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Performance analyses of subcarrier BPSK modulation
over M turbulence channels with pointing errors
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An aggregated channel model is achieved by fitting the Weibull distribution, which includes the effects of atmospheric at-

tenuation, M distributed atmospheric turbulence and nonzero boresight pointing errors. With this approximate channel

model, the bit error rate (BER) and the ergodic capacity of free-space optical (FSO) communication systems utilizing sub-

carrier binary phase-shift keying (BPSK) modulation are analyzed, respectively. A closed-form expression of BER is de-

rived by using the generalized Gauss-Lagueree quadrature rule, and the bounds of ergodic capacity are discussed. Monte

Carlo simulation is provided to confirm the validity of the BER expressions and the bounds of ergodic capacity.
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Recently, free-space optical (FSO) communications have
become a hot topic with plenty of advantages, such as
huge bandwidth, large capacity and high security!' ™. It is
essential to build a mathematic model that accurately
describes the composite probability density function
(PDF). Various irradiance PDF models have been dis-
covered to model FSO channel, such as gamma-gamma
(GG, log-normal (LN)!"! and K distribution. Recently,
an M distribution is proposed to model the turbulence-
induced fading™. It is valid for weak to strong turbulence
conditions, and the accuracy of the distribution is con-
firmed by the simulation data of unbounded plane and
spherical waves.. In Ref.[10], the bit error rate (BER) of
binary phase shift keying (BPSK) subcarrier intensity
modulated generalized FSO system has been analyzed,
but the ergogic capacity is not analyzed. The channel
capacity for on-off keying (OOK) modulation for M dis-
tributed channel with a tractable pointing error PDF
model has been investigated in Ref.[11]. In Ref.[12], the
average BER performance has been derived for the com-
posite M distributed fading channel in the OOK modula-
tion scheme. Moreover, the pointing errors in the above
literature only consider the jitter of the building. In
Ref.[13], the nonzero boresight pointing error model has
been proposed for urban FSO links. It is used with the M
distributed PDF in order to analyze the outage probability
of FSO links with relays in Ref.[14].

In this paper, the BER performance and the ergodic ca-
pacity of subcarrier BPSK modulation are analyzed in the
FSO system over an M distribution channel with the non-
zero boresight pointing error model. The Weilbull curve
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fitting is used for the PDF of the channel gain in order to
derive the closed-form expression of BER. Besides, the
upper and lower bounds of the ergodic capacity are ob-
tained by an approximate way, respectively.

A point-to-point (P2P) link is considered for the FSO
system. At the transmitter, the data source d(#) is pre-
modulated into the radio frequency (RF) signal m(f).
Without loss of generality, it’s assumed that the power of
m(?) is normalized to 1. If the intensity modulation (IM)
is utilized, the transmit power P(f) can be written as
P(t)=P[1+&m(f)] ,where P defines the direct current (DC)
power, and ¢ stands for the modulation index. It’s satis-
fied that —1<&m(#)<1 so as to avoid over modulation, if
it’s properly biased. It also should be noticed that the
average power is equal to P, if m(¢) is modulated in
BPSK scheme.

In the receiver end, the received optical power is con-
verted into the electrical signal through direct detection
(DD) at the photodetector. Assuming /(%) to be the chan-
nel gain of the P2P link, the received electrical signal y(¢)
of photodetector can be written as!’!

Y(O=Rh(1)P(t)+n(2), M

where R stands for the photodetector responsivity, () is
the equivalent noise including thermal noise and shot
noise at the receiver, which can be modeled as additive
white Gaussian noise (AWGN).

For the convenience, it’s assumed that % is short for the
value of A(7) at the sample time 7y, which means #=h(t).
In the similar way, it’s defined that P=P(t,), n=n(ty) and
y=1(ty). In this simplification, the propagation delay is
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ignored. The output signal-to-noise ratio (SNR) y can be
given as

(PRE)

O

n

h=y-h, 2

where o, is the noise standard deviation, and 7 is de-
fined as the SNR without fading assuming normalized
channel gain.

In this paper, a compound channel model is considered,
which is made up of atmospheric attenuation 4, pointing
error /1, and atmospheric turbulence 4, i.e., h~=h;"hy h,,. In
the FSO system, the atmospheric attenuation %, can be
calculated by the exponential Beers-Lambert law, which
is

h(z)=exp(—oz), 3)

where z denotes the propagation distance, and o is the
atmospheric attenuation coefficient.

The atmospheric turbulence 4, follows an M distribu-
tion based on the distinction between the classic scatter-
ing fields. The PDF of A, can be written as'”!
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where a represents the effective number of large-scale
cells of the scattering process which is a positive parame-
ter, and £ denotes the amount of fading parameter which
is a nature number. {,=u{ stands for the average optical
power of classic scattering component received by off-
axis eddies, where { is the average power of the total
scatting components, and 0<u<1 is a scale factor. Q' de-
notes the average optical power of coherent contributions,
which is the line of sight (LOS) component and the cou-
pled-to-LOS scattering term. /1) is the Gamma function,
and K;() is the modified Bessel function of the second
kind with the order i.

Both the boresight and the jitter are considered, the
PDF of the nonzero boresight pointing error 4, is given as

7. (h)=
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where A, is the fraction of the collected power when the
detector center satisfies »=0. A4, can be derived as

Ag=erf(v), where v=+lna/ (\/sz) represents the ratio

between aperture radius a and beam width w,, and erf(*)
denotes the error function. w4 strands for the equivalent
beam  width, which can be calculated by

WL, =W Jnerf (v)/ [2vexp(—vz)] , and Io(*) denotes the
zero-order modified Bessel function of the first kind.
p=wW,, (\/Ew) » s is the zero boresight error, and o is
the jitter standard deviation at the receiver.

Considering the independence of 4, h, and A, the PDF
of 4 could derived as''®
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However, the PDF of 4 is too complex to calculate the
theoretical values of BER and the ergodic capacity. In-
stead, a simplification method is illustrated.

The Weibull PDF was introduced as a generalization
of the exponential PDF, which originally appeared in the
field of reliability engineering!"”!. Recently, the Weibull
distribution has been used to propose a double-Weibull
process, in order to describe the PDF of the irradiance
fluctuations in moderate and strong regimes of turbu-
lence!'®, besides in wireless communication where some
channels are modeled with Weibull fading!”. It’s pro-
posed that the Weibull PDF becomes a useful distribution
to model the received power fluctuations in an optical
link through the atmospheric turbulence under aperture
averaging conditions!'®.

The curve fitting is utilized to approach the channel
gain 4. Taking the monotony of PDFs of 4, and 4, into
consideration, Weibull distribution is proposed to fit the
PDF of 4. And the PDF f’h(h) of Weibull distribution is
given as

ﬁ(h)z%(%j_ ~exp{—(%j }, x>0, (8)
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where A stands for the shape parameter, and & denotes
the scale parameter. Both A and & need to be positive. It
needs to be noticed that each group of (4, k) is corre-
sponding to one kind of atmospheric channel with point-
ing errors. That is, 4 and & are both influenced by o, o5, w.,
a,f, ¢, 2,5, aand z.

Fig.1 shows the curve fitting distributions of Weibull
PDF fh(h) and the density histograms of the channel

gain / in the simulation, while the simulation parameters
are given in Tab.1.
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Fig.1 Density histograms of the channel gain h in
simulation with a=2, 4 and 6 and corresponding curve
fitting distributions of Weibull PDF

It can be derived from Fig.1 that the Weibull distribu-
tion almost fits the channel gain perfectly as a whole.
Moreover, when /4 is smaller than about 10, the prob-
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ability density values in fitting curves are a little larger
than those in corresponding histograms.

The statistics parameters of the fitting and simulation
are given in Tab.2. It illustrates that the fitting results
(both mean and variance of /) are approximate to those
simulation results.

Tab.1 Simulation parameters

Parameter Value

Optoelectronic conversion factor R (A/W) 0.5

Modulation index ¢ 0.9

Noise standard deviation g, (A/Hz) 107
Atmospheric attenuation coefficient o (dB/km) 8

Jitter standard deviation o5 (m) 0.2

Beam width w, (m) 2.5

Effective number of large-scale cells a 2,4,6

Amount of fading parameter 2

Average optical power of classic scattering component 02

received by off-axis eddies ¢,

Average optical power of coherent contributions Q' 0.8

Zero boresight error s (m) 0.3

Aperture radius a (m) 0.1
Propagation distance z (km) 1

Tab.2 Statistics parameters of fitting and simulation

Parameter 0=2 o=4 o=6
Scale parameter 4 (x10™) 4.380 4.748 4.862
Shape parameter k (x10™) 8.660 9.785 1.034
Mean of / by simulation (x10) 4.797 4.700 4.797
Mean of % by fitting (x10™) 4.710 4.793 4.796
Variance of 4 by simulation (x107) 3.116 2.376 2.214
Variance of / by fitting (x10°7) 2.978 2.399 2.312

In order to achieve the expectation value P, ¢, of BER,
the conditional BER is considered for the BPSK modula-
tion, which can be expressed as

P (h)=0(\27r"), ©

where O(-) denotes the Gaussian Q function. And the
expectation value P, 4 can be calculated by

P, = [ o(\27# )7, (n)dh. (10)

For convenience, assume that z=R’F’h’/(207) .

Then Eq.(10) can be expressed as
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(11)
Note that Eq.(11) has the form of [ x"¢”f(x)dx. In

order to derive the closed-form expression of P g, the
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generalized Gauss-Lagueree quadrature rule is utilized.
And Eq.(11) can be changed as

o
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where z, is the mth root of the generalized Laguerre
polynomial L (z), and the weight 17, is given by

_— r(n+1/2)z,
"ol [ ()]

(13)

where I(-) denotes Gamma function with I7(x)=

J:t”"e”dt )

The ergodic capacity is proposed to measure the effec-
tiveness of a communication system if the channel gain 4
changes quickly enough, i.e., all the data in one set can
experience all the possible value of 4, which seems not
suitable for the FSO system. However, interleaving
makes it possible for a set of data to experience all the
possible values of # with enough interleaving depth. And
the expectation of the ergodic capacity is given as

(PRE)
o,

E(C)= [ log, {H -hzlfh(h)dh. (14)

It’s still too complex to derive the closed-form theoretical
result of Eq.(14). As a result, the bounds of the ergodic
capacity are discussed below. Due to the concavity of the
ergodic capacity, Jensen’s inequality is utilized, which is

E(C)= E{log2 [1 + (Pf_f)z hz” <

log, |}+ (Pf_é:)z E(hz)} ,

(15)

n

and it can be simplified as

E(C)<log, {l+ﬂ
o

n

~(var(h)+[E(h)T)}. (16)

After obtaining the upper bound, the lower bound of
Eq.(14) can be derived as

E(C)= E{log2 {1 + (Pf_f)z W }} >
ope]

where {x}" means the maximum of x and 0, in order to
avoid E(C)<0 when the transmit power P, is not larger

an
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Eq.(17) can also be written as the form of
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So Egs.(16) and (18) illustrate the bounds of ergodic ca-
pacity.

The simulation results and the theoretical results are
analyzed as follows. The simulation parameters are given
in Tab.2. The BER performances are described in Fig.2
with the increase of average transmit power 7. As shown
in Fig.2, the theoretical results are in accord with the
simulation results. The BER has a better performance
when the transmit power P; increases.

It can be obtained from Fig.2 that the BER perform-
ance gets better with the increase of w./a. However, the
difference between simulation and theoretical results be-
comes larger, when the transmit power P, is greater than
a threshold, which is 0 dBm in Fig.2. When the transmit-
ting power P, is smaller than the threshold, 7 is mainly
influenced by P,. However, with the further increase of P,,
the channel gain # mainly influences the BER perform-
ance. As described in Fig.1, the probability of % in the
PDF fitting curve is larger than that in simulation when 4
is not larger enough, which is consistent with the results
in Tab.l. That’s why the theoretical curve departures
from the simulation with larger P..

(18)
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Fig.2 Simulation and theoretical BER performances
versus the average transmit power P; with different w./a

Fig.3 shows the BER performances for the subcarrier
BPSK FSO systems with different zero boresight errors s
when the other simulation parameters are the same as
those in Tab.2. It can be concluded from Fig.3 that, with
the increase of s, the energy collected at receiver aperture
decreases, which makes the BER performance worse.
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Fig.3 BER performance versus the average transmit
power P with different zero boresight errors s

The capacity performance is shown in Fig.4. The theo-
retical result accurately coincides with the simulation
result. Moreover, both the simulation and theoretical re-
sults almost lie between the upper and lower bounds of
E(C). As discussed above, the mean value satisfies that
E(h) < E(h), and the PDF of / is greater than that of /
when /4 is small. While, the PDF of /% is smaller than that
of 4 when /4 becomes larger. As a result, the simulation
result is greater than the upper bound.
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Fig.4 Capacity performance and its bounds versus
the average transmit power P;

It’s also noted in Fig.4 that the lower bound is zero
when P; is smaller than —5 dBm. Due to the fact that the
lower bound in Eq.(18) is in the form {x},
(PRE) -h* /67 <1 can result in the lower bound of 0.
And it can be estimated that the threshold of the trans-
mission power is Py=0,/(hARS).

In conclusion, the BER and the ergodic capacity perform-
ances of subcarrier BPSK modulation over atmospheric tur-
bulence channel with pointing errors are investigated. An
aggregated channel model, including the effects of atmos-
pheric attenuation, M distributed atmospheric turbulence and
nonzero boresight pointing errors, is considered, and an ap-
proximate model is achieved by fitting the Weibull distribu-
tion. A closed-form expression of BER is derived by utilizing
the generalized Gauss-Lagueree quadrature rule, and the
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bounds of ergodic capacity are discussed. Numerical results
show that the derived theoretical expressions of the BER and
the bounds of ergodic capacity can be utilized to approximate
the simulation results almost perfectly.
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