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The encoding and decoding principle of the Hadamard transform spectrometer with a 2D slit-array mask is
described in this paper. Based on the Hadamard transform theory, the signal-to-noise ratio (SNR) enhancement
of a 2D slit-array Hadamard transform spectrometer is deduced and verified experimentally. Affected by the
optical system of the spectrometer, there are differences between the experimental results and theoretical
calculations. At the end of this paper, we discuss the influence of the spectrometer’s optical system on the

SNR enhancement based on the spatial frequency analysis.
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1. INTRODUCTION

The traditional grating spectrometer uses a single slit to modu-
late the light signal from a diffuse source. The narrow slit,
which can enhance the spectral resolution, will cause a loss
of light and then decrease the signal-to-noise ratio (SNR) of
the spectrometer [1]. In order to solve this contradiction
between the SNR and the spectral resolution, Hadamard trans-
form was introduced into the spectroscopy for the detection of
weak diffuse sources [2—4]. This kind of spectrometer, called
the Hadamard transform spectrometer, implements compound
measurements of the spectral signals from different spectral
channels to get an enhanced SNR while realizing a proper spec-
tral resolution. However, this kind of spectrometer is not widely
used for the lack of a high-precision encoding element, which is
cheap and easily integrated. With the development of imaging
detectors and high-precision manufacturing technology, a new
kind of Hadamard transform spectrometer, which just uses an
encoding mask with a 2D slit-array curved on it to replace the
single slit of the traditional spectrometer, has been reported
[5-7]. The 2D slit-array encoding mask shows great potential
in the practicality of a Hadamard transform spectrometer due
to its easy integration, small bulk, and low cost.

The SNR enhancement compared with the traditional
single-slit spectrometer is the main performance index of the
Hadamard transform spectrometer. Previous research mainly
focused on the SNR enhancement from the Hadamard trans-
form [2-4,8]. The computation of the SNR enhancement
is usually based on the Hadamard transform theory, and the
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influence of the optical system is ignored. However, the
practical SNR enhancement of the Hadamard transform spec-
trometer depends on the way it implements the encoding proc-
ess. For the 2D slit-array spectrometer, the encoding mask and
the optical dispersion system function together to implement
the Hadamard transform, and its SNR enhancement comes
both from the Hadamard transform and the multichannel
simultaneous detection. In this paper, we make both theoretical
and experimental analyses on the relationship between the SNR
enhancement and the structure of the 2D slit-array. Based on
experimental results and simulations in the spatial frequency
domain, we discuss the influence of the optical system on
the SNR enhancement of the spectrometer at the end of this

paper.

2. THEORETICAL ANALYSIS FOR THE SNR
ENHANCEMENT

As shown in Fig. 1, the 2D slit-array Hadamard transform spec-
trometer is mainly constructed of the 2D encoding mask, the
optical system, and the imaging detector. The encoding process
is mainly implemented by the encoding mask. The subslits in
the same column belong to the same spectral channel as they
generate the same spectral distribution on the detector plane
because of the same location along the dispersion direction
of the spectrometer. The spectral signals generated by the aper-
tures in the same row multiple on the same pixel of the detector,
which can be seen as a compound measurement of these spec-
tral channels. In the binary encoding matrix, the code “1”
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Fig. 1. Encoding and decoding principle of the 2D slit-array
Hadamard transform spectrometer.

means that the spectral channel is included in the correspond-
ing compound measurement and code “0” means it is not. The
sets of spectral channels can be represented by a vector, v, the
encoding matrix can be denoted by S, and the results of
the compound measurements are denoted by 5. Thus, the
encoding equation can be described as follows:

n=Sy. (1)
If we use S to denote the inverse of S, the decoding equa-
tion is shown as follows:

v =351 2

Then we can get the decoded spectral distribution of each
spectral channel whose SNR is enhanced by the decoding proc-
ess or the inverse Hadamard transform process. As we can see,
there is a wavelength shift between every two spectra channels,
which is caused by the distance between the two columns
of the apertures in the diffusion direction. After the calibration
of the wavelength shift, all of the decoded spectra can be multi-
plied to get another SNR enhancement. Therefore, the total
SNR enhancement of the spectrometer comes both from the
Hadamard transform and the multichannel simultaneous
detection.

It is well known that the SNR enhancement from the
Hadamard transform is proportional to the order of the encod-
ing matrix [2]. However, in the practical structure of the spec-
trometer, the encoding area of the slit-array is restricted by the
area of the imaging detector. To make full use of the detector
pixels, the height of the subslit in the array is designed to be
integral multiplies of the detector pixel’s height, as shown in
Fig. 2. For a given detector, the maximum order of the 2D
slit-array should be the number of rows of the detector pixels.
The larger the order of the encoding matrix, the less pixels one
subslit takes. Therefore, the spectrometer will be more sensitive
to the decoded error caused by the misalignments of the subslit
and the corresponding detector pixels as the increase of the
order of the encoding matrix.

As shown in Fig. 2, the subslit in the slit-array corresponds
to p rows of detector pixels and there are completely opaque
rows of m rows of detector pixels placed between every two
subslits to reduce the cross talk caused by the PSF of the optical
system while the traditional single slit occupies /V rows of pix-
els. If the order of the encoding matrix is denoted as 7, then we
can get
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Fig. 2. Structure of the single slit and the 2D slit-array.

N=mnp+ (n-1)m (3)

When detecting weak signals, the noise can be seen as signal-
independent pure additive detector noise. Provided that all
pixels perform almost identically, the SNR of the single slit
resulting from averaging N rows of pixels will be V 172 times
the SNR achieved for a single pixel. Using a single pixel as a
reference, the SNR enhancement of the single slit Q. is

Q = V. @

When using a 2D slit-array, the SNR enhancement comes
both from the Hadamard transform and the multichannel de-
tection. Before the decoding process, we take the average of the
signal in the p rows of pixels that correspond to the same subslit
as the result of one compound measurement. Then we also use
a single pixel as a reference. Each compound measurement can
achieve an SNR gain Q, through this averaging in the following
equation according to Eq. (3):

Q== (5)

The SNR enhancement by the Hadamard transform de-
pends on the order of the encoding matrix and the pattern
of the encoding matrix. Usually, we chose a Hadamard S matrix
as the encoding matrix, which is the best practical encoding
matrix in experience [2]. Thus, after the decoding process,
the SNR enhancement of each channel’s decoded spectrum
compared with the compound measurement is shown as

n+1
2n’
Because of the wavelength shift caused by the column dis-
tance in the slit-array, the spectra of these channels at the same
wavelength are generated from pixels in different columns of
the detector. Thus, the decoded spectra are independent from

each other. The SNR enhancement Q,, resulting from the aver-
aging of the 7 channels of decoded spectra is shown as follows:

Q, = n ()

Therefore, the total SNR enhancement of the 2D slit-array
compared with a single pixel in the detector can be represented
as follows:

Qu = (6)
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n IN - (n-1)m
Qarray QpQHQn - +1 (ﬂ 1) . (8)

Comparing Eq. (4) with Eq. (8), we can get the SNR
enhancement by using a 2D slit-array to replace the single slit.
The enhancement is given by

Qarray _n +1
Qs 2/n
When the algorithm proposed in Ref. [9] is used to calibrate
the decoded error caused by the cross talk between the adjacent
compound measurements, the design of opaque rows can be
removed. Then according to the Eq. (9), if the size of the
imaging detector is given, then the smaller the number of rows
of pixels corresponding to one subslit, the larger the order of the
encoding matrix, and the larger the SNR enhancement com-
pared with the traditional single slit. To increase the SNR
enhancement, the coded apertures should be designed with
high order and small subslit height. On the other hand, the
small subaperture height makes the decoded spectrum sensitive
to the system decoded error caused by manufacturing errors
and the misalignment of the subslit and the detector pixels,
which is a new trade-off needed to be balanced.

N -(n-1)m

©)

3. EXPERIMENT RESULTS AND SIMULATION
ANALYSIS

Figure 3 illustrates the experimental setup used to test the SNR
enhancement of the 2D slit-array spectrometer. The optical sys-
tem of the spectrometer is the same as a traditional single-slit
spectrometer. In all the experiments, a Hg lamp is chosen as the
spectral source for its sharp spectral features. Modulated by the
2D slit-array, the incident light from the Hg lamp is collimated
by a collimating mirror. The collimated light is subsequently
dispersed by a grating and imaged on an imaging detector
by a condensing mirror. The CCD detector translates the en-
coded light signal into a digital signal and transmits it to the
computer for the decoding process.

We have manufactured four kinds of mask with different
orders (3, 7, 15, and 31) through laser phototypesetting tech-
nology. For each kind of mask, two patterns of a 2D slit-array
encoded, respectively, in the Hadamard S matrix and cyclic S

Imaging
CCD.
2Dslit-arrayMask  FFETHH ——————

Computer

Grating

Lamp  Lifting Stage Mirror

Fig. 3. Schematic of the experimental setup used to measure the
SNR enhancement.
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matrix with the same order are curved on it to make a group
of contrast experiments, as shown in Fig. 3. All the slit-arrays
correspond to nearly the same encoding area of about 60 rows
of pixels on the detector. The mask is mounted on a lifting
stage, and the two patterns can be switched just through adjust-
ing the height of the lifting stage in each group of contrast
experiment while the other experimental setups remain the
same. We have made five groups of contrast experiments using
each kind of mask and detected the spectrum of the Hg lamp at
546 nm for 30 times in each group of experiments. All the mea-
surements are made using the same light source, optical system,
detector, and integration time. The raw encoded data in each
group of contrast experiment is shown in Fig. 4.

Having implemented the same signal process algorithms,
such as the smear noise removal algorithm and decoding algo-
rithm on all the decoded data [9,10], we can get the decoded
spectra of the Hg lamp. The SNR of the decoded spectrum is
defined as the ratio of the mean and standard deviation of the
decoded spectral intensity. In the Hg lamp spectrum, the spec-
tral intensity changes rapidly with wavelength in the spectral
region that only contains a sharp peak, and the spectra of differ-
ent encoding channels have a wavelength shift between each
other, as shown in Fig. 1. Then the intensity of one subslit’s
image in the encoded data shown in Fig. 4 can be seen as
the measurement of the peak of the Hg lamp at 546 nm just
using one single slit and a single pixel. In each group of experi-
ments, we use the ratio of the SNR of the decoded intensities
and the SNR of the peak intensities of one pixel in the encoded
data as the normalized SNR enhancement when using a single
pixel as the reference. This normalized method can remove the
system error caused by light source fluctuation during the
whole experiment process. According to Eq. (8), the theoretical
SNR enhancement of these slit-arrays are calculated out and
shown in Fig. 5(a) as well as the experimental SNR enhance-
ment using the slit-array encoded in Hadamard S matrix and
cyclic S matrix, respectively.

As we can see from Fig. 5(a), the experimental results are
both in good agreement with the derived theoretical results
when using the Hadamard matrix and the cyclic S matrix.
The SNR enhancement increases as the slit-array order in-
creases both in the theoretical calculation and the experimental
results when the encoding area on the detector is given, though
there are still differences between the experimental results and
the theoretical calculations. In our opinion, the decrease of the
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Fig. 4. Contrast of the encoded data of the slit-array with different
orders and patterns on the detector.
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Fig. 5. (a) SNR enhancement of the theoretical calculation and the
experimental results using the Hadamard S matrix and the cyclic S
matrix, respectively. (b) Mean of the SNR of the five groups of contrast
experiments using the slit-array encoded in the Hadamard S matrix
and the cyclic S matrix of order 31, respectively.

SNR gain in the experiments mainly arises from the optical
system of the spectrometer, which implements the compound
measurement of the encoded data. The compound measure-
ment process can be seen as the imaging process of the 2D
slit-array when detecting a monochromatic light. However,
no optical system can realize the perfect imaging and there
are always encoding errors in the compound measurements.
The better the imaging quality of the optical system, the more
accurately the compound measurement is implemented and the
larger the SNR enhancement of the spectrometer. Besides, the
errors in the experiment setup, for example, the misalignment
of the mask and detector and the nonuniform illumination, will
also cause a decrease in the SNR enhancement. Therefore, the
practical SNR enhancement of the 2D slit-array is always lower
than that in theory.

On the other hand, it can be derived from Eq. (9) that the
SNR gain of the spectrometer mainly comes from the
Hadamard transform, which only depends on the order and
pattern of the encoding matrix when using a 2D slit-array with-
out opaque rows, and the SNR gain of the slit-array using a
cyclic S matrix should be identical to that of the Hadamard
S matrix. However, with the same experiment setup and param-
eters of the subslit, the SNR gain of the slit-array encoded in the
cyclic S matrix of each order is lower than that of the Hadamard
S matrix, as shown in Fig. 5(a). Figure 5(b) shows the mean of
the experimental SNR in each group of the five contrast experi-
ments when using the two different slit-arrays of order 31, and
the SNR of the cyclic S matrix is always lower than that of the
Hadamard S matrix, too. This contradiction implies that
the SNR gain of the slit-array is not only determined by the
Hadamard transform and different patterns of the slit-arrays
can also affect the SNR gain of the system in other ways.

The decoded spectral intensity should be proportional to the
throughput of the spectrometer, which is mainly decided by the
slit-array. Different patterns of the slit-array have different
spatial frequency characteristics though they have the same
number of slits. The optical system of the spectrometer is a
linear shift-invariant system, which functions as a low-pass filter
in the spatial frequency domain, and it gives different responses
to different spatial frequencies. Therefore, the affect of the op-
tical system on different slit-arrays is quite different, which will
lead to the difference in the SNR enhancement.
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In the specification of the slit-arrays and their transmission
through the optical system to form an image on the detector,
the spatial distribution of the input energy and its Fourier trans-
form, the spatial frequency spectrum, are equivalent as long as
linearity constraints are obeyed [11]. Thus, we can use the
power spectrum of the image of the slit-array in the spatial fre-
quency domain to estimate the throughput of the spectrometer
with different patterns of the slit-array. The optical transfer
function (OTF) is the transfer characteristic of the optical sys-
tem in the spatial frequency domain and describes the attenu-
ation of spatial frequency as it passes through the system. The
spatial frequency representation of the slit-array’s image can be
found through the product of the spatial frequency spectrum of
the slit-array in the object space and the OTF of the optical
system. The spatial frequency power spectrum, in which phase
has been discarded, can be seen as the square of the amplitude
of the spatial distribution of the slit-array’s image. Then we can
use the integration of the spatial frequency power spectrum in
the image space upon the interval below the cutoff frequency as
the estimate of the throughput, which is denoted as 7°
according to the Plancherel’s theorem as follows:

= 2
r= /[fr<fx’fy<f[ [1(fo f)OTE(f,, fI7df S, (10)

Here (f,, f,) is the corresponding two-dimensional spatial fre-
quency coordinate, /(f,, f,) denotes the 2D spatial frequency
spectrum in the object space, which is the Fourier transform of
the spatial distribution of the slit-array, and OTF(f, f) de-
notes the optical transfer function of the optical system in the
spatial frequency domain. The cutoff frequency of the optical
system is denoted as f,. Since the optical system can be seen as
a low-pass filter, the more the spatial frequency spectrum of the
slit-array concentrates on the low spatial frequency interval,
the larger the throughput and the SNR enhancement of the
spectrometer.

According to the analysis above, we have made a series of
simulation computations for the distribution of amplitude of
the 2D spatial frequency spectrum of the slit-array encoded
in a Hadamard S matrix and a cyclic S matrix with different
orders (3, 7, 15, and 31) by use of a Fourier transform.
The simulation results of the slit-arrays with order 15 are shown
in Fig. 6.

As we can see from the simulation results shown in Fig. 6,
the amplitude representations of these two slit-arrays in the
spatial frequency domain are quite different. The 2D slit-array
encoded in a cyclic S matrix has obvious periodicity in the
diagonal direction. Thus, its spatial frequency distribution con-
centrates on some high-frequency range. On the contrary, there
is almost no periodicity in the distribution of the slit-array
encoded in the Hadamard S matrix. Its spatial frequency dis-
tribution contains more low-frequency components and more
energy can transform through the optical system, which is a
low-pass filter in the space frequency domain. Based on the
simulation calculations and Eq. (10), an estimate of the
throughput of the spectrometer with different kinds of
slit-arrays is made to qualitatively analyze the influence of the
different spatial frequency spectra of the slit-array on the SNR
of the spectrometer. The OTF of the spectrometer can be
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Fig.6. (a) Image of the slit-array encoded in the Hadamard S matrix
with order 15 under microscope. (b) Image of the slit-array encoded in
the cyclic S matrix with order 15. (c) Simulation for the amplitude
representation of the slit-array shown in (a) in the spatial frequency
domain. (d) Simulation for the amplitude representation of the slit-
array shown in (b) in the spatial frequency domain.

calculated based on the structure of the optical system of the
spectrometer with the help of Zemax software. The calculation
results for the throughput of the spectrometer using the slit-
array encoded in Hadamard S matrix and cyclic S matrix of
different orders (3, 7, 15, and 31) are shown in Fig. 7(a).
As shown in Fig. 7(a), the throughputs of the spectrometer
using the slit-array encoded in both the Hadamard S matrix and
the cyclic S matrix increase with the order of the encoding ma-
trix and the throughput of the Hadamard S matrix is larger than
that of the cyclic S matrix, which is consistent with the exper-
imental results of the SNR enhancement shown in Fig. 5(a). By
contrast, from the simulation results and the experimental
results, it can be derived that the difference in the throughput
of the spectrometer, which is caused by the different patterns of

= Hadamard S matri| 15
- cyclic S matrix a
. [~=— smulation throughput

14 |+ experimental SNR gain

g &

Throughput
Ratio

0 5 10 15 0 25 2 35 0 5 10 15 20 25 £ 35
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Fig. 7. (a) The simulation result for the throughput of the spec-
trometer using the slit-array encoded in the Hadamard S matrix
and the cyclic S matrix of different orders. (b) The ratio of the
simulation throughput and the ratio of the experimental SNR
enhancement between the spectrometer using the Hadamard S matrix
and cyclic S matrix.
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the Hadamard S matrix and the cyclic S matrix, will cause a
difference in the SNR enhancement of the spectrometer.

Then we calculated the ratio of the simulation throughput
and the ratio of the experimental SNR enhancement between
the spectrometer using the Hadamard S matrix and the cyclic S
matrix, as shown in Fig. 7(b). The ratio of the simulation
throughput between the Hadamard S matrix and the cyclic
S matrix is essentially identical to that of the experimental
SNR enhancement when the order of the encoding matrix
is less than 15. As the order increases, the ratio of the through-
put and the SNR enhancement between the Hadamard S
matrix and the cyclic S matrix increases. That implies that
the larger the order of the encoding matrix, the larger effect
the optical system of the spectrometer has on the SNR en-
hancement of the spectrometer. When using the slit-array with
order 31, there is significant difference between the simulation
result and the experimental result, which is mainly caused by
the misalignment of the slit-array and the detector in our opin-
ion. The subslit in the slit-array with order 31 in this paper only
corresponds to two rows of detector pixels, and the largest mis-
alignment is nearly 0.5 pixel, which is a quarter of the height of
the subslit. Then the decoded spectrum is very sensitive to the
decoded error caused by the misalignment, and a significant
reduction in the SNR will occur in the slit-array both encoded
in the Hadamard S matrix and the cyclic S matrix. However,
the SNR enhancement of the Hadamard S matrix is still larger
than that of the cyclic S matrix according to the experiment
result shown in Fig. 7(b). Thus, the estimate of the throughput
of the spectrometer based on the simulation in the spatial
frequency domain can be used to compare the SNR enhance-
ment of the slit-array encoded in different patterns of a matrix
qualitatively.

4. DISCUSSION

The 2D slit-array Hadamard transform spectrometer’s SNR en-
hancement increases as the increase of the order of the encoding
matrix when the encoding area on the detector is given. In ad-
dition, the practical SNR enhancement of the spectrometer is
also affected by the optical system and related to the spatial
frequency distribution of the slit-array, which is mainly deter-
mined by the pattern of the encoding matrix. For two encoding
matrices that have the same theoretical SNR enhancement
based on the Hadamard transform theory, the more the ampli-
tude representation of the slit-array in the spatial frequency
domain concentrates on the low-frequency interval, the larger
the throughput of the spectrometer, which is proportional to
the SNR of the spectrometer. The estimate of the throughput
of the spectrometer based on the simulation of the spatial fre-
quency distribution of the slit-array can be used as a qualitative
criterion for the choice and optimization of the encoding
matrix to maximize the SNR enhancement of the spectrometer
in the design of the slit-array in the future.

However, there are also some additional factors that need to
be considered in the choice of the encoding matrix. Though the
decoded error caused by the nonuniform illumination can be
calibrated using the method that we proposed [9], the through-
put and SNR of the system may be affected by the nonuniform
illumination. Hadamard coding is a linear unbiased spectral
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estimator and the encoding matrix needs to be a nonsingular
matrix. Unfortunately, the throughput advantage of multiplex
measurements does not translate to an SNR advantage for a
linear unbiased estimator when photon noise is dominant in
the spectral signal [2]. Biased estimators using the regulariza-
tion technique and iterative estimation algorithms are intro-
duced to improve the estimation SNR, but these algorithms
significantly impact the performance of different codes
[12,13]. Further consideration of the influence of these factors
on the choice and optimization of the encoding matrix will be
made in future studies.
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