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Abstract. This paper proposed an analytical approach to evaluate the timing jitter’'s impairment to the ergodic
capacity and outage performance of an on-off keying wireless optical link, where the compound channel consists
of Gamma-Gamma turbulence and pointing errors. Due to the complexity in deducing ergodic capacity, the
closed-form bounds are developed, as well as the asymptotic limit. Meanwhile, the Gaussian-Hermite polyno-
mial approximation is exploited to obtain the closed-form expression of outage probability in series. It has been
verified by both theoretical results and the Monte-Carlo simulations that the timing jitter leads to a restriction of
the ergodic capacity, even with tremendous transmitting power. In the meantime, small timing jitters could be
endurable in the analysis of outage probability, whereas the large timing jitters diverge from the lower ones.© 2017
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1 Introduction

Compared with the radio frequency technology, the free
space optical (FSO) communication systems are rapidly
gaining popularity, due to the advantages of tremendous
bandwidth, secure transmission, license-free operation,
etc. I Despite these strong points, there are also some inevi-
table challenges hampering the performance. The major one
may be the turbulence, which would result in the intensity’s
scintillation and the phase’s perturbation at the receiving
end. There have already been several statistical models to
characterize the turbulence, including log-normalH and neg-
ative exponential model,ﬂ where the turbulence varies from
weak to strong, respectively. The classic Gamma—Gamma
channel model has the ability of depicting turbulence condi-
tions from weak to strong,ﬂ which is discussed in this paper.
It needs to mention that some turbulence models have been
developed latterly, containing but not limited to double-gen-
eralized Gamma Inodel,E Mlaga Inodel,E and double-Weibull
model.B In addition to the impairment from the turbulence,
the FSO system also suffers from the degradation caused by
misalignment errors. The original model was proposed by
Farid and Hranilovic, considering that jitters are independent
identical distributed in both horizontal and vertical direc-
tions. [0 It is also the basic model of this paper. Later on, sev-
eral novel models were proposed, such as Rician distribution
by Ansari et al.,D Hoyt distribution by Sharma et al.,D and
Beckmann distribution by AlQuwaiee.* It is also mentioned
that literatures arguing the situation of nonzero boresight are
given in Refs. [[4 and [[3.

This paper focused on the timing jitter’s impairment to
the FSO system, where the on-off keying (OOK) scheme is
discussed. In the light of the simplicity to implement, the
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techniques of intensity modulation and direct detection
(IM/DD) were proposed and widely employed originally.ld
Despite the fact of being discussed for a period of time, it still
has an undiminished attraction. ZH3 As the two main param-
eters of this paper, both the ergodic capacity and the outage
probability have been argued over the decades. The former
was investigated to determine the maximum data rate that
can be transmitted with an arbitrarily small bit error rate
(BER) over a channel for a given average signal power,&
and the latter was declared to evaluate the features of fading
channel. In the recent works, the ergodic capacity has been
studied in the relaying schemes,= multiple-input/single-
output re imes,2 and multiple-input multiple-output circum-
stances.= The outage probability was also further deliberated
in Refs. P4 and B3.

Timing jitter is a major issue that would be mainly
debated. It was proposed to quantify the impairment caused
by an unsatisfactory clock in the high-speed communication
system, especially with the gigabit data rates. On the basis of
Ref. B§, it could be made up of the deterministic jitter (DJ)
and the random jitter (RJ). The issues combing the timing
jitter and FSO systems were discussed in Refs. P and
BY. The error performance has been analyzed, where an
avalanche photodiode is supplied in the receiver in the pulse
position modulation (PPM) regime. The conditional BER
expression of a certain timing jitter has been derived and
then the average BER. However, these literatures only evalu-
ated the performance under the circumstance of weak turbu-
lence. Thus, our previous work elaborated the timing jitter’s
penalty to the symbol error rate of the PPM FSO system
under Gamma—Gamma turbulence.® In the meantime, the
misalignment errors were also taken into consideration. In
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the FSO system with the modulation of OOK, the timing jit-
ter could also provide an inevitable displacement from the
ideal decision point, which may hamper the system’s perfor-
mance. To the best of the authors’ knowledge, it has not been
analyzed that how the timing jitter impairs the capacity of
the FSO system. Motivated by these, this paper analyzes the
ergodic capacity and outage probability of the FSO system
with the aggregated channel, in order to measure the timing
jitter’s influence quantitatively. The novelties of this paper
are mainly summarized as follows.

1. Compared with the existing literatures, a more gener-
alized model of timing jitter was utilized to evaluate
the influence on the performance of the FSO system,
instead of the random jitter case by Refs. P-29.

2. The impact of timing jitter is conceived as an interfer-
ence to the adjacent bit. The signal-to-interference-
plus-noise ratio (SINR) 7 is employed to appraise the
performance of the system, taking the place of the
signal-to-noise ratio (SNR) y.

3. In terms of the ergodic capacity C, the upper and lower
bounds are deduced in the closed form. What is more,
it is proved that the bounds are tight enough with low
transmitting power P,.

4. The asymptotic limit is also achieved in order to mea-
sure the ergodic capacity C with sufficiently large P,.

5. Tt is formulated that the exact closed-form of outage
probability P, versus timing jitters.

For brevity, the remainder of this paper is organized as
follows. Both the system structure and the channel model
are depicted in Sec. [}, as well as the definition of the timing
jitter. In Sec. [, it is elaborated that the expressions of ergodic
capacity, regarding both timing jitter and misalignment in the
Gamma—Gamma turbulence. The bounds and asymptotic
analysis are also illustrated. Section f] discusses the evalu-
ation of the outage probability. Theoretical results are further
confirmed by the Monte-Carlo ones in Sec. fl. In the end,
conclusions are drawn in Sec. .

2 System Model

2.1 System Structure

In this paper, a turbulence-introduced point to point (P2P)
IM/DD FSO link with misalignments, which suffers from

Modulator

Driver
circuit

h=hih,h,

Atmosphere

the timing jitter is considered. The structure is shown in
Fig. [[. In the OOK scheme, the data x(¢) after modulation
are represented by either the presence (on) or absence (off) at
the transmitter, which is described as x(z) € (0,2P,/Ry,).
P, and R, stand for the average transmitting power and the
data rate, respectively.

After propagating through the compound channel &
expounded in Sec. B3, the receiver converts the lasers
into electrical signals by the photo diode. With regard to
the timing jitter ¢ introduced in Sec. B3, the decision
point deviates from the ideal point. As a result, the electrical
signal y(#) at the time 7 could be written as

y(@) =n-h-x(t=&) +n(), (1)

where 7 represents the photodetector responsivity. n(?)
denotes the equivalent noise at the receiver, which could
be modeled as the additive white Gaussian noise with the

variance o2.

2.2 Channel Model

In this paper, a composite channel % is considered, including
the attenuation 4, the turbulence fading #,, and the pointing
error loss h - According to the Beers—Lambert law, h; could
be derived in Eq. (), which contains the impact of beam
extinction and path loss

h; = exp(—o; - 2), 2

where o, stands for the attenuation factor, with the transmis-
sion path’s length to be z.
h, follows the Gamma—Gamma distribution, furnished by

2ap) =

fha (ha) = haTKa—ﬂ <2 aﬂha) ’ (3)

where I'(+) is the Gamma function, K,(-) denotes the v th-
order modified Bessel function of the second kind. « and
represent the effective number of large and small scale
turbulent eddies, respectively. Then, scintillation factor o7
becomes o~ ! + 7! + a7 1p7L.

The model of pointing errors with zero boresight is
discussed, as proposed in Ref. [[0. It is defined that the dis-
placements in both vertical and horizontal directions obey
the independent identical Gaussian distributions with the
common variance o2 at the receive plane. For an aperture
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1
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Fig. 1 System structure.
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with the radius a and the beam width w, at the distance z,
the maximum fraction of the collected power is furnished by
A = [erf(v)]?, where v stands for the ratio v = \/za/v/2w.,
with erf(-) denoting the error function. Thus, the probability
density function (PDF) f) (h,) of the misalignment is
shown as

e

I (hy) == (h )y “)
0

p

where p =w,, /20, represents the ratio between the
equivalent beam radius and the displacement standard
deviation (std.) o,. w,, could be derived by w,, =

{w_/merf(v)/[2v - exp(—v?)]}!/2. Taking the three compo-
nents h,, h,, h, into consideration, the PDF f, (h) is obtained

by Ref. [0, which is
P
—lLa-1,-1)

®

app® afh

_ 3.0
Suh) = Ay - hiD(@)T(p) NE (Ao “hy

P

2.3 Timing Jitter

In a high-speed digital communication system, timing jitter
could do inevitable harm to performance, especially in the
case of several gigabits or even terabits per second. As
shown in Fig. [}, timing jitter A is proposed to measure
the displacement depart from the ideal clock in the time
domain. It causes a skew of the decision point, which injures
the performance of the whole system. In most of the litera-
tures, the timing jitter is normalized to the unit interval (UI)
for brevity, which is £ = A/T),. Note that the T, denotes the
reciprocal of the bit rate in the OOK system, whereas it
presents the period of the unit slot in PPM system. The latter
has been analyzed in our previous work. B

Before depicting the classification of the jitter, the causes
of the jitter should be given. The jitter could be aroused by
the thermal noise, the noise of ground or power source in the
circuit board, the instability of electric circuit, etc. On the

Received
electrical signal

f

basis of Ref. P, the timing jitter can be separated into DJ
and RJ at the first-stage classification. The latter could be
modeled as a Gaussian variable. However, components of
the former are more complicated. It could be further divided
into period jitter, data-dependent jitter (DDJ), and the
bounded uncorrelated jitter. Furthermore, the DDJ is made
up of duty-cycle distortion and intersymbol interference.
Generally speaking, RJ remains infinitely limited while it
is bounded in the case of DJ. The harmonic waves represent-
ing the jitter sources could be seen in the frequency spectrum
of DJ. Note that total jitter (TJ) is exploited to measure the
mixture of various jitter components in actual systems.

In order to discuss the timing jitter’s reduction of the per-
formance, the distribution of ¢ is illustrated. The double
Dirac function is utilized to characteristic the DJ, which isH

1
Pepy =35 [6(&—A) +8(&+A), (6)
where §(¢) stands for the Dirac delta function, which is the
DJ’s peak value. The Gaussian distribution Py with the
standard deviation of RJ is furnished as

52
exp| — == ).
\V2ro p( 202)
By the composite influence of both RJ and DJ, the TJ
results from the convolution of Egs. (f) and ([]) with the

PDF Py in Eq. (), which could be described as a dou-
ble-peaked form

Pery = (7

Peqy = Pepy * Pegy
{exp {—

Since the symmetrical characteristic of Py, it may be
assumed that the timing jitter £ satisfies the condition of
being a positive variable as well. That is to say, the PDF
P; of the timing jitter £ is ultimately formulated as

(€~

5] el 527

2062
3

2 2w

-
ttt---tttt

T,

N O A A o O

1
Perfect recovery T T T T 1
clock ! 1
| 1
| [
| 1
|
|
Clock with !
. . |
time jitter A Lo
|
A le—
|

|
r¢— Unit interval (UI) —
A,

Jitter accumulated
in a unit interval

Ideal timing e

1
l—Jitter—w1
1

Fig. 2 The sketch of timing jitter.
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3 Ergodic Capacity

As known to all, the turbulence is modeled as a slow fading
channel, since the coherent time stays in the order of milli-
seconds while the magnitude of the transmission rate R, is
always gigabit. Beyond that, enormous interleavers should
be utilized in order to achieve independent fading samples
in consecutive symbol intervals, which is not realistic in
the real-time FSO system. According to Shannon,& ut ergodic
capacity describes the upper limit of the data rate under the
condition of arbitrary small BER. In this paper, the purpose
of arguing the ergodic capacity is to study the timing jitter’s
penalty on the maximum data rate quantitatively. In regard to
the ideal system, which is free of the timing jitter, the average
power of every bit is deduced as #>P?h?/R,,. It is evident to

get that the SNR is equal to y22 P2h%/R,c%. However, due
to the timing jitter &, only the portion (1 — &)#*> P?h* /R, con-
tributes to the signal power. What is more, the rest portion of
the power &n?> P?h? /R, results in the interference of the next
contiguous bit. As a result, it is more rational to apply the
SINR 7 in deriving the ergodic capacity rather than the tradi-
tional SNR. The ergodic capacity follows the expression
given by

10)

e\ p2,272
C =log,(1 +7) =log, [1 + (L=&)Pin°h ]

Ryoy + &P R? |

where the receiver end’s SINR 7 is equal to 7=

R(,,lr,_ﬁg?;i’; = <1 - ;y It is defined that the expectation of
ergodic capacity is C = [E[C], which is calculated by
e [oo 2h2
- 1 h .dh-d
~/—00A ng[ +§P ZhZ]fh< )fe(&) ¢
_/m/mlog [ U ] apr’
o Jo 2 Rb %+§p 22| WA L (@)L (f)
% G390 (aﬁh n )
3\ mA, P—la—1,p—1
(£-A) (E+A)?
a dh-d
7 {exp [ 202 +exp|— 52 3

QY

However, to the best of the authors” knowledge, Eq. ([(T)
is too sophisticated to be simplified. Thus, motivated by
Refs. BQ and BT}, the approximate results could be derived
by its upper and lower bounds, which will be illustrated
in Sec. B.1] and Sec. B2, respectively.

3.1 Derivation of the Upper Bound

The procedure of obtaining the upper bound Cy, could be
divided into two conditions with SINR 7 <1 and 7 > 1.
To begin with, suppose 7 to be smaller than 1. In this
way, R,o2 dominates the value of the whole denominator
R,0% + EP2? W2, As a result, the upper bound becomes
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_ 1 _5 P2n2h2 ~
Cup = E[Cyp] = E{log2 [1 +% . 7<1

=)l o5
U

where the conditional expectation C,,|¢ is an integral of 4,
representing

o 1—&)P
Coplé = A logz[l+( )

il apr
h

R,0% AT ()T(B)
h p?
G390 <£ )dh. 13
P\ Aol p2 —1,a-1,5-1 (13)

Seeing that log(l+7) could be transformed into

Meijer’G function Géz% <7| i’(l)), Cyplé satisfies the form

that f 8°G‘,§’f,) [q)x| (c,) } -Gpg {wxz\ (a“)} - dx. Thanks to

(d,) (b,)
Eq. (B) from Ref. B7, it would be further reduced to
EP?R* |11
g Gl2 { -£) 2 }
Cuplé = / 22 R,02 1.0
AW o <0‘/3h o > -dh
AT (a)T(B) hAg|p?> —1,a=1,-1
_ p’ Gl8
2 (@)

e i i e e R
2

{32(1 —EP2R?) Ay

11—,()2 2—/121(12a1—ﬁ2ﬁ0
R,0202

7.0
(14)

In this light, it is depicted that C'up results in the form of
729(0) - ¢~ d¢. With the help of Gaussian—Hermite poly-
nomials, the closed form of Cup is given as

- p

N 1
Co = 237 (T(p) 2 D w

3 {1 - (ﬂoci + jA) P,Z;f} hAq
1.8

.GL , ¥,
84 Rbo-nazﬂ2 g

(15)

where Ggh () is short for

1, ]—/)2 2—p* 1-a 2-a 1-B 2-p
’2’22’2’2’2’ . w; and ¢; re-

GS"‘( 1,-4.120
present the roots and the weights of i’th-order Hermite
polynomials, respectively.

In the condition that y > 1, the ergodic capacity C*s upper
bound C,;, could be derived by reducing the identical value

EP2y?h? in both the denominator and the numerator, which is
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(1 —¢&)Pi*h?
Ry0% + EPT*
1 — 28)P22h? i
% . s (16)
bPn

In the similar method from Egs. (T2)—(T8), the expecta-

Cyp = log, {1 +

< log, [1 +

tion C' is obtained as
Cop = 2773/21“ ;]Z] w;
J#0
NE- [1 _ (2\/504“,- +2 jA) P,Zﬂ hA,
.GL , 7> 1.
8.4 Rbaﬁazﬂz 14
(17)

To sum up, the upper bounds C, up could be summarized
from Egs. ([3) and ([7), which is

paper only analyzes the situation with small SNR y. In
that case, J,, could be proved to be tight enough. The
rigorous proof is given as

O 1n2// [

The &(1 — £)y? is assumed to be an infinitesimal item rel-
ative to y. Let alone 1 + y, because it is a higher order item of
y. Thus, the upper bound is tight enough with small SNR,
which will be found in Fig. j.

‘f) ]fh( )fe(&) - dh - de.
(19)

3.2 Derivation of the Lower Bound

With the help of the Jensen inequality, the lower bound C,,
of the ergodic capacity could be deduced succinctly. It is
noted that the premise of Jensen inequality is to ensure
the expression of Eq. ([[J) is concave or convex.

Lemma 1. Assume f(x,y) to be a function of two var-
iables (x, y) with continuous second-order partial derivative,

~ P X . e
C :—Z ZW~ whose Hessian matrix H¢ satisfying |Hc| >0 (but not
up 3/2 i
27T (a)T() i=0 j=—1 always equal to zero). It would be predicated as a concave
J#0 function if either fY, or fy) is positive. Oppositely, it is a
e Ay p2,2 convex function if either fy, or fJ| is smaller than 0
% . Gl 32{1 HP)(V20g; + JA)PI }h’AO Note that | - | means the determinant det(-), and f7, f1,
84 R,c20%3? ’ and fy, stand for the partial derivative of second order.
However, the concavity or convexity of the function
(18) f(x,y) still remains uncertain, when [H¢| < 0.
where the coefficient u(7) is a piecewise function, given Proof. For the sake of the limited length, refer to
a5 4(7) { 1, 7<1 Appendix [A].
u(y) = N . :
2 7>1 . In the light of Lemma 1, Eq. ([0) could be written as the
yp = Cyp = C is introduced to measure how tight the form with the independent variables (£, /). The Hessian
upper bound is. Since there is no closed form of C, this matrix He could be derived as
|
h4Pf114 -2 hl"tzﬂza2
H |:CN C// :| (Rhggz +§P2 2h2)2 (Rb62 +§P 2h2)2 (20)
C =
Co Cin =2 hPion  2(=1+ §[-Pin’Ryo, + 3Eh Py Ryoy, + WP (1 + £)]
(R,02 + EPI?h?)? (P?n 2h2 + R,02)*(R,02 + EP?h?)?

Conceiving the fact that CZ; has the square form, it is
obvious to see that Ci: %> 0. As a result, it is a requisite
condition that C}, is p051t1ve in order to ensure that
He| = Cf: - Cy,
to be less than 0 After some algebra (the details are given in
Appendix B)), Eq. (IQ) is derived to be concave under the

circumstance that 0 < & < \/R,062 /3P

On this occasion, the lower bound is given as Eq. (@),
thanks to the Jensen inequality, which is

_ (1 - Ele) PHPE])
SRR e

where the expectation E[£] is equal to \ﬁa - exp(— ATZ) +
A -erf (_T) Owing to the independence of hy, h,, h,,
expectation E[A?] could be obtained from E[hz]IE[hﬁ]E[hf,]

Then, Eq. (Z]) could be further simplified as
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Lines:Monte Carlo
2.5 Markers: Theoretical

Ergodic capacity C (bit/s/Hz)

Ergodic capacity C
—— Upper bound C‘ul,
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A Asymptotic capacityC.,
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Transmitting power (P; /dBm)

Fig. 3 The ergodic capacity C versus transmitting power P; and its
bounds with a = 4, = 2 (in solid lines and filled markers) and a = 2,
p =1 (in dotted lines and hollow markers).
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(1+ p*)?Ryop + Pi*hiAdp*o;

~ 1
Clow =——In

In 2 (14 p?)262 + [\/6 exp(——) +A- erf(

where scintillation factor o7 is equal toa '+ +alpl.

Taking h > \/R,06%/3P?n* into consideration, the con-
cavity and convexity would remain uncertain. That is to

say, the Jensen inequality becomes disabled. However, it
is remarked that the simulation still proves that Eq. (£2)
is lower than Eq. ([0), which will be found in Fig. .
Therefore, it is suitable to define Eq. (2) as the lower
bound of Eq. ([0).

In order to elaborate how tight the lower bound Cjy, is,
Siow is introduced, which is defined as 8y, = C — C,OW Itis
discovered that J,,,, approaches zero with lower 7. It is evi-
dent to simplify C by the approximation of log(1 +7) ~ 7.
Since the independence of & and /, C could be calculated by

E[h?] and E[&], which is C ~ —E[ il ] . In the sim-

In 27| Ryo;+EPTn*h?

_ P22 E[h? .
% which confirms

(I-E[E)Pin’E[r?]
5 Rm”+E[§]P’Z 7 Due to the

distribution of &, any arbitrary small 7 could be equivalent to
say y — 0. That is to say, the lower bound maintain tight
when y is small.

ilar way, C\,,, becomes 5 3

the approximate expression of 5

3.3 Asymptotic Analysis

In the timing-jitter-free FSO link, it is apparent that the
ergodic capacity enhances with the higher SNR y.
There seems to be no boundary that restricts the capacity.
However, the timing jitter £ provides a constraint on the
upper bound of ergodic capacity, even with enormous
SNR y, which is defined as the asymptotic capacity in
this paper. Pondering the expression of Eq. ([0), it
could be reformulated with sufficient large SNR y. The
noise R,02 may be neglected, compared to the interference
EP2y?h?, the SINR 7 could be reduced to

hm;/—hm( —4r (1_5) é

im —
el e 14 & pewlfy+E 5

From Eq. (£3), it is manifested to conclude that the timing
jitter & affects the maximum of the SINR 7, rather than the
infinite case of SNR y in the ideal system with ideal clocking.
This gives a hint that the timing jitter may set a restriction on
the capacity, even when_theASNR y is infinitely great. Thus,
the asymptotic capacity C,=lim,_,, Cis introduced, which
is calculated by

Cma[ﬁm0+lg)f&wa[5MMM
[ 1-¢& 1 (-A)?
_A 10g2(1 +T> : o {exp |:_ 262 :|

+ exp {— M] }dcf

(23)

_ T)} PARI2ALD 6

, (22)

I
After some tedious but straightforward algebra, the closed

form of C,, is furnished by

+ (y = In 2)erfc (J—\g) +In 4}

3 A
—2jA 4 F{00 (o = 7)} (25)

where y denotes the Euler’s constant, approximated by

0.571. |F (11’0’0) is the Kummer confluent hypergeometric

function. erfc(-) means the complementary error function.

4 Outage Performance Analysis

According to the Shannon theory,B the outage event occurs
when the data rate R is greater than the ergodic capacity C.
In this case, the transmitted codewords are not able to be
reliably decoded at the receiver and the outage probability
is defined as P, = Pr[R > C]. Conceiving the expression
of C in Eq. ([0), the threshold of SINR %, is supposed
to be 74 = 26 — 1. Thus, the outage probability P, is
obtained as the expectation of E[Pr(y <7,)]. Owing to
the independence of £ and h, P, could be derived by the
Bayes equation

_ " R _(5—/*)2]
Po = A Pow|é ov/on {exp{ 252
2
+ exp {— @] }df, (26)
20

where the conditional probability P,|& denotes the expect-
ation of E;, [Pr(7 < 7,,)] with a certain timing jitter £, which is

5= 7nRy0n
P |é=Pr(7<7¥ :Pr{h2§ . }
oulé = Pr7 < 70) (1= &7 + VIPET

27

Before acquiring the result of P&, it is imperative to
explore the cumulative density function (CDF) of h%. Tt is
assumed that & stands for h® for brevity. Then, the CDF
F,2(h) of h? could be formulated from Eq. ()

20° - s Lo+ 1
Fo(h) = G“( Vi ’ P ) 28)

— E[-log, &. (24) ) = Ry % p?.a.p.0
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As a result, we have the expression of simplified P |&

By substituting Eq. (£9) into Eq. (£§), the closed-form of
outage probability P, could also be derived by the

Polé— p r,’;l{ af (7 Ry) 0, 1 p 241 } Gaussian—-Hermite polynomials, shown as
CETT@NB) > LAk [1=&(7+ D] 2P| .80
(29)
|
af (7w - Rp)'0, Lp?+1
Py = w; G2 4 , 30)
1/2,2(;;_:1 Aohy 1—(\/—0C1+JA)(}/th+1)}l/2Pr/p a,p.0
J#0

where w; and {; denote the roots and the weights of i’th-order
Hermite polynomials, respectively.

5 Numeric Results

In this section, the numeric results of the ergodic capacity
and outage performance, respectively are discussed. The
parameters adopted in the simulation are furnished by
Table . As a whole, the equations derived above are well
validated by the Monte-Carlo simulations, which could
be derived from the figures below. For convenience, it is
assumed that the word “simulation” is short for the
Monte-Carlo simulation.

Figure [§ shows how the ergodic capacity C changes
versus transmitting power P, under different turbulence
conditions as well as its upper and lower bounds when the
timing jitter consists of A = 0.2, o, = 0.2. It is noted that the
Monto-Carlo results are depicted in the form of lines, with
the theoretical ones in discrete markers. It is confirmed that
the accuracy of both the bounds in Egs. ([§) and (£2) and
the asymptotic results in Eq. (£3). What is more, the bounds
remain rather tight with lower transmitting power P,, as
analyzed in Sec. J. Meanwhile, the asymptotic analysis is
universal, regarding different turbulent channels. As it

Table 1 Parameters in Monte-Carlo simulations.

Parameters Value

also ought to be, the ergodic capacity increases with the
transmitting power. However, it is remarked that there is a
reduction in the slope of ergodic capacity C, which could
be analyzed as follows. With lower transmitting power P,,
it could be neglected that the interference caused by the tim-
ing jitter, compared to the noise 2. In that case, SINR 7 is
mainly determined by the noise ¢2. But with the growth of
transmitting power, the interference dominates the SINR y
gradually, which does more harm to the large P, conditions.

Figure f] shows how the ergodic capacity C changes with
various distance z. In the meanwhile, the case of different o,
is also depicted. It is apparent to see that there is a decrease
in ergodic capacity C, when the pointing error’s std. o,
becomes larger. It is noted that the asymptotic limit is a cer-
tain value, which is not altered with the distance z and point-
ing error’s std. o,. The reasons could be found from Eq. (£3)
that the asymptotic limit is only influenced by the timing
jitter’s parameters A = 0.2, ¢ = 0.2. The conclusion could
be drawn that the timing jitter sets a main handcuff on the
ergodic capacity C.

In order to discuss the system’s result with different tim-
ing jitters, Fig. [ shows the simulation analyses of the ergo-
dic capacity C against various timing jitters. It is revealed
that there is only a little distinction with different timing jit-
ters in the case of small transmitting power. Meanwhile, it is
depicted that the RJ remains an impairment to the ergodic
capacity even under the circumstance of no DJ, i.e., A =0,
which is illustrated in our previous work. However, when A
is larger than one tenth of a UI, the RJ brings only a little

Responsivity » 0.8 A/W distinguish on the capacity. That is to say, the DJ mainly
Propagation distance z 1 km
Receiving aperture a 0.1m 3
Corresponding beam radius w, at 1 km 25m
2.5F
Corresponding misalignment jitter 0.2m %
standard deviation o = ol
IS z =2km
Atmospheric attenuation coefficient & 0.44 dB/km ; L
Noise standard deviation ¢, 10~7 A/Hz % z = 1km
51} ]
Effective number of large eddies a 4 % 2 — 5km
=
Effective number of small eddies 2 0.5F s =0.2m | 4
“““ o, =0.1m
Wavelength 2 1550 nm 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
-10 -5 0 5 10 15 20 25 30 35 40
Data rate R, 10 Gbps Transmitting power (P;/dBm)
SINR threshold 7, —20 dBm Fig. 4 The ergodic capacity C versus distance z = 1,2,3,4,5 km with
timing jitter A=0.2, 6 = 0.2.
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solid line: A =0

dash line: A = 0.2

Ergodic capacity C (bit/s/Hz)
Q a a a

L TR (]

20 22 24 26 28

-10 0 10 20 30 40
Transmitting power (P;/dBm)

Fig.5 The ergodic capacity c against timing jitters with A = 0 (in solid
lines) and A = 0.2 (in dash-dotted lines).

injures the system’s performance when it is large. It is also
noted that the slopes of the curves vary with the similar
trends, which results from the similar reasons in Fig. .
The evolutions of outage performance are furnished after
the ergodic capacity analyses. As shown in Fig. [, the outage
probability P, increases with the larger timing jitter. It is
manifested that the timing jitter contributes to an error
floor to P In this regard, it is obtained that the timing jitter
is tolerant when DJ’s peak value A is smaller than 0.2 and the
variance ¢ of the RJ is no more than 0.04. In this case, the
slopes of the curves are found nearly the same. In other
words, it is indicated that the small timing jitter leads to a
passive gain in the SINR, which depicts a translation toward
the negative direction, shown in Fig. . However, there will
be an increasing diverge in the condition of large timing jit-
ters, e.g., A = 0.3, ¢ = 0.3. Note that even small timing jitter
could bring about the limit of the SINR even with enormous
transmitting power, which has been analyzed in Sec. B3 and
verified by Fig. fl. It seems to be contrary to the results in
Fig. @, which is explained below. In a word, the small timing
jitter contributes to an upper limit of the SINR, whereas P,
focuses on the SINR lower than the threshold 7y,, describing
the timing jitter’s influence on the disqualified SINRs. As it

<
B
E
<
2
2
(=9
@
o0
=
= -3
O 10k ——A=0,0=0
A=01,0=01 Lines: Monte Carlo
A=02,0=02
——A=03,0=03 Markers: Theoretical
107" ‘ s w i s i i ; ‘
-4 -2 0 2 4 6 8 10 12 14 16

Transmitting power (P, /dBm)
Fig. 6 The outage probability P, against transmitting power P; with

a=4, =2 (in solid lines and filled markers) and a =2, g =1 (in
dash-dotted lines and hollow markers).
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: 7”P/ =10dBm Lines:Monte Carlo

Markers:Theoretical

=iE)

H$5(1Blrl
A'=0,0.1,70.2, y
¢.=.0,0.1,0.2,0.3

Outage probability (P,y)
=
o
T
Q

10 I I I
0.05 0.1 0.15 0.2 0.25

Aperture radius (a/dBm)

Fig. 7 The outage probability P, versus the aperture radius a the
with P; = 10 dBm (in solid lines and filled markers) and P; =5 dBm
(in dash-dotted lines and hollow markers).

is also discovered in Fig. [, the timing jitter does more harm
to the weak turbulence links than stronger ones.

As one can see in Fig. [], the outage probability P, is
depicted as a function of aperture radius a. The transmitting
power is supposed to be 10 dBm. It is discovered that the
outage performance could be ameliorated with the increase
of the aperture radius a until a bottleneck appears. Definitely,
the larger the aperture radius is, the more energy would be
collected in the receiver. In addition, the effect of aperture
averaging caused by greater aperture also mitigates the fluc-
tuation of the receiving power. Although the growth of a
contributes to the increment on the SINR, the asymptotic
value of SINR still exists, as discussed before. It follows
the similar reasons in the case of raising the transmitting
power. From Fig. [, it is also derived that the larger jitter
will lead to a dispersion from the other curves depicting
the endurable jitters, i.e., A <0.2, 6 <0.2. As a whole,
increasing the aperture at the receiving end is supposed to
be an effective mean to fight against the small or moderate
timing jitters.

6 Conclusion

In this paper, the ergodic capacity and the outage probability
of the OOK-FSO system impaired by timing jitters, where
the aggregated channel contains the attenuation, Gamma—
Gamma turbulence, and misalignment losses is discussed.
This paper evaluated the potential maximum rate by the ergo-
dic capacity; and the theoretical bounds and the asymptotic
limit are obtained. It is discovered that the bounds could be
rather tight with lower transmitting powers. It is also derived
that the timing jitter introduces an inevitable confine of the
capacity, no matter how large the transmitting power is.
There would still be an asymptotic limit even in the infinitely
small timing jitter.

In terms of the outage probability, it is evaluated that the
small timing jitters is tolerant, whereas a large timing jitter
will result in an higher error floor, which is apart from the
lower ones. What is more, it is revealed that a larger aperture
helps to mitigate the penalty of the timing jitters. We hope
this paper could be a user guide that helps to determine the
target restrictions for the timing jitter, when proposing the
indexes during the system design.
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Appendix A

In this appendix, only the circumstance of concave function
is analyzed. The condition of convexity is the similar case
with the minor changes on the sign. Before proving
Lemma 1, the conception of convex domain is illustrated.

Definition 1. Assume that any arbitrary two points
P(x(,x,)and P(x{, x}) inthe domain D in the two-dimensional
space, which means that P(x;,x;) €D, P(x{,x}) € D. D is
defined as convex domain when satisfying the condition that
the point P[x; + (x| — x;),x, + 0(x5 — x)] still belongs to
the domain for any positive 6.

The proof of Lemma 1 is furnished as below, which is
based on the definition of the concave function or concave
one.

Proof. Suppose that f(x,y) represents a function with
the convex domain D. It is also assumed that the two differ-
ent points Py (x,y;) and P,(x,,y,) are geared to domain D

|

[(x; —xo)

7 {
{{( Xo0)f 3y

\,\

Note that f7\? — fV, - f{, = [Hc|. The conclusion may be
drawn that f (x y) Would be a concave function if either f,
or fy) is positive, with the premise [H¢| > 0. [J

Appendix B

Recalling the Hessian matrix in Eq. (E0), the concavity and
convexity of binary function C(&, &) could be determined
with the determinant being positive. As analyzed in the
main body of this paper, the prerequisite is to ensure that
the second-order partial derivative Cj) is greater than 0,
2(=1+48) [P Ry05+3Eh* PoyPRyo% + th 4 (148)] >0
(PIn*h*+Ry0%)*(Ryo +!§P2;72h2)2 =
Consider the & is a parameter, the solution of £ becomes

oo), 0<h<\/R,02 /3P

which is

(~co, 1] W P}Ry05+ Ry,
3h*y* PI+h* 0 PIR, 07

e .
—hznzPlszU%+Ri6i ) )
(—oosmimtiatrne | l1.00). h>/Ryon/3P3

(34)

Owing to the hypothesis that £ > 0, it could be obtained

that & € (0,1] with & ranging of 0 < i < \/R,02/3P*n?
With the positive £, the solution of |H¢| > 0is deduced as

Ryon
P2h2p?

Riaﬁ — 2R, G2 P2 h2 i — 2Pyt
Rbo%P%hznz - 2P?h4;74

<E< (35)

Thus, the span of & is supposed to be the intersection
of Egs. (BY) and (B4). In this way, the function C(&, k)
becomes a concave one, with & ranging from O to

. Rzo"‘—2Rb¢12P2hzr]2 2P} ity
mm( RyoZ P = 2P4h4 7
the “concave scope.” In that case, there is extremely
tiny  probability when & is greater  than

. (R*6%=2R, 02 P2 h*n* 2P h*y* .
»on pOn N o
m1n( Ry PIIe—2P T 1), due to the distribution of &.

For instance, the probability is up to 99.1% lies in the
concave scope with the parameters A = 0.1, 6 = 0.1. As

,1), which may be defined as

Optical Engineering
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+ (vi = o) »//\)]2 + (x; = x0)2[f 2 - » =

076108-9

with the midpoint Py(x, yo) = Po(¥5*2,2322). Thanks to
the Taylor’s formula of second order, the function f(x,y)
could be expanded as

= x0)fx(Po) + (y1 = y0)fy(Po) +01/2
f(P2) = f(Po) + (x2 = x0) f1(Po) + (y2 = 0).f3(Po) +02/2,
(31

where 0; and 0, stand for the second-order items in Taylor
series. Therefore, it is evident to obtain that

f(Py) + f(P2)
2

0]+02

= f(Py) = >

(32)

By the definition of concave function, it is equivalent to
testify the results that Eq. (B2) is greater than 0. For the inte-
ger i = 1,2, o; is furnished by the Taylor formula, given as

]}
i

(33)

[
a result, the conclusion could be drawn that the C(¢,h)

is a concave one with 0<h < +/R,02/3P*n>. However,

when h > \/R,02/3P;?, whether the function is concave
or convex still remains uncertain.
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