. That is, the SR method is effective only at
this point to evaluate the receiving energy of free-space laser
communication systems.

B. Relation Between PIB and BER
For free-space laser communication, the turbulence effect on
the BER of the communication system is expected to be
known. Therefore, BER, as a function of PIB, should be
achieved to evaluate the turbulence effect. The “zero” bit
and “one” bit are assumed to be uncorrelated, and the BER
of the homenergic binary code can be expressed as [15]

BER � 1

2
erfc

0
@

ffiffiffiffiffiffiffiffi
PIB

2n0

s 1
A; (19)

where n0 is the energy of noise; SNR is the signal-to-noise ratio;
and erfc is the complementary error function, which can be
written as

erfc�x� � 1 −
2ffiffiffi
π

p
Z

x

0

exp�−z2�dz: (20)

The BER of the communication system can be calculated
with the known PIB and n0 according to Eq. (19). The BER
of fiber optical communication is approximately 10−9, and
PIB∕�2n0� is approximately 36 according to Eqs. (19) and
(20). Thus, when using the fiber to receive the laser, the
BER as a function of PIB may be written as

hBERi � 1

2
erfc

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
18hPIBnormi

p �
: (21)

BER can be computed according to Eq. (21) by using the
data in Fig. 4, and the results are presented in Fig. 5. Figure 5(a)
shows the BER as a function of turbulence intensity.
Communication quality is decreased drastically with an in-
crease in turbulence intensity. Therefore, the atmospheric tur-
bulence seriously affects free-space laser communication. The
effect of the aperture of the receiving end face on BER is shown
in Fig. 5(b). BER is reduced with an increase in the receiving
area. For the SR method, however, the calculated BER is a con-
stant with a change in the receiving area. Consequently, the PIB
method is more effective for evaluating the communication
quality of free-space laser communication.

Fig. 5. Calculated BER using the PIB and SR methods: (a) changed
with D∕r0 and (b) changed with R∕RA.

Fig. 4. Calculated results of the PIB and SR methods: (a) changed
with D∕r0 and (b) changed with R∕RA.
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C. Verification with Simulated Turbulence
The atmospheric turbulence is simulated using Noll’s method
[16] to validate the PIB equation. The optical setup model is
used, as shown in Fig. 1. Distorted wavefronts are first pro-
duced using Noll’s method. The turbulence effect on the op-
tical field distribution of the focal plane may then be calculated
via fast Fourier transform (FFT). Thus, the simulated PIB can
be computed by

PIBsimulated �
Z

fFFT�exp�iϕsimulated�� ·W �R�g; (22)

whereW �R� is the aperture function, which indicates that only
the light intensity within the receiving area is calculated. The
simulated PIB can be calculated from assured r0 and R. It can
also be computed using Eq. (15). Thus, the difference between
the simulated and theoretical results may be obtained, and the
validation of Eq. (15) can be evaluated. The first 231 modes of
Zernike polynomials are used to simulate the atmospheric
turbulence. Then, 100 atmospheric turbulence wavefronts are
utilized to acquire the statistical average of PIB.

The parameters used in Fig. 4 are selected to perform the
simulation to confirm the validation of Eq. (15), and the simu-
lated results are shown in Fig. 6. The circle and the real line
represent the simulated and calculated results, respectively.
The simulated results are close to the calculated results.

Consequently, the deduced theoretical equations can be consid-
ered valid for the calculation of PIB. The BER of the commu-
nication system is simulated as well, and the results are shown
in Fig. 7. It indicates that the BERs of simulated and calculated
are consistent. The results prove that the PIB method may be
used to evaluate the communication quality.

3. VALIDATION EXPERIMENT

An experiment is performed to validate the PIB formula, and
the optical layout is shown in Fig. 8. A laser with a wavelength
of 808 nm is outputted with a single-mode fiber and collimated
by a collimating lens. The collimated light goes through an
atmospheric turbulence simulator and is then split into two
beams with a beam splitter (BS). The transmitted light is fo-
cused on the pinhole and then measured with an optical power
meter. The reflected beam is reflected again by a mirror and
then focused on a CCD camera. The turbulence simulator
(Lexitek, Inc.) is utilized to produce the atmospheric turbu-
lence with aperture of 100 mm. Its operating principle is based
on the frozen turbulence hypothesis. The r0 may be changed by
adjusting the size of the beam passing through the simulator,
and the Greenwood frequency is changed by tuning the rota-
tion rates.

We first validate the relation between the average PIB and
D∕r0. As the r0 of each turbulence simulator is constant and

Fig. 6. Simulated and calculated PIBs versus (a) D∕r0 and
(b) R∕RA.

Fig. 7. Simulated and calculated BERs versus (a) D∕r0 and
(b) R∕RA.
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the beam size cannot be changed for a certain optical system,
different simulators have to be used to change the r0. In the
experiment, three simulators are selected with D∕r0 � 2.1, 4,
and 6.9, which represent weak, moderate, and strong turbu-
lence, respectively. The 808 nm laser is emitted and propagates
through the turbulence simulator with a beam size of 10 mm.
A pinhole is used as the receiving end face with a diameter of
15 μm. As shown in Fig. 8(a), nine sub-apertures are chosen to
obtain the statistical average of the atmospheric turbulence.
The PIB is measured by an optical power meter, which is fol-
lowed by the pinhole. The measured and calculated results are
shown in Fig. 9 by changing the D∕r0. The dot represents the
measured result, and each dot is acquired with the average of
nine measured values. It can be seen that the measured results

accord with the theoretical curve very well. The root mean
square (RMS) value of the deviation between the measured
and calculated results is 0.03. Therefore, it illustrates that
the PIB as a function of D∕r0 is valid.

The effect of the aperture of the receiving end face is also
validated by changing the diameter of the pinhole. In the ex-
periment, four pinholes are selected with diameters of 15, 25,
50, and 100 μm. The diameter of the Airy disk without dis-
tortion is 25 μm, which is produced by adjusting the aperture
stop. Then we put a mask with nine sub-apertures on the sim-
ulator of D∕r0 � 4, as shown in Fig. 8. Before the turbulence
simulator is placed into the optical layout, nine sub-apertures
are measured by a Shack–Hartmann wavefront sensor (S–H
WFS) to get the specific aberration Zernike coefficients. In
the experiment, different sub-apertures are used in turn, and
the PIBs are measured accordingly using an optical power me-
ter. For a normal laser communication system, the tip-tilt will
be corrected by the acquiring-pointing-tracking (APT) system.
Therefore, the effect of the tip-tilt of the turbulence should be
eliminated in the experiment. Accordingly, a CCD camera is
used to remember the reference position, and the concrete
process is as follows. First, for the optical layout without the
turbulence simulator, the 808 nm laser is outputted, and
the pinhole is moved to the position where the receiving energy
is maximal. Afterward, the optical power meter is removed, and
another light source is placed behind the pinhole. Thus, two
light points are imaged simultaneously at the CCD camera.
The two light points can overlap completely by adjusting
the BS. At this time, the light point of the CCD camera is con-
jugated to the pinhole. The tip-tilt will be produced when the
turbulence simulator is placed into the optical layout, and the
light point of the 808 nm laser will be moved. Two light points
will again appear in the CCD camera. The pinhole is moved to
assure that the two light points are superposed once more to
eliminate the effect of the tip-tilt. Consequently, the laser will
be focused on the pinhole, and the effect of the tip-tilt is elim-
inated. The CCD camera is also used to replace the pinhole.
Before replacing the pinhole, the laser is turned off and the pin-
hole is illuminated by the light source behind it. A light point
will be imaged at the CCD camera, and the position is re-
corded. At this time, the pinhole is replaced, and the new pin-
hole is moved until the light point is moved to the recorded
position. The RMS error of the nine sub-apertures measured
with S–H WFS is shown in Table 1.

Table 1. RMS of Each Sub-aperture Measured with
S–H WFS

Number of Sub-aperture RMS�λ�
1 0.2151
2 0.1318
3 0.2263
4 0.1426
5 0.2923
6 0.1642
7 0.1069
8 0.1602
9 0.1282

Fig. 8. Optical layout for evaluation: (a) design and (b) experimental
setup.

Fig. 9. Measured and calculated PIB versus D∕r0.
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For each pinhole, the PIB is measured in turn with nine sub-
apertures, and the PIBs of different pinholes are determined.
To compare with the SR method, the SR is computed by [17]

SR ≈ exp�−Δϕ2�; (23)

where Δφ is the RMS error of the wavefront distortion, and it
can be calculated with the measured wavefronts. The calculated
SR and measured PIB for different pinholes are shown in
Fig. 10. For each pinhole, nine positions of the turbulence sim-
ulator are used to acquire the statistical average.

PIB is also calculated with D∕r0 � 4 to validate theoretical
Eq. (15). The tip-tilt of the turbulence is removed in the experi-
ment and in the theoretical calculation. The calculated and
measured results are shown in Fig. 11. The measured results
are the statistical average values acquired with the data in Fig. 8.
The theoretical curve is close to the measured data. The mea-
sured PIBs are used as the ideal value to evaluate the deviation
magnitude, and the deviations are computed for the PIB and
SR methods, as shown in Fig. 12. The deviation in the calcu-
lated PIB is minimal, and the maximum deviation is less than
14%. By contrast, the deviation in the SR method changes
drastically, and the largest deviation is over 60%. Nevertheless,
the deviation in the SR method at R∕RA � 0.6 is 15%, and the
SR method is effective at this point. Therefore, the experimen-
tal results indicate that the theoretical equations are valid, and

the receiving energy of a free-space laser communication system
can be calculated using the PIB method.

4. CONCLUSIONS

The PIB method is established to accurately evaluate the effect
of turbulence on the receiving energy of a free-space laser com-
munication system. A theoretical deduction is performed to ac-
quire the PIB formula with the turbulence effect. As an
example, the BER expression is provided for the fiber receiving
system. The calculated results show that although the change
tendency is similar, the computed receiving energy of the PIB is
larger than that of the SR at different turbulence strengths. For
D∕r0 � 4, the normalized receiving energy is increased with an
increase in the aperture of the receiving end face for the PIB
method. By contrast, the normalized receiving energy is a con-
stant with an increase in the receiving aperture for the SR
method. Two curves exhibit a crossover with R∕RA � 0.6.
They illustrate that the PIB method can accurately describe
the receiving energy, but the SR method is effective only at
one point. The computed BER results can derive similar
conclusions.

A simulation validation is performed to verify the theoretical
equation. The distorted wavefronts are produced using Noll’s
method, and FFT is used to analyze the distribution of light
intensity. The simulated results show that the simulated points
fit perfectly with the theoretical curve. An experiment is also
performed to validate the theoretical equation. The results
show that the calculated results become close to the measured
results of the PIB method with an increase in the receiving aper-
ture and the D∕r0. To different receiving apertures, the maxi-
mum deviation in the PIB method is less than 14%, whereas
that in the SR method is over 60%.

All the results show that, compared with the SR method, the
PIB method is more suitable for calculating the receiving en-
ergy of a free-space laser communication system. This work is
helpful for the design and evaluation of the communication
quality of free-space laser communication systems.

APPENDIX A: SIMPLIFICATION OF PIB
FORMULA

For simplification, the double integral Eq. (3) is transformed
into a single integral form as follows:

Fig. 10. Measured PIB and SR with different pinholes: (a) 15 μm,
(b) 25 μm, (c) 50 μm, and (d) 100 μm.

Fig. 11. Comparison between the measured and calculated results
of PIB and SR.

Fig. 12. Deviation of the calculated PIB and SR results from the
ideal value.
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where S denotes the area of the unit circle; ρ�ρ; θ� represents
the coordinates of the point in the pupil plane; and ρ1�ρ1; θ1�
and ρ2�ρ2; θ2� are the coordinates of points a and b, respec-
tively. Then, Eq. (2) may be rewritten as

I �p�γ;φ��
� U �p�γ;φ�� · U ��p�γ;φ��

� ζ

Z
S
exp

�
i
�
ϕ�ρ1;ϕ1� −

D
2f

ρ1γ cos�θ1 − φ�
��

dρ1

×
Z
S
exp

�
i
�
−ϕ�ρ2;ϕ2� �

D
2f

ρ2γ cos�θ2 − φ�
��

dρ2

� ζ

Z
S

Z
S
exp�i�ϕ1 − ϕ2�� · exp

�
i
D
2f

�ρ2γ cos�θ2 − φ�

− ρ1γ cos�θ1 − φ��
�
dρ1dρ2

� ζ

Z
S

Z
S

exp�i�ϕ1 − ϕ2�� exp�iπrl x cos φ�

× exp�iπrl y sin φ�dρ1dρ2; (A3)

where

l x � ρ2 cos θ2 − ρ1 cos θ1; (A4)

l y � ρ2 sin θ2 − ρ1 sin θ1; (A5)

r � D
f λ

γ: (A6)

l x and l y are the distances between points a and b in the x and y
directions, respectively. The e-index function of Eq. (A3) can
be transformed using the Jacobi–Anger identity [18]:

eiz cos ψ �
X∞
t�−∞

it J t�z�eitψ ; (A7)

eiz sin ψ �
X∞
t�−∞

Jt�z�eitψ ; (A8)

where Jt�z� is the t-order Bessel function. When Eqs. (A7) and
(A8) are substituted into Eq. (A3), we may derive

I�p� � ζ

Z
S

Z
S
exp�i�ϕ1 − ϕ2��

×

" X∞
m�−∞

X∞
n�−∞

imJm�πl xr�Jn�πl yr�eimφeinφ
#
dρ1dρ2:

(A9)

When Eq. (A9) is substituted into Eq. (1), PIB can be
described as

PIB�ζ

Z
S

Z
S
exp�i�ϕ1−ϕ2��

×
�Z

R

0

X∞
m�−∞

X∞
n�−∞

imJm�πl xr�Jn�πl yr�rdr
Z

2π

0

eimφeinφdφ
�

×dρ1dρ2: (A10)

The integral
R
2π
0 eimφeinφdφ is equal to zero, except form � −n.

Thus, Eq. (A10) may be simplified as

PIB � ζ

Z
S

Z
S
dρ1dρ2 exp�i�ϕ1 − ϕ2��

×
Z

R

0

rdr
�
2π

X∞
m�−∞

imJm�πl xr�J−m�πl yr�
�
: (A11)

The Bessel function in the Sturm–Liouville style is [19]

d
dr

�
r
dJ�r�
dr

�
�

�
qr −

υ2

r

�
J�r� � 0; (A12)

where q is the eigenvalue. J�πl xr� and J�πl yr� can be set as the
eigenfunctions with eigenvalues of πl x and πl y. Two equations
may be obtained [20], namely,

Jm�πl xr�
d
dr

�
r
d
dr

Jm�πl yr�
�

�
�
π2l2y r −

υ2

r

�
Jm�πl xr�Jm�πl yr� � 0; (A13)

Jm�πl yr�
d
dr

�
r
d
d r

Jm�πl xr�
�

�
�
π2l2x r −

υ2

r

�
Jm�πl xr�Jm�πl yr� � 0: (A14)

The recursion formula of the Bessel function is

xJ 0m�x� � xJm−1�x� − mJm�x�; (A15)

where J 0m is the first derivative of Jm. When Eq. (A14) is
subtracted from Eq. (A13) and then 0 to R is integrated into
the recursion formula, we can obtain
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Z
R

0

Jm�πl xr�Jm�πl yr�rdr

� 1

π�l2x − l 2y �
�l yRJm−1�πl yR�Jm�πl xR�

− l xRJm−1�πl xR�Jm�πl yR��: (A16)

Thus, the latter part of Eq. (A11) may be rewritten asZ
R

0

rdr
�
2π

X∞
m�−∞

imJm�πl xr�J−m�πl yr�
�

� 2R
l2x − l2y

�
l y

X∞
m�−∞

�−i�mJm�πl xR�Jm−1�πl yR�

− l x
X∞
m�−∞

�−i�mJm�πl yR�Jm−1�πl xR�
�
: (A17)

The Graf ’s generalization of Neumann’s formula is as
follows [21]:

Jυ�ϖ�
�
x − ye−iψ

x − yeiψ

�1
2υ �

X∞
m�−∞

Jm�υ�x�Jm�y�eimψ ; (A18)

where

ϖ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � y2 − 2xy cos ψ

q
: (A19)

Under the conditions of υ � −1 and ψ � −π∕2, we can
acquireX∞
m�−∞

�−i�mJm�πl xR�Jm−1�πl yR�

� sgn�l x l y�sgn�l x�J−1
�
πR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l 2x � l2y

q ��
l y − il x
l y � il x

�
−12
; (A20)

X∞
m�−∞

�−i�mJm�πl yR�Jm−1�πl xR�

� sgn�l x l y�sgn�l y�J−1
�
πR

ffiffiffiffiffiffiffiffiffiffiffiffi
l2x� l 2y

q ��
l x − il y
l x� il y

�
−12
: (A21)

When Eqs. (A20) and (A21) are substituted into Eq. (A17), the
latter part of Eq. (A11) may be described asZ

R

0

rdr
�
2π

X∞
m�−∞

imJm�πl xr�J−m�πl yr�
�

�
2RJ1

�
πR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l 2x � l 2y

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2x � l 2y

q ; (A22)

where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l 2x � l2y

q
� l and is the distance between the arbitrary

two points on the pupil plane.
PIB may be expressed as follows by substituting Eq. (A22)

into Eq. (A11):

PIB�ζ

Z
S

Z
S
exp�iϕ1�exp��iϕ2�

2RJ1�πRl�
l

dρ1dρ2: (A23)
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