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a b s t r a c t

A novel Hadamard transform spectrometer collimated by a freeform lens has been designed, which
doubles the working spectral range while the spectral resolution is maintained. The freeform lens is
designed to redistribute the broadband spectra of the source from 800 nm to 2400 nm into two colli-
mated beams with different wavelengths and different tilting angles, to achieve the folding of spectra on
the digital micro-mirror devices (DMD). It is constructed by solving two partial differential equations.
The grating diffraction efficiency of the two split beams are more uniform and higher compared with the
traditional method. The simulation results show that the bandwidth of the spectrometer is doubled and
the spectral resolution is better than 10 nm. The optical system becomes more compact, and the energy
efficiency is improved by 11.98% by folding the spectra with one freeform lens and one grating.

& 2016 Published by Elsevier B.V.
1. Introduction

Near-infrared spectroscopy is becoming a well-established
analytical method to achieve quality monitoring and product
analysis in a wide range of applications ranging from agriculture to
petrochemical industry and also clinical medicine areas [1–3]. In
many cases, it's important to measure the spectra with high re-
solution and wide working wavelength range. For example, to
identify the quality of milk powder or medicinal material, a
spectrometer which has a wavelength range of 800–2500 nmwith
a resolution better than 10 nm is necessary to make the mea-
surement accurately and precisely [4]. However, most of the
commercially available near-infrared spectrometers can't achieve
high resolution and wide working wavelength range at the same
time, such as AvaSpec-NIR256-2.2 which has a spectral resolution
of 15 nm at working wavelength range of 1000–2200 nm. This
kind of situation has hindered the widespread use of portable
near-infrared spectrometer.

In a previous publication [5], we doubled the working wave-
length range of a portable Hadamard transform spectrometer
utomation, Chinese Academy
(HTS) with no decrease of the spectral resolution by using two
sub-gratings tilting with different angles. The spectral resolution
was 5.5 nmwhile the working wavelength range was from 800 nm
to 2000 nm. However, in its practical implementation, there are
some limitations with respect to the stray light caused by the two
sub-gratings and the precision of the sub-grating integration,
especially when the number of sub-gratings increases to several
tens [6]. Based on those findings, we propose a novel optical sys-
tem which not only reduces the complexity of the spectrometer,
but also improves the optical performance.

Compared with traditional optical components, freeform optics
can precisely control the distribution of light beams, and simplify
the system with fewer surfaces, lower mass which reduces the
difficulty in assembly [7–10]. In this study, we propose a novel
source collimating approach by using freeform lens to extend the
working wavelength range. The freeform lens is designed to
redistribute the light from source into two collimated beams in
different directions with different wavelength regions, from
800 nm to 1600 nm and from 1600 nm to 2400 nm, respectively.
Then only one plane grating is used to fold the spectra on DMD.
The main contribution of this article is presented in Section 2: the
derivation of the incident angles of the two collimated beams and
the calculation and construction of the freeform surface. The dif-
fraction efficiency of the grating is optimized to be more uniform
and higher over the entire band. The optical layout and simulation
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results are showed in Section 3. By folding the two bands on DMD,
the working spectrum range of the spectrometer is doubled while
the resolution is maintained. The spectral resolution is better than
10 nm and the diameter of the single element detector is smaller
than 4 mm. The simulation results show that the optical system of
this spectrometer becomes more compact, and the energy effi-
ciency is improved by 11.98%. What's more, the secondary spectra
of the spectrum-folded spectrometer are much easier to be
eliminated compared with traditional broadband spectrometers.
Fig. 2. Schematic of the light diffraction of bands A and B on the grating.
2. Design method of novel source collimating approach

2.1. The derivation of the incident angles

As an improvement, here a freeform lens is designed to redis-
tribute the irradiance from optical fiber into two collimated beams
in different directions propagating towards the grating, as shown
in Fig. 1. Then the two dispersed beams are focused onto the DMD
by imaging lens, folding the entire working spectrum into two
parallel and aligned spectral stripes on DMD with only one grating.
The DMD composed of a micro-mirror array of 1024�768, and
each mirror rotates either þ12° or �12° axis to the diagonal line
according to the code of Hadamard matrix [11]. It is used as the
mask of Hadamard transform to implement the spectrum encod-
ing. The modulated spectrum are reflected by DMD and focused by
the converging lens onto a single element detector. The original
spectra of the source are acquired by the decoding of Hadamard
transform [12].

In this work, the working spectra of the HTS, λ1 to λ3, is divided
into two bands with equal bandwidth of the wavelength window,
λ1 to λ2 (band A) and λ2 to λ3 (band B), corresponding to the two
spectral columns folded on DMD respectively. The incidence an-
gles onto the plane grating are the same for all the wavelengths of
band A, so as band B. The grating equation yields:
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Fig. 1. Schematic layout of the spectrum-folded near-infrared HTS.
where δAmax, δAmin , δBmax, δΒmin are the maximum and minimum
diffraction angles of spectra in band A and B, respectively. m is the
order of diffraction and d is the groove space of the grating. From
Eqs. (1) and (2), it can be concluded that the spectra of band A and
B are distributed within the same range of the diffraction angles
when the value of m and d is specified.

After being collimated by the freeform lens, rays of band A and
band B are incident on the grating with different angles iA and iB,
as shown in Fig. 2. δA and δB are the diffraction angles of λA and λB,
which are the corresponding central wavelengths of band A and B,
respectively. α is the angle between the collimated beam of band A
and Z axis. β is the angle between the collimated beam of band B
and Z axis. Z axis is the optical axis of the system. In order to align
the corresponding spectra of the two bands on the DMD surface,
their diffraction angles should be the same, which means δA¼δB.
Then the relationship between the incidence angles and the wa-
velengths can be derived as:

λ λ
− =

( − )
( )i i

m
d

sin sin . 3A B
A B

According to Eq. (3), the value of iA can be calculated once the
value of iB is specified, and vice versa. When the angle between the
grating normal and the Z axis is specified, the tilt angles of the two
collimated beams can be derived, which are essential to the ray
tailoring calculation of the freeform surface.

2.2. Calculation and construction of the freeform lens

To simplify the mathematical model, two assumptions are
made: (1) the front surface of the freeform lens is spherical and
centered at the origin of the coordinate; (2) a point source located
at the center of the sphere is adopted as the source. A ray sent out
from the source is incident on the front surface perpendicularly
and intersects with the freeform surface at point P. The coordinate
of point P(Px, Py, Pz) can also be expressed as ρ θ φ θ φ( ( ) )P , , , in the
spherical coordinate system. The ray from point P strikes the
grating at point G(x, y, z). Fig. 3 illustrates how a ray from the
point source is uniquely tailored to a point on the grating
plane. I, O and N are the incident, refractive and normal unit
vectors at point P, respectively. They can be expressed as:
I¼ ( )e e eI I I, ,x x y y z z ¼ φ θ φ θ φ( )e e esin cos , sin sin , cosx y z and



Fig. 3. The geometric layout of the freeform lens.
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O¼ ( )e e eO O O, ,x x y y z z . According to the vector form of Snell's law
[13], the following two partial differential equations [14] can be
derived:
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where n is the refractive index of the freeform lens, ρθ and ρϕ are
the first-order partial derivatives of ρ with respect to θ and ϕ.
Once the three components of vector O are acquired, the sampling
points of the freeform surface can be obtained by solving the
partial differential equations above.

To fold the two spectral bands on the surface of DMD, the
freeform surface is designed to split the diverging beam from the
point source into two collimated beams tilted at different angles
with respect to the optical axis (Z axis) as mentioned in Section
2.1. If both bands A and B are tilted only in YZ plane, the spectra of
band A and B will overlap with each other on the DMD. To avoid
this situation, at least one of the collimated beams should tilt in XZ
plane with a small angle. In our work, beam B is collimated by the
lower part (the value of y coordinate of point P is smaller than
zero) of the freeform lens and is tilted both in YZ and XZ plane at
angles of α and γ, respectively. Beam A is collimated by the upper
part (the value of y coordinate of point P is bigger than zero) of the
freeform lens and is tilted only in YZ plane at an angle β. Then the
vector PG of the upper part and lower part of the lens can be
computed as:

β= ( ( − ) − ) ( )PG z P z P0, tan , , 5z zupper

γ α= (( − ) ( − ) − ) ( )PG z P z P z Ptan , tan , , 6z z zlower

where z is the distance between the point source and the grating.
The unit vectors of the upper and lower part outgoing rays from
the freeform lens are derived as:
β
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Points P and G are related through geometrical-optics ap-
proach, which is different from the energy conservation based
tailoring method generally used in freeform surface design for il-
lumination and reshaping applications.

Substituting Eq. (7) or Eq. (8) into Eq. (4), ρθ and ρϕ become
functions of ρ (θ, ϕ, γ). In this work, γ is set to be 3°, ϕ varies from 0°
to 12°. Considering that the partial differential equations for bands A
and B are different, the sampling points for the upper and lower parts
of the freeform lens are calculated separately, so θ varies from 0° to
180° and from 180° to 360° for the upper and lower parts freeform
lens, respectively. The material of the lens is set to be N-BK7. The
contour of the freeform surface is constructed by solving the partial
nonlinear differential equations. Since the exact solution of the par-
tial differential equations is difficult or not at all to get, the fourth
order Runge-Kutta method is used to obtain the numerical solution.
The starting point is set to be (0, 0, 35 mm), which is the intersection
of the freeform surface with the Z axis.

Fig. 4 shows the discrete sampling points of the upper and
lower parts of the surface when α¼�6.11° and β¼8.03°, and
positive angles are defined for counterclockwise rotation and
negative angles for clockwise rotation. The calculation takes
about 20 s by a computer with 2 GHz CPU. So it's time efficient to
get a freeform lens through this approach. The smooth freeform
surface is constructed with non-uniform rational B-splines
(NURBS) in CAD software, as presented in Fig. 5. From Fig. 5, it
can be found that there's a dislocation at the intersection of the
two parts, which is resulted from the tilting of the lower part in
XOZ plane. To fold the two spectra stripes without overlapping,
this is more or less inevitable, depending on the value of γ.
Meanwhile, the advanced manufacturing technology makes it
feasible to fabricate such a freeform surface, either by injection
casting, ion implantation and flying cut with high performance at
present [15–17].
3. Parameters and simulation result

The numerical aperture of the fiber is 0.2. A 0.7 XGA DMD chip
with pixel size of 13.68 μm and a 712° tilt angle is adopted. The
wavelength range of band A is from 800 nm to 1600 nm and that
of band B is from 1600 nm to 2400 nm. The plane grating with a
groove density of 300 grooves/mm is tilted at 13.89° in YZ plane.
The incidence angles of bands A and B are 20° and 5.86° in YZ
plane, respectively. The minimal diffraction efficiency of the grat-
ing for spectra of band A and B is higher than 67% and 78%, re-
spectively, as shown in Fig. 6. However, the minimal diffraction
efficiency of the grating reduces to 35% when the whole spectrum
incident on the grating with the same angle of 13.89°. From Fig. 6,
we can see that the diffraction efficiency is more uniform and
higher over the entire band because of the beam splitting. The
radius of the spherical surface in the freeform lens is 30 mm, and
the focal length of the imaging lens is 35 mm. The theoretical re-
solution is 5.5 nm, when the diameter of the fiber is 100 μm.
Considering that the distance between the source and the free-
form surface is much larger than the size of the source, the fiber
here can be regarded as a point source, so it has little influence on
the performance of the freeform lens.

A side view of the optical system simulated by optical design
software Zemax is shown in Fig. 7. The spot diagrams of bands A



Fig. 4. The discrete sampling points of the lower (a) and upper (b) part of the freeform surface obtained by computing. The number of sampling points is 500�1000 for each part.

Fig. 5. The freeform lens constructed in CAD software.
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Fig. 7. Side view of the optical shaded model. The rays in blue and green color
represent wavelengths of band A and B, respectively. For spectrum on DMD, from
bottom to top, the green rays denote 800 nm, 1200 nm, 1600 nm, the blue rays
denote 1600 nm, 2000 nm and 2400 nm. (a) Spots diagrams on grating
(b) footprint on the single element detector. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
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and B on the grating after being collimated by the freeform surface
are shown in Fig. 8(a). The shapes of the two spots are in good
consistence with the profiles of the ray incident on the corre-
sponding surface part (upper and lower) of the freeform lens,
which are perfect standard semicircles. It indicates high perfor-
mance of beams collimation. The width of the grating is a half
comparing the case of no spectrum folding, which makes the
spectrometer more compact. The imaging lens is constituted of
two doublet lens. From Fig. 7, it can be seen that the spectra of
bands A and B are parallel, aligned and end to end on the DMD. A
toroidal lens is adopted as the converging lens to focus the spot on
the single element detector both in x and y directions. The focal
lengths of the toroidal lens in x and y direction are 10.3 mm and
21.3 mm, respectively. The spots of different wavelengths of band
A and band B focused on the detector are shown in Fig. 8(b). The
diameter of the overlapped spot is smaller than 4 mm, and a 5 mm
single element detector is a much more cost effective and compact
solution compared to an array detector. Fig. 9 shows two sets of
spot diagrams and the energy distribution of the two distin-
guishable wavelengths in DMD. According to Rayleigh criterion,
Fig. 6. Grating diffraction efficiency at different wavelengths, the incidence angle for bands A and B are 20° and 5.86°. The diffraction efficiency of the whole spectral range is
calculated assuming that the ray incident parallel to the Z axis.
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Fig. 8. Spots diagrams on grating (a) and single element detector (b). The dashed dark line on (a) is a standard semicircle. The blue and green color dots denote the
wavelengths of band A and band B, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Spot diagrams of the fiber's image and the corresponding energy distribution and irradiance chart on DMD.
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the two sets of wavelengths on DMD can be distinguished, and the
simulated resolution is better than 10 nm. The total size of the
optical system is about 80 mm�65 mm�30 mm.

In our previous spectrometer [5], three pieces of lenses and two
sub-gratings are needed to fold the spectra on DMD. The only way to
increase the number of the spectra folds is to increase the number of
sub-gratings, which may cause much more energy absorbed by
grating holders and lead to larger error during the alignment as well.
Fig. 10(a) and (b) shows the energy absorbed by two grating holder is
about 11.5% of the source energy, and the irradiance maps are ob-
tained by setting the grating holder as perfect absorber. The flux for
the zero order diffraction and the second order diffraction of the two
sub-gratings is about 16.7% of the source energy. However, in the
spectrometer we designed above, one freeform lens and one plane
grating can achieve the spectra folding perfectly, which makes the
spectrometer more compact than before. And only the freeform lens
needs to be redesigned when the number of the spectral folds
increases. The energy loss caused by the dislocation on the freeform
surface is 0.23%, as shown in Fig. 10(c), and the irradiance map is
obtained by placing a perfect absorber behind the lens. The flux for
the zero order and the second order diffraction light of the plane
grating is about 13.1% of the source energy. The stray light caused by
the sag departure of the freeform surface can be eliminated by
coating a stripe absorbing film (with a width of 180 μm) on the
spherical surface along the direction of the dislocation, and the ab-
sorbed energy is about 1.22% of the source energy. Table 1 shows the
energy and structure comparison between the two kinds of Hada-
mard Transform spectrometers. If the freeform lens is volume-pro-
duced by injectionmolding method, the cost will be quite low. So it is
prospective to be used in many commercial applications where high
resolution and wide working wavelength range are required at the
same time.

Considering that the broadband spectra from the source pro-
pagate through both the upper and lower parts of the freeform



Fig. 10. Comparison of sub-gratings and the freeform lens in the two kinds of HTS.
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Table 1
Comparison of the two kinds of HTS.

Freeform lens colli-
mated HTS

Sub-grating HTS

Elements to achieve
spectra fold

One freeform lens, one
grating

Three piece of lenses,
two sub-gratings

Energy loss (respect to
source energy)

14.32% 26.3%
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lens, measures should be taken to suppress the stray light. Given
that the secondary spectrum of 800 nm will overlap with
1600 nm, two band-pass filters with pass-band from 800 nm to
1580 nm and 1580 nm to 2400 nm are placed behind the corre-
sponding parts of the freeform lens to block the wavelengths from
1580 nm to 2400 nm and 800 nm to 1580 nm. Meanwhile, the
spectra from 1580 nm to 2400 nm will not be influenced by the
secondary spectra of 800 nm to 1200 nm, which is another ad-
vantage of the spectrum-folded spectrometer compared with
traditional broadband spectrometers.
4. Conclusion

In this study, a novel Hadamard transform spectrometer colli-
mated by a freeform lens is designed which doubles the spectral
bandwidth while maintaining the resolution. The freeform lens
redistributes the light beam of source into two collimated beams
with different wavelengths and different angles. The entire spec-
tral band from 800 nm to 2500 nm is folded on DMD as two
parallel and aligned spectra bands, from 800 nm to 1600 nm and
from 1600 nm to 2400 nm. The simulation results show that the
spectral resolution is 10 nm, and the diffraction efficiency of the
grating becomes more uniform. Compared with the prior spec-
trometer we designed, the optical system of this spectrometer
becomes more compact, and the energy efficiency is improved by
11.98%. Further work will focus on the design of freeform surfaces
which can collimate the broadband spectra irradiant from ex-
tended light sources.
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