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Kinematic analysis and testing of
a 6-RRRPRR parallel manipulator
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Abstract

The Gough-Stewart platform has been successfully used in a wide variety of fields ranging from medical to automotive
applications. This paper proposes a 6-RRRPRR parallel manipulator with orthogonal non-intersecting RR-joint configur-
ations and ball screw actuators without guide mechanisms. A novel methodology is developed to define the dependent
RR-joint variables and a numerical algorithm is employed to calculate the joint variables. The parasitic motion caused by
the helical motion of the ball screw can be expressed and solved with vector method. The inverse kinematics of this
manipulator can be solved. To verify the effectiveness of the proposed approach, simulations are performed with
software package ADAMS. A prototype of this manipulator is manufactured. Its resolution, accuracy, and repeatability

are measured. It is shown that the presented method is effective for this parallel manipulator.
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Introduction

Parallel manipulators have significant advantages
over conventional serial manipulators and this
makes them attractive in various applications. These
advantages include a greater stiffness and positioning
capacity, excellent dynamic performance, and high
load-carrying capacity. The parallel mechanism was
originally proposed in a Gough machine to test the
tires of an airplane’and in a Stewart machine as a
flight simulator.? Hunt and Primrose® developed par-
allel architectures with potential applications in
robotics. In recent decades, parallel manipulators
are paid considerable attention and consequently the-
oretical research has made significant progress.
Currently, parallel manipulators have a wide variety
of applications in precision positioning,* medical sur-
gery>® high speed pick and place operations,’ vibra-
tion isolation,® motion simulation,’ underwater
robotics,'” nuclear facilities inspection,'' and machin-
ing'? to name a few.

Theoretical research in parallel mechanisms has
grown rapidly in areas, such as mechanism configur-
ation design'? and solving of the forward and inverse
kinematics.'*!> Different configurations have also
been proposed to obtain both translational and rota-
tional motion, such as parallel manipulators with
UPS,'® PUS,!” RPC,'"® and UPRR' kinematic archi-
tectures. In this paper, U, P, S, C, R, P, C, and R
denote a universal joint, a prismatic joint, a spherical

joint, a cylindrical joint, a revolute joint, an
actuated prismatic joint, an actuated revolute joint,
and a cylindrical joint, whose translational degree
of freedom is actuated, respectively. Tsai>’ proposed
a 3-UPU (Universal + Prismatic + Universal kine-
matic chain) parallel manipulator with a zero offset
U-joint configuration and also presented its kinematics
and optimum structure. Ji and Hu?""* studied a novel
3-RRPRR  (Revolute  +Revolute  + Actuated
Prismatic + Revolute + Revolute kinematic chain) par-
allel manipulator with pure translational movement.
Dalvand and Shirinzadeh®* studied a special 6-
RRCRR (Revolute + Revolute + Actuated
Cylindrical + Revolute + Revolute  kinematic chain)
parallel manipulator with an offset U-joint, and a
novel approach for solving for the kinematic equations
of this manipulator was proposed. Moreover, Liu
et al.”>comprehensively analyzed the inverse kinematics
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and dynamics of a hydraulic driven 6-UCU parallel
manipulator. Jaime et al.> also developed an approach
to solve for the kinematics of a Stewart platform.
Various approaches to the computation of the direct
kinematics have been presented in the literature.” %’
Most of these approaches for obtaining the possible
configurations can be categorized into either a
closed-form analytical methods or numerical methods.
The closed-form analytical methods formulate a sym-
bolic equation or equation set with a single unknown
variable by means of certain elimination. Merlet™
dealt with closed-form resolution of the direct kine-
matic of parallel robot using extra sensors data.
Husty®' used a minimal set of constraint equations to
produce the univariate polynomial to solve the direct
kinematic. To avoid restriction of the geometry,
numerical methods are also developed to solve the
direct kinematic of parallel manipulators. For
instance, Dalvand and Shirinzadeh**proposed an algo-
rithm which employs an iterative technique to analyze
a micromanipulator. The method can achieve accurate
solutions with sufficient iterations of the algorithms,
but may suffer from convergence problems and could
possibly introduce high computational requirements.
In this paper, a 6-RRRPRR parallel manipulator is
proposed that is composed of RR offset joints and an
RP (Revolute+ Prismatic kinematic chain) actuated
joint. In this manipulator, The RR offset joint is an
orthogonal non-intersecting universal joint. The RP
actuated joint is a coupled joint composed of an actu-
ated revolute and a parasitic prismatic joint that can
be realized using a ball screw actuator without guide
mechanism. Due to the uniqueness of this configur-
ation, the modeling and solving of the kinematics
differ from the other configurations that were stated
above. Consequently, this paper develops a method

which is composed of numerical method and vector
analysis. Using this technique, the kinematic model of
the 6-RRRPRR parallel manipulator can be
obtained. To verify the effectiveness of the proposed
methodology for the inverse kinematic analysis, simu-
lations are performed. Following this, a prototype of
this device is constructed and tested to practically val-
idate the proposed methods.

The rest of this article is categorized into five sec-
tions. In the next section, the structure of this parallel
manipulator is introduced. The associated kinematic
models are developed and then the inverse kinematics
and parasitic motion are solved. In Section 3, a case
study is described and the kinematic model is vali-
dated with the aid of the software package
ADAMS. The practical prototyping of the proposed
manipulator is outlined in Section 4. The experimen-
tal tests of this prototype are detailed in Section 5,
while concluding remarks are presented in Section 6.

Kinematics analysis
Description of the architecture

A 6-RRRPRR parallel manipulator, shown in
Figure 1(a), is composed of a fixed base platform con-
nected to a mobile platform with six actuators. These
actuators enable the parallel manipulator to achieve
translation and rotation in six degrees of freedom
(DOF). The RRRPRR structure is showed in
Figure 1(b). It is composed of a RR-joint separated
with an offset Lg, an actuated revolute joint, and a
parasitic prismatic joint (RP-joint), and another
RR-joint with an offset Lp,. For the 6-RRRPRR con-
figuration, there are more advantages than traditional
one. Compared with cross-universal joint (U-joint),

() Py

Bs Bs

. P2 Mobile platform ) P

Base platform

Figure 1. Structure of a 6-DOF parallel platform: (a) geometric model of a parallel platform and (b) the RRRPRR structure.
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the RR-joint (which is an offset U-joint) is easier to
manufacture with fewer geometric constraints. Due
to the U-joint being replaced by two separate revolute
joints, the workspace of the 6-RR RPRR manipulator
is enlarged. Besides, the complicated bearing structure
of the U-joint is replaced by a simple bearing structure
of revolute joint, and so the RR-joint can provide twice
as much stiffness as universal joints with crossed
axes.”® The RP-joint is a ball screw actuator without
guide mechanisms which can be matched with the
DOF of the parallel robot and realize the high preci-
sion motions. Based on the characteristics of two kinds
of joints, the configuration of 6-RR RPRR can achieve
high precision, high stiffness, and large workspace.

Kinematic modeling

Figure 2 shows the schematic diagram of the ith
(i=1,...,6) leg of the 6-RRRPRR parallel manipula-
tor as well as the three-dimensional (3D) model of the
five remaining legs assembled using two planar poly-
gons representing the base and mobile platforms.
The legs are attached to the base platform with a set
of revolute joints whose axis center are points B; form-
ing a polygon. They are also attached to the moving
platform with sets of revolute joints whose axis center
are points P; forming another planar polygon. Legs
are distributed radially every 120° and the circumradii

of the two polygons are Rp and Rp. The angles
between the two adjacent legs of the same pair are
given by the angles ¢z and ¢p. Lp, and Lp, are the
distance between the two revolute axes of the offset
joints. Hp and Hp are the distance from the center of
the joints to the center of the platform. According to
the structure of this manipulator, a reference frame
Op — XpYpZp which is attached to the fixed base
platform and a mobile frame Op — XpYpZp which is
attached to the mobile platform are assigned. Owing
to the existence of the RR-joint, two variables are
added in each leg and hence the inverse kinematic
equations cannot be ecasily solved by vector methods.

Similar to the approach used to solve the
serial manipulator, the Denavit—-Hartenberg (D-H)
method is applied to establish the actual kinematic
model. So local coordinate systems B; — Xp, Yp Zp,
(i=1,...,6) and P; — Xp,Yp.Zp, (i=1,...,6) are estab-
lished, where the direction of Xp, axes is from point
Op to point P; and the direction of Xp, axes is from
point Op to point B;. Points C; represent the other
center points of the offset axis on the up joints,
while points D; represent the other center points of
the offset axis on the down joints. The lengths of the
ith actuator (L;) are defined as the distance between
points C; and D;. ¥p, is defined as the angle between
the axes Y3, and the line B;D;, while yp, denotes the
angles between the axes Yp, and the line C;P;.

Figure 2. Schematic description of the ith leg of the 6-RRRPRR parallel manipulator.
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Assuming the rigidity of the base and the mobile
platforms as well as perfect assembly of the joints and
actuators, the pose of the mobile platform is defined
by a six-dimensional vector [x, vy, z, «, B, y]. In this
vector, the first three components are the coordinates
of the frame Op — XpYpZp in the reference frame
Op — XpYpZp and the last three components are
parameters describing the orientation of the mobile
platform. The symbols «, 8, and y are referred to as
X-Y-Z fixed angles, and the order of the rotations
must again accompany the angles to define the orien-
tation. Taking the moving frame and the fixed frame
to be initially coincident, « is the yaw about the fixed
Xp axis, B 1is the pitch about the fixed Z axis, and y is
the roll rotation about the fixed Zz axis. The homo-
geneous transformation matrix is %2 Ty, is as follows

cycB cysBsa—syca  cysPeca+sysa

X
0Os sycB  syspsa+cyca cysPca—cyso y
To,= .
1

(D

—sB cBsa cBeca
0 0 0

where ¥ Ty represents the transformation matrix from
frame X to frame Y. And s and ¢ denote sine and
cosine functions, respectively.

Inverse kinematics analysis

To solve for the inverse kinematics of the proposed
manipulator, the pose of the frame Op — XpYpZp in
the global frame Op — XpYpZp [x, v, z, a, B, y] is
given and the leg lengths L; need to be ascertained.
Unlike conventional Stewart manipulators, the
inverse kinematics of a 6-RRRPRR manipulator
cannot be ecasily obtained by closed loop vector
method and hence a numerical or iterative method
is typically used. The existence of an offset between
RR-joints in the parallel manipulator further compli-
cates the calculation of the inverse kinematics solu-
tion. This offset results in highly non-linear and
coupled equations that are more difficult to solve
than equations of parallel manipulators with zero
offset RR-joints (U-joints). RP-joint is a helical pair
which is coupled with rotation and translation, the
nut will move a pitch when the lead screw rotates 2n
radians. Due to the coupling of the RP-joint and the
existence of the offset joint variables, the kinematic
equations of this configuration are further compli-
cated. Referring to the D-H method, each branch
leg of the parallel manipulator can be regarded as a
series manipulator with six variables. The lengths of
L; can denote the distance between the points C;
and D; Using the mapping matrix of the frames
P,’ — Xp/. YP;ZP;a OB — XBYBZB, Op — XPYPZP, and
B; — Xp, Yy Zp, the actuator vectors can be derived as

Li="CiD; ="To, - O Tp, - "'Ci = " T, - "D,
)

while the coordinate of points C; in the frame
P;— Xp,YpZp, and the points D; in the frame
B; — Xp, Yp Zp, are given by

BC=[0 Lp-cyp, Lp-syp 1] 3)

BDi=[0 Lg-cyp Lg - sys I]T 4

For any given pose of the mobile platform, the leg
lengths L; can be obtained by equation (2). However,
the offset joint parameters ¥ and p, are unknown,
which is difficult to solve the equation (2). According
to the characteristics of the offset RR-joints, it is
known that the lines B;D; mapping on the planes
Yp Zp are always concurrent with the lines B;C;
orthogonally mapping on the same planes. In other
words, the angles between axes Yp, and lines B;D; are
always identical to the angles between axes Yp and
the projection of lines B;C; on the planes YjpZp.
Similarly, the angles between the axes Yp, and lines
P;C; are always equal to the angles between the axes
Yp, and lines P;D; projected upon the planes Yp,Zp, as
illustrated in Figure 2. Thus, it is possible to solve for
these angles and L;. Based on the above description,
two sets of equations are given by

Bz,

tan(ys) = 5 Yj (5)
Pz,

tan(yp) = Yj. (6)

where #Z; and BY;, are the Y and Z components of
the direction vector of the lines  C;D;, while 7' Z; and
Piy;. are the Y and Z components of the direction
vector of the lines C;D;.

According to equations (2) to (4), the lines % C;D;
and ?'C;D; can be derived as

BCiDi =" To, - " To, - 7 Tp, - "C; =PDi - (])
hieD; ="Ci="To, - O To, - T, - "D;  (8)
while all of the vectors %7, By, FZ,, and FiYy,

contain the angles ¥p, and 5. So equations (5) and
(6) can be noted as

sin(yg)  as-sin(yp) +as - cos(yp) + g - sin(p)
cos(Vp)  ap-sin(Yp,) +as - cos(¥p,) + as - cos(yrp,)
(%a)

sin(yp,) by - sin(yg,) + bs - cos(yp) + be - sin(Yp)
cos(yp,) by -sin(Yp) + by - cos(yrp,) + b3 - cos(¥p,)
(10a)

where a;, bi(i=1,. .., 6) are constant parameters from
the unfolded equations.

Downloaded from pic.sagepub.com by guest on February 22, 2016


http://pic.sagepub.com/

Yu et al.

Expanding equations (9a) and (10a) yields two sets
of non-linear equations:

syg, - (ay - s¥p, +az - c¥p, + az - cyrp)
—cYp, - (614 -SYp, 4 as - cyp, + as - Slﬂgl) =0
(9b)

syp, - (by - sWp, + by - c¥p + by - c¥rp)
—cyp, - (b4 - sYp, + bs - crp, + bg - Sl/fp,) =0
(10b)

In order to solve these sets of equations, a numer-
ical iterative technique based on the Newton—
Raphson method is used. These functions are defined
as follows

Fg (¥5.9p) =0 (9¢)
Fpi(wgi, @ﬁpi) =0 (100)

where Fjp, and Fp, are left side of equations (9b) and
(10b), respectively.

Then a set of numerical solutions is derived from
the equations and can be expressed as

aFy,  Fg, !
[w&} _[wg,»] W o [FB,»]
- T aFp,  OFp, ’
Ve L¥P e s n ) Frrd

(11)

To obtain the solution to equation (11), the initial
value of ¥, ¥p, (V3. ¥)) should be given. Then
equation (11) is evaluated iteratively until an accept-
able solution within the set convergence levels is
obtained. Since there may be several solutions, and
for the sake of high-speed real-time calculations,
choosing suitable initial conditions close to the
actual values of the variables 5 and yp, is vital.
Due to the structure of the RRRPRR architecture,
the angular parameters v are very close to the
angles of lines B;P; projected upon the planes Y Zp,
with respect to axes Yp. In a similar manner, the
angles p, are very close to the angles of lines P;B;
projected upon the planes Yp, Zp, to axes Yp,. In other
words, it can be regarded that the RRRPRR archi-
tecture resembles a UCU architecture with zero offset.
Therefore, these angles can be chosen as initial esti-
mates for equation (11) and are derived as follows

VY% = Biypp, = arctan "Znr (12)
; il B; YBiPi
, Pizop

W%i =Piypp = arctan(Pi Yj: I?) (13)

where 5 Zpp and BYpp are components of lines
Bip;P,, while *iZpp and T'Ypp are components of
lines ¥ P;B;. Through equations (1) to (13), the inverse

kinematics of this special family of 6-RRRPRR par-
allel micromanipulators can be solved preliminarily.

The solution of the inverse kinematics outlined in
the above paragraphs considers the motion between
the points C; and D; as a cylindrical pair, where the
rotation and translation are independent of each
other. For the 6-RRRPRR parallel manipulator,
these actuators are composed of the ball screw pair
in which the rotation and translation are coupled:
when the rotation of the ball screw relative to the
motor reaches 27 radians and the nut can move one
pitch. Due to the coupling, the mobile platform will
adjust the pose by itself with the command of the
motor’s encoder. This means that a parasitic motion
will accompany the motion of the mobile platform.
While the errors caused by the parasitic motion that
are not sensed by the motor’s encoder may be small,
they still need to be considered to ensure precision
motion. Therefore, the parasitic motion needs to be
analyzed and solved.

The motion of the 6-RRRPRR parallel manipula-
tor consists of two components. One is a servo
motor’s motion which is termed ‘“active screw
motion,” while the other is called “passive screw
motion” and is caused by the relative motion between
the actuator and the platform. The real elongation of
the actuators can be denoted as follows

AL; = Al + Alp (14)

where Al; is an elongation caused by the active screw
motion and Al is the elongation caused by the pas-
sive screw motion, (i=1,...,0).

According to the architecture, the active screw
motion can be controlled with the motor but the pas-
sive screw motion is a parasitic motion that needs to
be compensated for.

In the Cartesian coordinate system, the vector of the
ith leg in the 6-RRRPRR parallel manipulator is built
as shown in Figure 3. The vector b; and ¢; denote the
unit vector of the joints axis close to the actuator. The
vector a; and ¢; represent the unit vector of the offset
axes. It can be seen from the vector diagram that the
angle caused by the parasitic motion can be expressed
by the relative angle between the vector b; and c;.

Based on the characteristics of the offset RR-joints,
the relationship between the vectors can be obtained
as follows

a,'J_bl'C,'J_dill’LCiljJ_bi

where /; is the unit vector of the leg lengths L, and its
directions point to the upper joint, (i=1,..., 6).

Based on the frame Op — XpYZp, the unit vector
a; and d; can be expressed as

—_>
CiP,'

15
|CiPil (15)

a; =
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Figure 3. The vector diagram of the ith leg of the 6-RRRPRR
parallel manipulator.

B:D
d = 220 16
" |B:D| (1o
CPy=%To, 0Ty -"Ci = Tp,- 0P, (17)
BiD; = -%Tg . 5D, (18)

where the coordinate of points C; in the frame
Pi— Xp,YpZp, and the points D; in the
frame B; — Xp Yp Zp, are denoted by equations (3)
and (4)

Unit vectors b; and ¢; can be obtained by the cross-
product as follows

b[ =a; X I,' (19)
¢ = dj X lj (20)

The direction of the unit vectors of b; and ¢; can be
determined by the following chart as shown in
Figure 4. When the vectors /; are located at the posi-
tive direction of the Xp, axes in the frame of
P — Xp,YpZp, the vectors b; are along the positive
direction of the Yp, axes and vice versa. When the
vectors /; are located on the positive direction of the
Xp, axes in the frame of B; — Xp, Y5,Zp,, the vectors ¢;
are along the negative direction of the Y axes and
vice versa.

Therefore, the included angles between the vector
b; and the vector ¢; are

6; = arccos(b; - ¢;) 21

It is also defined that the included angles are posi-
tive when the output struts rotate counterclockwise
relative to the input struts as shown in Figure 5. On
the contrary, the angle will be negative when the

output struts rotate clockwise relative to the input
struts. Then the relative angles A@; can be obtained as

bix¢)-1;

A = (6 — 6p) - L) b (22)
(b x ¢;) - 1]

where i=1,...,6 and 0, are the angle between vectors

b; and ¢; when the mobile platform is located at the
initial position.

Therefore, the elongation of each actuator caused
by the parasitic motion can be expressed as

N
2 =\~ a_

Alp = (=1)"=—=.P (23)
2

where P is the lead of the ball screw and n is desig-
nated as 1 when the ball screw is a left-handed screw,
while 7 is designated as 2 when the ball screw is a
right-handed screw.

Based on equations (14) to (23), the real extension
of the leg lengths AL; can now be obtained.
Furthermore, the real pose of the mobile platform
will be calculated with forward kinematic*® and the
software package ADAMS. The flow chart of the
whole inverse kinematics is shown in Figure 6.

Validation

To verify the validity of the proposed solution for the
inverse kinematic solution of the 6-RR RPRR parallel
manipulator, an ADAMS model is built as shown in
Figure 7. The RRRPRR kinematic chains include two
passive RR-joints and one linear actuated RP-joint
with two DOF. The RR-joints are represented as
two revolute pairs and the RP-joint is realized by a
helical pair and a cylindrical pair. Moreover, the
driven motor is simulated with the joint motion
module.

In order to analyze the effect of the parasitic
motions, a case is studied with the following geomet-
ric parameters: Rp=175mm, Rp=125mm, @p=25°,
9p=100°, Lp =5mm, Lp=5mm, Hp=30mm,
Hp=30mm, P=2mm, and n=2. The initial position
of the frame Op — XpYpZp with respect to the frame
Op — XpYpZpislocated at [0, 0, 288 (mm), 0, 0, 0]. In
the initial position, the actuator lengths are all
297.547mm. The travel ranges of these linear actu-
ators are 50 mm. For the case study of this manipu-
lator, sinusoidal motions in six directions as shown in
equation (24) to (29) are used to validate the parasitic
motions.

x=10-sin(0.1 - 7 - ) mm (24)
y=10-sin(0.1 - 7 - £) mm (25)
z=10-sin(0.1 -7 - 7) mm (26)
o=10°-sin(0.1-7- 1) (27
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Vector
direction

(B;xe;) 1, + _

Figure 5. The directions of the relative angles.

B =10°-sin(0.1-7- 1) (28)
y =10°-sin(0.1 -7 - 1) (29)

Through the computation of the inverse kine-
matic solution and the simulation of these sinus-
oidal motions, the incremental error of the
actuator with time can be obtained as shown in
Figure 8. The results show that the incremental
errors are approximately 2.5um for 10mm moves
in the x and y axis, but is 0.6 um in the z axis. It
can also observe that for rotation within 10°, the z
axis brings incremental errors with 60 um compared
with the x or y axis. Therefore, to get the ideal pose
for motions with large displacements and angles, the
parasitic motions must be compensated. Small dis-
placement motions and large displacement motions
are both analyzed.

The motions with small displacements and angles
are investigated. Three arbitrary poses of the mobile
platform with respect to the base platform are given.
The ideal actuators lengths L; can be obtained by
using the MATLAB program, which is based on the
6-RRCRR configuration.?* The uncompensated poses

Inverse
kinematics

Leg lengths

Figure 6. The flowchart for the inverse kinematic solution of
the parallel manipulator.

can be developed by the forward kinematics which is
carried out by the ADAMS software package. The
simulation results, shown in Table 1, denote that the
uncompensated poses have a difference of less than
3nm compared with the given poses. This suggests
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Two revolute
pair
Helical

pair

Two revolute
pair

Figure 7. The kinematic pairs of the ADAMS model.

that the effect of parasitic motions with small dis-
placements and angles is very small and can be
ignored if desired.

The parasitic motion has almost no effect on the
accuracy of the manipulator for small displacements
and angles. However, the parasitic motion needs to be
compensated for the motions with large displacements
and angles as shown in Table 2. The results show that
the uncompensated poses are different from the given
poses with an error of up to 0.05 mm, which is signifi-
cant for precision positioning. Importantly, the com-
pensated poses match the given poses exactly. This
demonstrates that the method of solving the inverse
kinematics of the 6-RRRPRR parallel manipulator is
effective.

Prototype

The prototype of the 6-RRRPRR parallel manipula-
tor, shown in Figure 9, is composed of six actuators,
the mobile platform, and the base platform. The
accuracy of the manipulator depends on the accuracy
of these actuators, while the design of the actuator is
influenced by the load capacity, resolution, mechan-
ical dimensional restriction, and speed of motion.*-**
Considering these influences, the structure of the actu-
ator can be realized using an AC servo motor and a
precision ball screw. The resolution of the manipula-
tor actuators is determined by the drive screw pitch
and the encoder resolution. An absolute 17-bit enco-
der is used and a ball screw with 2mm pitch is
selected. It allows for high accuracy motion with an
error less than 6 um in a range of 300 mm. It should be
noted that a preload nut is used to eliminate backlash
as well as that the capacity of self-locking is needed
and a brake is used behind the motor. The offset uni-
versal joints that use angular contact bearings are
designed and built with the ideal characteristics of
high stiffness, no backlash, and low friction.

Based on the ball screw pitch and encoder proper-
ties, the theoretical actuator’s resolution could be as
low as 19 nm. The maximum stroke is 50 mm which

can be adjusted for different applications. Software
limits, limit switches, and hard end stops are all
used to prevent the strut from over travel. The max-
imum speed of the strut is 3mm/s, but the speed
should be reduced to 0.5mm/s for continuous oper-
ation. The maximum speed and stroke can be
increased by using a larger pitch of the ball screw,
but the accuracy and resolution will suffer
accordingly.

Experimental testing

Numerous tests are conducted to determine the reso-
lution, positioning repeatability, the accuracy and
stiffness of the parallel manipulator. In order to elim-
inate the effect of vibrations, the prototype is installed
on a test bench as shown in Figure 10. The length
gauge with an accuracy of 0.1 um is used to measure
the technical index and performance parameters.

The translational movements can be easily deter-
mined by measuring the coordinates of the sensor tip
relative to the point O,, at the initial configuration
along the x, y, and z axes. However, the rotational
movements need to be indirectly measured with the
method shown in Figure 11. The rotational angles can
be obtained in accordance with geometric relations.
For example, the angle 80, rotating around the x
axis can be obtained by measuring the angular devi-
ation between the x axis and a reference rod fixed on
the mobile platform. Two length gauges can be used
to implement the measurement and the corresponding
equation can be denoted as

da — &b
80, = arctan a

(30)

where L is the horizontal distance between the two
length gauge, and §a and §b are the variation in the
length gauges.

Resolution

The resolution represents the minimum incremental
motion of the mobile platform that can be repeatedly
executed for a given input.* According to the results
from the analysis of the parasitic motion, translation
along the z axis and rotation around x and y axes are
sensitive to errors and hence their resolutions need to
be measured. The translational measurement along
the z axis with 0.5 pum commanded movements is per-
formed for 20 steps as illustrated in Figure 12. The
rotational measurement around the x axis with
0.5 urad commanded moves is measured by 20 steps
as shown in Figure 13.

The test results show that the actual resolution
along the z axis is 0.3£0.11 um and the rotational
resolution around the x axis is 5+0.97urad. The
standard error obeys the principle of 1 sigma.* The
reason for the non-uniform alteration of the
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Figure 8. The incremental error in actuator lengths caused by the parasitic motion.

resolution may be caused by pitch errors in the ball
screw and backlash or friction of the joints.

Positioning repeatability

Positioning repeatability represents the ability of the
manipulator to return repeatedly to the same

location.>> A displacement of the manipulator along
or around the y axis is selected for the analysis. The
translational motion along the y axis within 1 mm is
performed 20 times back and forth and the rotational
motion around the y axis within 1° is tested 20 times
back and forth. The results are shown in Figures 14

and 15.
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Table I. Comparison of poses with small displacement and angle motions.

pose x (um) y (um) z (um) a (jrad) B (urad) v (wrad)
Pose | G —10.0000 —5.0000 —6.0000 0.0000 0.0000 0.0000
U —10.0016 —5.0002 —6.0000 0.0000 0.0000 0.0000
Pose 2 G 8.0000 —6.0000 —4.0000 5.0000 —3.0000 8.0000
U 8.0015 —6.0002 —4.0006 5.0001 —3.0000 8.0000
Pose 3 G —12.0000 5.0000 11.0000 —6.0000 5.0000 6.0000
U —12.0025 5.0012 11.0002 —6.0010 5.0010 6.0002
G: given pose; U: uncompensated pose.
Table 2. Comparison of the poses with large displacement or angle motions.
pose x (um) y (km) z (um) a (jrad) B (urad) v (wrad)
Pose | G —12.0000 10.0000 5.0000 0.0000 0.0000 0.0000
U —11.9951 10.0054 5.0000 —0.0001 0.0000 0.0000
C —12.0000 10.0000 5.0000 0.0000 0.0000 0.0000
Pose 2 G —6.0000 —8.0000 10.0000 —0.0698 —0.0474 —0.1745
U —6.0240 —7.9829 9.9482 —0.0598 —0.0637 —0.1745
C —6.0000 —8.0000 10.0000 —0.0698 —0.0474 —0.1745
Pose 3 G 11.0000 —5.0000 —12.0000 0.0698 —0.0524 —0.0698
U 11.0192 —5.0209 —12.0206 0.0734 —0.0474 —0.0698
C 11.0000 —5.0000 —12.0000 0.0698 —0.0524 —0.0698

G: given pose; U: uncompensated pose; C: compensated pose.

Universal Servo

joint Motor Cuiaiee

Ball
Serew

Preloaded Universal
Nut joint

Figure 9. The photograph of the hexapod (left) and its actuator with cross-sectional view (right).
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Figure 10. Test bench of the parallel manipulator.

Figure I1. Measurement of §6,.
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Figure 14. The translational repeatability along the y axis.

The tests show that the unidirectional repeatability
is better than &5 prad in rotational DOF and better
than +0.6 um in translational DOF.

Relative accuracy

For tracking the trajectory of the parallel manipula-
tor, the relative accuracy needs to be determined. The
relative accuracy can be represented by a relative error
which is defined as the ratio of the absolute error from
its measurement.*® The tests are conducted by moving

Incremental error (yrad)

Steps

Figure 15. The rotational repeatability around the y axis.
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Figure 16. Accuracy testing results along the z axis for
200 pm movements.
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Figure 17. The stiffness of z axis.

200 um with one step. Figure 16 shows that the rela-
tive errors are approximately 0.6% for 200 um move-
ments along the z axis. The testing results of other
axes show that the system can maintain relative
accuracies within 1% in all six axes.

Stiffness

As an important factor in evaluating the effects of
external forces on the displacement of the end-
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effector, the stiffness should be considered for the ana-
lysis of the above-mentioned 6-RRRPRR parallel
manipulator. In addition, when employed in precision
positioning applications, the stiffness performance
will have a significant effect on the accuracy of these
manipulators.'® The end-effector stiffness along the z
axis is measured by reversing a 50 kg load from ten-
sion to compression while measuring the displacement
of the mobile platform. The deflection of the mobile
platform is measured by the grating length gauge and
the stiffness can be obtained by Hooke’s law.
Figure 17 shows the measurement of the stiffness,
where the red points represent the tension and the
blue triangles represent the compression of the end-
effector. For these test points, the stiffness can be
obtained with the least square fitting method.
Results reveal that the stiffness of this manipulator
is approximately 33.5 N/um and has good linearity.

Conclusions

In this work, a 6-RRRPRR parallel manipulator
with offset joints and ball screw actuators without
guide mechanisms has been studied and a solution
to the inverse kinematics of this manipulator has
been proposed. The characteristics of the offset
joints were studied and a numerical algorithm was
employed to obtain the dependent RR-joint vari-
ables. The parasitic motion caused by the helical
motion of the ball screw was analyzed. This paper
also provides simulation results to validate the pro-
posed theoretical models. A prototype was con-
structed and tested on the workbench. Good
performance and a high accuracy in the micron
range have been obtained by the proposed solution
to the inverse kinematics of this parallel manipula-
tor. Further investigations on this 6-DOF parallel
manipulator will focus on the development of pos-
itioning systems for secondary mirrors.
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