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To meet the required manufacturing accuracy of high-quality aberration-corrected holographic gratings, we pro-
pose a moiré alignment algorithm for the exposure system of holographic gratings. A model holographic grating
exposure system is built with multiple degrees of freedom based on optical path function theory. The whole
process algorithm is then derived, including the fourth-order orthogonal polynomial of the holographic gratings,
fitted aberration coefficients, and an optimized Levenberg–Marquardt algorithm for the exposure system’s re-
cording parameters. Finally, the simulated alignment and error analysis of a 2400 gr/mm aberration-corrected
holographic grating’s exposure system are presented. The proposed moiré alignment algorithm for such exposure
systems can effectively improve the alignment accuracy, ensuring better holographic grating aberration correction
ability. © 2016 Optical Society of America
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1. INTRODUCTION

Aberration correction and self-focusing are major characteristics
of aberration-corrected holographic gratings. Aberration-
corrected gratings, such as the concave gratings used in sophis-
ticated spectrometry and varied line-space (VLS) gratings in
synchrotron radiation experiments, have a wide range of appli-
cations in the field of spectrum measurement [1–5]. The design
of aberration-corrected holographic gratings is mainly based
on the optical path function theory developed by Namioka
[6,7]. Laser lithographic systems use asymmetrical exposure
relative to the substrate normal, as the surface of the substrate
is coated with a photoresist that forms a variable groove struc-
ture, thereby providing the aberration correction capability.
However, there will always be relative position alignment errors
in the two recording beams of a holographic grating exposure
system. This directly affects the structure of the grooves, and
reduces the holographic grating aberration correction ability
[8,9]. With the development of computer technology, optical
design, and optical manufacturing, computer-aided alignment
has become a real possibility. Egdall proposed the idea of using
computer-aided alignment [10]. By researching the relevant

technology, this greatly improved the accuracy of alignment
in the imaging optical system compared with manual align-
ment. Palmer studied the holographic grating exposure system,
adding two auxiliary mirrors for better aberration correction,
although this increased the difficulty of adjusting the optical
system [11]. Zhou et al. added a concave lens to the exposure
system to avoid duplication between the optical elements,
which produces a flat-field concave grating that uses the entire
spectrum [12]. In scanning beam interference lithography, to
produce the same groove density grating as a benchmark, the
phase difference between the interference wavefront and the
benchmark was measured, and the interference angle was ad-
justed in real time to change the groove density of the grating
[13,14]. When the VLS grating groove density is measured by
the interference field at a Lloyd’s mirror system, moiré fringes
are formed between the VLS grating and interference field.
This enables the relative VLS grating groove density to be ob-
tained [15]. The continuous enhancement of spectrometer
specifications means that the traditional manufacturing prob-
lems of holographic gratings, such as relying on the experience
of personnel, alignment blindness, lengthy manufacturing
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periods, and insufficient alignment accuracy, should be solved
quickly. Therefore, there is a need for an improved holographic
grating alignment method.

Based on the principles of computer-aided alignment in op-
tical imaging systems, this paper proposes a moiré alignment
algorithm for an aberration-corrected holographic grating’s
exposure system. The algorithm establishes a multidegree of
freedom physical model of the exposure system, and obtains
a fourth-order aberration coefficient expression for the holo-
graphic grating. In this model, the benchmark grating has a
constant groove density. Using the orthogonal basis (given by
Gram–Schmidt orthogonalization) of the aberration coefficient
expression [16,17], moiré phase data [18–20] are applied to
obtain a series of aberration coefficients. Lower-order aberra-
tion coefficients commonly feature linear recording parameters;
therefore, Levenberg–Marquarat is applied to fit the recording
the parameters of holographic grating. A Levenberg–Marquardt
algorithm is used to determine the recording parameters of
holographic grating [21], including the recording length and
angle. Finally, some simulations of the benchmark grating’s size,
wavefront phase error, groove density, and exposure system
F -number are used to analyze the primary influences on the
alignment results. Through theoretical simulations, we find
that the moiré alignment algorithm is a feasible measure for
ensuring the alignment accuracy of the exposure system and
correcting aberrations in the holographic grating. Thus, this
paper explores the fabrication of high-quality aberration-
corrected holographic gratings, and provides a theoretical basis
for improving their fabrication precision.

2. PRINCIPLE

A. Multidegree of Freedom Physical Model
of the Exposure System
Figure 1 shows a multidegree of freedom physical model of the
exposure system. The system uses a Cartesian coordinate sys-
tem O-xyz, where the origin O is at the benchmark grating
center, the x axis is normal to the grating surface, and Oxy
is the dispersion plane. Coherent point sources C and D are
placed at arbitrary positions in the space. CO, DO are two
recording beams of lengths rC , rD that form angles of γ, δ be-
tween the x-axis positive direction and angles of θ, ϕ between

the y-axis positive direction. The arbitrary point P is on the
benchmark grating surface. It is known that, when the ratio
of the groove density of the interference fringes and the bench-
mark grating is an integer, the grating surface will form some
curved moiré fringes.

Based on the optical path theory of holographic gratings, the
wave aberration of two coherent sources can be represented for
an arbitrary point P on the grating surface as [6]

nλ0 � �CP − DP� − �CO − DO�; (1)

where n is the groove number, which ranges from P to O, and
λ0 is the recorded wavelength in the air:8>>>><

>>>>:

CP �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�xC − x�2 � �yC − y�2 � �zC − z�2

p
DP �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�xD − x�2 � �yD − y�2 � �zD − z�2

p
CO � rC
DO � rD

: (2)

Using a Taylor expansion to give the lower-order aberration
terms, the aberration function can be written as
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(3)

with
8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

n10 � sin δ sin φ − sin γ sin θ

n01 � cos φ − cos θ

n20 � cos2 γ sin2 θ
rC

� cos2 θ
rC

− cos2 δ sin2 φ
rD

− cos2 φ
rD

n11 � cos φ sin δ sin φ
rD

− cos θ sin γ sin θ
rC

n02 � sin2 θ
rC

− sin2 φ
rD

n30 � sin γ sin θ−sin3 γ sin3 θ
r2C

− sin δ sin φ−sin3 δ sin3 φ
r2D

n21 � cos θ−3 sin2 γ cos θ sin2 θ
r2C

− cos φ−3 sin2 δ cos φ sin2 φ
r2D

n12 � sin γ sin θ�1−3 cos2 θ�
r2C

− sin δ sin φ�1−3 cos2 φ�
r2D

n03 � cos θ sin2 θ
r2C

− cos φ sin2 φ
r2D

…
n04 � 1

r3D
�5 cos4 φ − 6 cos2 φ� 1�

� 1
r3C
�5 cos4 θ − 6 cos2 θ� 1�

: (4)

In theory, the number of holographic grating aberration co-
efficient expressions is infinite, so it is clearly unrealistic to find
them all. Thus, to meet the requirements of the discrete data
fitting, we choose fourth-order aberration expressions, as this
is sufficient to reduce the computational complexity while
ensuring the accuracy of the fitting algorithm. Compared with

Fig. 1. Schematic diagram of a multidegree of freedom physical
model of the exposure system.
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the previous holographic grating aberration expression [22],
Eq. (4) includes the vertical angle errors θ, φ of a coherent
source, thus increasing the complexity of the aberration expres-
sion and reflecting more realistic alignment errors in the
exposure system.

B. Principle of Moiré Alignment
Figure 2 is a schematic diagram of the aberration-corrected
holographic grating’s exposure system. M1–M4 are planar mir-
rors, and the beam from the He-Cd laser passes through a beam
splitter (BS) to give two beams. One beam passes directly
through filter F1, and the other beam is directed to the piezo-
electric oscillating mirror P, which reflects the beam to filter F2.
Both beams are approximately expanded into spherical waves.
In the interference field, the benchmark grating’s surface G
forms a series of light and dark moiré fringes. A phase-locking
structure is formed by the photodiode Q and piezoelectric os-
cillating mirror P. A CCD camera is used to capture discrete
phase data of the moiré fringes.

In Section 2.A, we found that every aberration expression
is a function of the exposure system of the recording param-
eters, interferometric phase, and recording parameters of the
exposure system mapped to each other. Therefore, to obtain
the recording parameters of the exposure system, we must
first obtain the specific expression for the interferometric
phase, that is, the holographic grating aberration coefficient.
Assume that the benchmark grating’s phase is Φ0�y; z� and that
the phase shift interferometry (PSI) algorithm for the moiré
fringes’ phase is ΦM �y; z�. Based on the principles of moiré
patterns,

ΦM �y; z� � 2π

λ0
E�y; z� −Φ0�y; z�: (5)

We can form the matrix of discretized phase data on the
interference field, which meets the holographic grating aberra-
tion expression (3). However, when using the least mean
squares algorithm to fit the holographic grating aberration co-
efficient nij, we must use Gram–Schmidt orthogonalization to
make the aberration coefficients independent of each other in
a limited aperture. Eq. (6) gives the orthogonal basis for a rec-
tangular aperture:

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

p1 � 1

p2 � y − 1.4424e−16

p3 � 0.5y2 � 1.5139e−16y − 26.0625

p4 � 3.3229e−16y2 � 1.6425e−17y� 0.5z2 − 26.0625

p5 � 0.5y3 − 1.9070e−16y2 − 46.9125y� 1.5069e−14

p6 � 0.5yz − 1.9488e−16y � 1.3794e−19y2�
�7.2391e−20y3 − 7.1899e−18

…

p15 � 1.8249e−14y4 � 2.7014e−19y3z � 3.9820e−16y3

�3.2010e−14y2z2 � 2.5149e−18y2z � 5.9047e−12y2

�7.6091e−16yz2 � 4.8445e−17yz � 0.125z4

−9.0831e−18z3 − 24.1232z2

:

(6)

This formula represents a multidimensional space unit
vector group, which is a linear representation of the holo-
graphic grating aberration expression, and does not vary with
the number of aberration expressions. Thus, it satisfies
Eq. (7):

E � � n00 n01 … nij �

2
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..
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..

. . .
. ..

.

al1 al2 … 1

3
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2
666664
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..

.

pL

3
777775
; (7)

Fig. 2. Schematic diagram of the aberration-corrected holographic
grating’s exposure system. Fig. 3. Simulative process of the moiré alignment algorithm.
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where f ij is the holographic grating aberration polynomial and
aij is the coefficient matrix of the orthogonal basis pl . Let the
difference between the realistic wavefront Em and the estimated
be as small as possible, i.e.,

0 � ∂
∂cl

�
1

M

XM
m�1

�Em − Êm�2
�

� ∂
∂cl

�
1

M

XM
m�1

�
Em −

XL
l�1

cl plm

�2�

⇒
XL
k�1

ck
XM
m�1

pkmplm �
XM
m�1

Emplm; (8)

where m represents element numbers in the interferometric
phase matrix, m � 1; 2; 3;…M . From the interferometric
phase’s orthogonal coefficient, cl is given by Eq. (7). To deter-
mine the aberration coefficient of the holographic grating at
this time,

2
6664

n00
n01
…

nij

3
7775 � � c1 c2 … cl �

2
66664

1 0 0 0

a21 1 0 0

… … … …

al1 al2 … 1

3
77775: (9)

The final step is the damped least squares fitting of the re-
cording parameters of the exposure system and comparison
with the design parameter values, for which the method pro-
vides guidance for adjusting the exposure system. Figure 3
shows the simulative process of the moiré alignment algorithm.

3. SIMULATION AND ANALYSIS

To verify the feasibility of the algorithm, we examined the
alignment errors of the Rowland grating, which has a groove
density of 2400 gr/mm. Table 1 presents certain design param-
eters of the 2400 gr/mm Rowland grating.

The actual exposure system is shown in Fig. 2. Adjusting the
position of filters F1, F2 relative to the benchmark allows us to
measure the alignment accuracy of the exposure system. Every
filter includes rotation, pitch, translation, and other five-
dimensional motions. The filter moves back and forth along
the beam propagation direction to regulate the recording length
rC and rD, although this has no impact on the recording angle.
When the filter moves in the vertical beam propagation direc-
tion, the recording angle and length both have an impact.

Therefore, we have to simplify the adjustment process and de-
couple the magnitude of the adjustments. According to Fig. 4,
the filter adjustment model defines a Cartesian coordinate sys-
tem O 0 − x 0y 0z 0, whose origin O is at the pinhole aperture in
the filter. Equation (10) gives the translation values ΔxC , ΔyC ,
ΔzC of the recording source C under O-xyz coordinates;
Eq. (11) gives the translation values Δx 0C , Δy 0C , Δz 0z of the
recording source C under O 0 − x 0y 0z 0 coordinates. Similarly,
we can obtain the corresponding values for the recording
source D.

In Eqs. (10) and (11), variables with a prime denote re-
corded parameters obtained by the alignment algorithm, and
the other variables are the holographic grating design parame-
ters. Equations (10) and (11) can be used to obtain the adjust-
ment direction and values directly:8><

>:
ΔxC � r 0C sin θ 0 cos γ 0 − rC sin θ cos γ

ΔyC � r 0C sin θ 0 sin γ 0 − rC sin θ sin γ

ΔzC � −r 0C cos θ 0 � rC cos θ

; (10)

2
64
Δx 0C
Δy 0C
Δz 0C

3
75 �

2
64
− sin θ 0 cos γ 0 − sin θ 0 sin γ 0 − cos θ 0

sin γ 0 − cos γ 0 0

− cos θ 0 cos γ 0 − cos θ 0 sin γ 0 sin θ 0

3
75

×

2
64
ΔxC
ΔyC
ΔzC

3
75: (11)

Figure 5 shows moiré fringe pictures of the error before and
after the alignment process.

Table 1. Partial Design Parameters of 2400 gr/mm
Rowland Grating

Center Groove
Density
d �gr∕mm�
2400

Grating
Area
W × L

(mm ×mm)
30 × 30

Blank
Radius
R (mm)
750

Recording
Length
rC (mm)
636.0361

Recording
Length
rD (mm)
636.0361

Recording
Angle
γ�°�

Recording
Angle
δ�°�

Recording
Angle
θ�°�

Recording
Angle
Φ�°�

Order
M

−32 32 90 90 +1

Fig. 4. Filter adjustment model.

Fig. 5. Moiré fringe pictures showing the error (a) before alignment
and the pattern (b) after alignment.
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Table 2 presents the change in the recording parameter
values of the exposure system over the whole alignment process.
Table 3 gives the corresponding filter adjustment values. The
moiré alignment algorithm simulation results show that the
algorithm can completely align the aberration-corrected
holographic grating’s exposure system, thus improving the
alignment accuracy.

4. EXPERIMENT

To verify the feasibility of the algorithm, we performed an ex-
perimental test on grating fabricating. Figure 6 shows the ex-
periment’s instruments without the relevant computers. In the
experiment, the splitter grating is driven by the piezoelectric
oscillating. There are two functions splitting the laser beam
and achieving a 5-step PSI algorithm. The experimental prin-
ciple is described in Section 2.B. Figure 7 show moiré fringe
wrap-phase pictures of the error by the 5-step PSI algorithm
and unwrap-phase. We find the interference phase difference
of two sources is so dozens of wavelengths, even hundreds
of wavelengths, that the benchmark’s wavefront error will be
ignored. In other words, the moiré alignment algorithm has
a large amount of tolerance.

By obtaining the unwrap-phase data, the moiré alignment
we proposed calculated various recording parameters in
Table 4. The following repeats the experiments five times,
to verify the repeated accuracy of moiré alignment algorithm.
The results show the variance of the recording length rC and
rD is a larger value than the recording angle, because the re-
cording length obtained is absolute position measurement,
which matches the grating size and the moiré stripes position.
So, it needs high accuracy measurement. In general, the

repeatability and validity of the moiré algorithm is obviously
verified by the experiments, but there is still further room
for improvement on the accuracy of measuring the interfer-
ence phase.

5. ERROR ANALYSIS

The moiré alignment algorithm gives the real-time recording
parameters of the exposure system, including some fitting
algorithms and measurement systems. In these algorithms,
the PSI algorithm dealing with moiré fringes is widely used.

Table 2. Changes in Recording Parameter Values of the
Exposure System Over the Whole Alignment Process

rC �mm� rC �mm� γ�°� δ�°� θ�°� φ�°�
Change in
Recording
Parameters

647.5357 636.0357 −32.0200 32.0100 89.9714 89.9427
↓ ↓ ↓ ↓ ↓ ↓

636.0361 636.0361 32 32 90 90

Table 3. Corresponding Filter Adjustment Values

Δx 0
C

(mm)
Δy 0C
(mm)

Δz 0C
(mm)

Δx 0
D

(mm)
Δy 0D
(mm)

Δz 0D
(mm)

Regulating
Variables −11.4993 0.2220 −0.3295 0.0013 −0.1110 −0.6360

Fig. 6. Experiment’s instruments without the relevant computers.

Fig. 7. Moiré fringe wrap-phase pictures (a) of the error by 5-step
PSI algorithm and (b) unwrap-phase.

Table 4. Recording Parameters Based on the Unwrap-phase Data

Recording
Parameters rC �mm� rC �mm� γ�°� δ�°� θ�°� φ�°�
1 636.9503 636.9611 −32.2651 31.7401 89.8465 89.8558
2 636.8305 636.7209 −32.3140 31.7685 89.8473 89.8579
3 636.7039 636.6947 −32.3053 31.7436 89.8467 89.8585
4 636.9500 636.7785 −32.3163 31.7502 89.8488 89.8533
5 636.6555 636.7463 −32.3244 31.7338 89.8463 89.8559
Variance 0.0186 0.0111 5.442e-4 1.764e-4 1.021e-6 4.201e-6
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According to PSI theory, this algorithm does not introduce any
additional error; it uses the same damped least squares algo-
rithm, and, particularly when close to the extreme point of
the linear fitting, can accurately find the corresponding extreme
point. Therefore, the measurement error is mainly derived from
the system itself and the order of the aberration expression.
According to Eqs. (3) and (5), the change in the recording
parameter ξ is related to the system’s phase error ΔE. Thus,
the relative error is

Δξ � ΔE
A

; (12)

Relative Error � Δξ
ξ
; (13)

where Δξ is the increment of an arbitrary recording parameter
and A is the sensitivity of the recording parameters, which is
the value of the partial derivative to every variable in Eq. (3). As
the recording parameters increase or decrease, the A value is
changing.

From Eq. (4), it is apparent that the influence of the record-
ing parameters on the aberration expressions of the holographic
grating is symmetrical. Recording parameters γ, θ, and rC con-
stitute a whole, whereas δ, φ, and rD retain the same magni-
tude, although they may be negated. Therefore, an error
analysis of the recording parameters γ, θ, and rC (or δ, φ,
and rD) can be employed to explain this problem. The error
analysis is based on the exposure system, making a groove den-
sity of 2400 gr/mm in a Rowland grating. The grating size is
50 mm, the recording length is 636.0361 mm, and the record-
ing angle is 32°. The following is an error analysis of the
condition of the system phase error.

Figure 6 shows the influence of the benchmark grating
size, the system’s wavefront error, the groove density of the
benchmark, and the F -number of the exposure system for each
recording parameter. The following conclusions can be stated:
(1) In Fig. 8(a), when the moiré phase has 1∕8λ wavefront
error, the alignment error of the exposure system decreases as
the benchmark grating size increases. When the size of the
benchmark grating is 20 mm, the relative errors in the record-
ing length and angle are less than 0.0416% and 0.0012%,
respectively. If the relative alignment error is less than 0.01%,
the size of the benchmark grating should be greater than
40 mm. (2) Figure 8(b) shows that the F-number of the ex-
posure system significantly affects the recording length. As the
F -number increases, the available interferometric phase data
decrease and the recording length error rises, although the rel-
ative errors remain less than 0.01%. (3) Figure 8(c) indicates
that an increase in the benchmark grating’s wavefront error
causes the alignment error of the exposure system to grow.
If the relative alignment error is less than 0.01%, the wave-
front of the benchmark grating should be less than 1∕5λ.
(4) Figure 8(d) shows that the phase error of the exposure
system mainly impacts the recording angle γ of the different
grating grooves. As the grating groove density increases, the
relative error in the recording angle is reduced, as confirmed
by the grating equation. Because the relative error of all
recording parameters is less than 0.01%, this algorithm is

Fig. 8. Error source analysis: (a) influence of benchmark grating size
on recording parameters; (b) influence of system wavefront error on
recording parameters; (c) influence of groove density of benchmark
grating on recording parameters; (d) influence of F -number of expo-
sure system on recording parameters.
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applicable to different groove density gratings. (5) The relative
error is most strongly affected by the recording length, fol-
lowed in turn by the meridional angle and the sagittal pitch.

6. CONCLUSION

In this paper, we have proposed a moiré alignment algorithm
that ensures the accuracy of exposure system alignment and
enhances the holographic grating’s aberration-correction ability.
The proposed system overcomes certain problems in the proc-
ess of fabricated holographic gratings, such as relying on expe-
rienced personnel, alignment blindness, long manufacturing
periods, and insufficient alignment accuracy. Through theoreti-
cal modeling and simulations, the following conclusions can be
stated: (1) the proposed moiré alignment algorithm for holo-
graphic gratings obtains real-time recording parameters of the
exposure system, which helps to ensure the accuracy of align-
ment; (2) the multidegree of freedom physical model of the
exposure system supplements the aberration expression, and
gives the orthogonal basis of holographic grating aberration ex-
pressions for a rectangular aperture. These provide a theoretical
basis for analyzing the holographic grating aberrations; (3) our
moiré alignment algorithm provides better aberration-corrected
holographic gratings, as it enhances the ability for aberration
correction.
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