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tion ratio during the deformation process is obtained based on the kinematics theories. Elastic
beam theory is adopted to analyze the deformation of the hinges, and a novel formula of theoret-
ical displacement amplification ratio is carried out. A conclusion is reached that the displacement
amplification ratio is not related to the material and thickness of structure. Moreover, this conclu-
sion is verified by finite element method. The relationship between displacement amplification
ratio and the structural dimensions is analyzed in depth. After the comparisons with existing
Kinematic theory methods, the formula obtained by elastic beam theory in this paper is proved to be more reliable.
Elastic beam theory And this conclusion is confirmed by the comparison with previous experiment. Furthermore, the
Finite element method (FEM) influence of geometric nonlinearity of bridge-type mechanism is also well analyzed.
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1. Introduction

Due to the characteristics of high force, high stiffness, high resolution and fast response, piezostack is a typical actuator for ultra-
precision motion and positioning [1-4]. A major drawback of conventional piezostack, which limits its applications, is its relatively
small deformation range. Generally, the deformation range of piezostack is about 0.1% of its own length [5,6]. In most of its applica-
tions, larger working ranges are required. Therefore, amplification mechanisms are needed. Flexure-based compliant mechanism is
the first choice, which has no backlash, no lubrication requirement, repeatable motion and vacuum compatibility [7-10]. Lever-
type mechanism is the most common one [11,12]. In addition, bridge-type, four-bar linkage and Scott-Russell mechanisms are also
frequently used [13-17]. Comparing to the traditional amplifiers, bridge-type mechanism has a compact structure and a large
displacement amplification ratio. Therefore, bridge-type mechanism becomes more and more popular in modern industry.

So far, there are many different types of flexure hinges have been developed, such as right-circular, elliptical, parabolic, right-angle,
hyperbolic, V-shaped, cycloidal, corner-filleted and hybrid flexure hinges [18-20]. Different profile has different performance and
characteristics. Generally, the right-circular hinge profile has the highest stiffness, and the right-angle hinge profile has the lowest
stiffness. In the paper, right-angle hinge was adopted.

Pokines and Garcia [21] analyzed the relationship between the ideal displacement amplification ratio of bridge-type mechanism
and the angular variation of bridge arm, as he designed and fabricated a MEMS-type micro-amplification device. Lobontiu and Garcia
[22] analyzed the relationship between the ideal displacement amplification ratio of bridge-type mechanism and input displacement.
In the same paper, Lobontiu and Garcia also derived stiffness and displacement formulas of bridge-type mechanism based on the
principle of strain energy and Castigliano's second theorem, but these formulas are too complicated and lack of practicality.
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Ma et al. [13] derived the ideal displacement amplification ratio of bridge-type mechanism using kinematic theory, and derived the
theoretic displacement amplification ratio using virtual work principle. However, the output displacement was obtained by geometric
relations, and its elastic deformation was not considered. So, this theoretic formula is not consummate. Ye et al. [23] derived the
theoretic displacement amplification ratio of bridge-type mechanism using kinematic principle and elastic beam theory, but he
neglected the tensile deformation and deflection of hinges. In this paper, the kinematic characteristics of bridge-type mechanism
are deeply analyzed, and a new theoretic displacement amplification ratio formula is derived based on elastic beam theory.
Meanwhile, the relationships between displacement amplification ratio and the material and dimensions of the structure are
analyzed. According to the analysis, a conclusion is reached that the displacement amplification ratio of bridge-type mechanism is
not related to the material and thickness of the structure, and it is verified by finite element analysis (FEA). After comparisons with
all mentioned methods, the new formula is proved to be more reliable. In order to confirm this conclusion, comparison with previous
experimental results has also been made. Because of the geometric nonlinearity of bridge-type mechanism, nonlinear static analysis is
taken. And the influence from input displacement to displacement amplification ratio is well analyzed.

2. Kinematic analysis of bridge-type mechanism

The schematic of bridge-type mechanism is depicted in Fig. 1. From Fig. 1, it is easy to obtain that the displacement amplification
ratio of bridge-type mechanism is the ratio of output displacement to input displacement, and the input displacement is actually the
elongation of piezostack. Before the kinematic analysis is taken, the bridge-type mechanism requires to be simplified into an ideal
multi-rigid body mechanism with ideal pivots, as shown in Fig. 2. Because of the double symmetrical structure, only one arm of the
mechanism is needed to be analyzed. Fig. 3 shows the one quarter-model of the mechanism.

Pokines and Garcia [21] derived the ideal displacement amplification ratio of bridge-type mechanism from the angular variation of
bridge arm:

| sina—sin(a—Aq) |
amp | cosa— cos(a—Aa)|

)

Lobontiu and Garcia [22] derived the ideal displacement amplification ratio of bridge-type mechanism using geometric relations of
the input displacement and output displacement:

\/Lu2 - sinfa—2L, - AL; - cosa—AL% + L, - sina

Ramp = AL] (2)

Ma et al. [13] analyzed the instantaneous velocity of bridge-type mechanism, and derived the ideal displacement amplification
ratio of bridge-type mechanism using kinematic relations:
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Actually, Eq. (3) represents the transient expression of Eq. (1) [13]. Deformation is a dynamic process, so the displacement
amplification ratio is a dynamic value in the procedure of deformation. Then, the even displacement amplification ratio of the
whole procedure of deformation is
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Fig. 1. Schematic of bridge-type displacement amplification mechanism.
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Fig. 2. Schematic of ideal model of bridge-type mechanism.

Based on geometric relations, the following relationship can be obtained when the deformation is small:
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where Ax denotes the input displacement. Therefore, Eq. (4) can be written as:
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Actually, if the input displacement is relatively large, Eq. (6) is more accurate than Eq. (3); or else, the difference between Eq. (3)
and Eq. (6) could be ignored.

3. Analysis based on elastic beam theory

There are too many simplifications in the above analysis, such as the deformation of flexure hinges is ignored. Otherwise, the
material properties may also influence the displacement amplification ratio of bridge-type mechanism. So, analysis based on elastic
beam theory is taken in this section.

Since the big differences of topology, each arm of the bridge-type mechanism can be regarded as a rigid link connecting two flexure
hinges, and the flexure hinge can be regarded as an elastic beam. By the same token, only a quarter of the elastic model is needed to be
analyzed, as shown in Fig. 4.

From the force equilibrium theory, it is easy to get that F4 = Fz and 2M, = 2Mp = F4-h. In order to simplify the expression, make
Fy = Fg =Fand My = My = M. Fig. 5 shows elastic deformation of quarter model of bridge-type mechanism. Then, the displacement
amplification ratio of bridge-type mechanism can be written as:

24y Ay
amp_m_ﬂ (7)

Fig. 3. Quarter of ideal model of bridge-type mechanism.
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Fig. 4. Quarter of elastic model of bridge-type mechanism.

Furthermore, a certain angle of rotation is occurred both in the flexure hinges and rigid link. Fig. 6 shows the local detail of rotation
of bridge-type mechanism. According to the Euler-Bernoulli beam theory, the cross-sectional plane of deformed beam is still
perpendicular to the deformed axis, and one can derive that:

A0 = A9, 8

So, Af can be obtained from the rotation of flexure hinges. In addition, flexure hinges A and B have the same angle of rotation,
because of the same force status. Fig. 7 shows the force status and deformation of flexure hinge A.

As shown in Fig. 7, flexure hinge A can be considered as a cantilever. Based on the elastic beam theory, the following relation can be
obtained:

F
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where K; and K, denote the translational stiffness and the rotational stiffness of right-angle flexure hinge, respectively.

Comparing with its dimensions, the deformation of bridge-type mechanism is generally very small. That is to say A is very small.
So, the chord length generated by rotation of the rigid body approximately equals to the arc length corresponding to A6. Then, the
following relationship can be derived:

Ax =2Ax;+ V1> + h? - A9 - sinf = 2Ax, + h - A0 (10)
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Fig. 5. Elastic deformation of quarter model of bridge-type mechanism.
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A6

Fig. 6. Local detail of rotation of bridge-type mechanism.

From Egs. (7) and (10), the displacement amplification ratio can be expressed as:

Ay 2Ay,+L-A9

R“m"_Ax_ZAx,+h-A0 (I

In view of Egs. (8) and (9), Eq. (11) can be further written as:

|
Ay 2K, 2K, Ih-K+Lh oK, 12
P Ax o 2F h.Lh 4Ky +h* - K,
K 1K,

In the literature, stiffness of different types of flexure hinges has been derived. Koseki et al. [16,24] derived the compliance matrix
of the flexure hinge from beam theory. The hinge compliance equation is as follows:

X =CF (13)

F =KX (14)

Fig. 7. Force status and deformation of right-angle flexure hinge.
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The matrix C is the compliance matrix of flexure hinge, and K is the stiffness matrix of flexure hinge. It is obvious that C and K are

inverse matrix of each other. The compliance matrix of right-angle flexure hinge is as follows:
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where E is the elastic modulus, G is the shear modulus of hinge material, and k; is a geometrical constant determined by b/t [16,24].
The coordinate system of the right-angle hinge is shown in Fig. 8.

Only the planar stiffness needs to be considered for a bridge-type mechanism. So, K; and Ky can be derived from Eq. (15) as
follow:

Ebt Ebt?
K== Ko =35 1o

From Eqgs. (12) and (16)

Ebt Ebt
R _ﬂ_lh'T+hL'T_3h(l+L)
amp_elastic — Ax - Ebt3 . h2 Ebt - tz + 3h2

4 121 I

(17)

From Eq. (17), it can be seen that the displacement amplification ratio of bridge-type mechanism is not related to the material and
thickness of the structure. We can also find that the displacement amplification ratio is not related to the length of L or I, when the
horizontal distance between the centers of hinges (L, in Fig. 2 or L + [ in Fig. 4a) is fixed.

Fig. 10 shows the relationship between displacement amplification ratio and structural dimensions. And the structural dimensions
of the bridge-type mechanism are shown in Fig. 9.
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Fig. 8. Coordinate system of right-angle flexure hinge.
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Fig. 9. Structural dimensions of bridge-type mechanism.

4. Comparison of different materials and thicknesses

To verify the conclusion that the amplification ratio of bridge-type mechanism is not related to the material and thickness (b in
Fig. 9) of the structure, FEA is carried out in this section. The FEA is realized by commercial software ANSYS11.0, and solid45 element
is chosen to build the model. Most of the elements are hexahedron elements, and some prism-shaped elements exist. The element size
is 1 mm. Since the deformation of bridge-type mechanism mainly occurs at flexure hinges, the element size of the hinges is defined as
0.5 mm. The geometrical parameters of the bridge-type mechanism are shown in Fig. 9. In order to enable the comparisons, six
samples were set. And the parameters of the material and thickness are shown in Table 1.

The undersurface of link 1 is fixed. Impose 10 pum displacement on the inner surface of link 3 along the reverse direction of X-axis,
and 10 pm displacement on the inner surface of link 4 along the X-axis direction. And then the displacement of link 2 is the output
displacement of bridge-type mechanism. The results of FEA are shown in Table 2, and Fig. 11 shows the deformation of these six
samples. From Table 2, it can be seen that the output displacements and amplification ratios of these six samples are almost the
same, only modal frequencies are changed. It verifies the conclusion mentioned in Section 3 that the displacement amplification
ratio of the bridge-type mechanism is not related to the material and thickness of the structure.

5. Comparison with existing methods
Eq. (18) is derived by Ma using kinematic principle and virtual work principle [13]. And Eq. (19) is derived by Ye using kinematic

principle and elastic beam theory [23]. In this section, comparisons of five methods (Eq. (6), Eq. (17), Eq. (18), Eq. (19) and FEM) are
carried out. The results calculated by the FEM can be regarded as true value when the model and the boundary conditions are properly
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Fig. 10. Relationship between displacement amplification ratio and structural dimensions.
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Table 1
Parameters of different samples.
Sample Elastic modulus (GPa) Poisson's ratio Density (kg/mm?) b (mm)
1 206 0.27 7.85exp.—6 10
2 71 0.27 2.81exp.—6 10
3 71 0.33 2.81exp.—6 10
4 206 0.27 2.81exp.—6 10
5 71 0.27 2.81exp.—6 8
6 71 0.27 2.81exp.—6 12

prepared. So, in this paper, the displacement amplification ratio calculated by FEM is regarded as the actual displacement
amplification ratio.

I, cosa

RampJVIA = t2 cosar (18)
cosc 6l sina + 1, sina
. ( h > . ( h 6Fhl>
sin( arctan—— | —sin( arctan—— — ——
I+L I+L Ebe? (19)

Ramp.ve = " h GFhl\ . h
cos ( arctan—— W) cos ( arctan l-TL)
The structural dimensions, which are needed in this section, are shown in Fig. 9. Several non-structural parameters are still
required in Eq. (6) and Eq. (19), as shown in Table 3. The relationships between the displacement amplification ratio and dimensions
of bridge-type mechanism using different methods are shown in Fig. 12, where Ramp-ideal, Ramp-elastic, Ramp-MA, Ramp-YE and
Ramp-FEM represent the displacement amplification ratio obtained using Eq. (6), Eq. (17), Eq. (18), Eq. (19) and FEM, respectively.
There are two things that should be illuminated: in Fig. 12e, the horizontal distance between the centers of hinges was fixed
(L + 1= 15.5mm); in Fig. 12f, the length of the four arms of bridge-type mechanism was fixed (L + 2 | = 18.5 mm). So, L is
changed when [ varied, in these two situations.
From Fig. 12a, it can be seen that the curves of Ramp-elastic, Ramp-MA and Ramp-FEM have the same shape. Each of these three
curves has a threshold. And after each own threshold, all the three curves descend with the increase of h. Furthermore, the threshold
value of Ramp-elastic can be derived from Eq. (20).

3h(l+1L) Comp V3
d(m>/d(h)_0 h=3t (20)

From Eq. (20) and Eq. (17)

V3
3x—t-(I+L
Runpi 3 z)*g(l“) 1)
£ +3(% t

From Eq. (20) and Eq. (21), one can observe that the threshold and peak value of Ramp-elastic are related to the width of hinges.
However, Ramp-ideal and Ramp-YE decrease continuously with the increase of h. Furthermore, all these five curves get closer and
closer with the increase of h, when h is large enough.

Fig. 12b shows that Ramp-elastic, Ramp-MA and Ramp-FEM decrease when t increases, and Ramp-FEM decreases faster than
Ramp-elastic and Ramp-MA. It is mainly caused by two reasons: 1). the applicability of elastic beam theory gets worse when the
ratio of t/l increases; 2). the difference of stiffness between hinges and “rigid link” decreases with the increase of t, so the deformation

Table 2
Comparison of results of different samples.
Sample Maximum nodal stress Output displacement First mode Second mode Third mode Fourth mode Amplification
(MPa) (mm) (Hz) (Hz) (Hz) (Hz) ratio
1 102.136 0.144639 190.23 351.30 623.71 684.09 7.23195
2 35.202 0.144639 186.66 344.71 612.01 671.26 7.23195
3 35.783 0.144465 189.77 350.39 615.38 682.20 7.22325
4 102.136 0.144639 317.95 587.17 1042.5 11434 7.23195
5 35.228 0.144612 186.45 34431 516.80 670.46 7.2306
6 35.194 0.144666 186.81 344.98 671.79 705.19 7.2333
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Fig. 11. Deformation of bridge-type mechanism.

of “rigid link” cannot be neglected. Since Eq. (6) has no relationship with the width of hinges, the curve of Ramp-ideal is a horizontal
line in Fig. 12b.

From Fig. 12c and Fig. 12d, one can observe that Ramp-ideal, Ramp-elastic, Ramp-MA, Ramp-YE and Ramp-FEM increase with the
increase of L and L. The curves of them are linear, and their slopes are almost the same.

From Fig. 12e, it is seen that the all the five curves are almost horizontal lines. So, a conclusion can be drawn: the displacement
amplification ratio of bridge-type mechanism is not related to length of hinges when the horizontal distance between the centers
of hinges is fixed. Fig. 12f shows that the displacement amplification ratio of bridge-type mechanism decreases with the increase of
the length of hinges, when the length of the arms of bridge-type mechanism is fixed.

From all the six charts of Fig. 12, it is easy to see that the curve of Ramp-elastic is the nearest one to the curve of Ramp-FEM. So, it
indicates that Eq. (17) is more accurate than the other formulas. Among all the formulas above, Eq. (3) has the most concise
configuration, but the value of it keeps increasing with the decrease of h, and has no limits. Obviously, that is impossible, so its
application is limited. Because Eq. (6) is derived from Eq. (3), it also has the same defect. And it can be seen in Fig. 12a. After
comparison, it is easy to observe that Eq. (19) is similar to Eq. (1), and the only difference is that the angular displacement is obtained
by elastic beam theory in Eq. (19). But the tensile deformation and deflection of hinges are neglected, that means Eq. (19) is not much
better than Eq. (1). Besides that, Eq. (19) has another drawback that you should know the input force from the actuator before you use
this formula, and that is almost impossible. In addition, the value of F has a great impact on the result of Eq. (19). As mentioned in
Section 1, the output displacement of Eq. (18) is obtained only by geometric relations and the elastic deformation was neglected,
so its accuracy is debased.

6. Comparisons with previous experiment

Theoretical analysis always has some discrepancies with practice. So, it is very necessary for those analytical formulas to compare
with experimental results. There are some experimental works of bridge-type mechanism that have been done by researchers; thus it
is very convenient to make this comparison.

Kim et al. [25] designed a long stroke self-guiding stage. This stage is composed by two parallel-connected bridge-type
mechanisms and driven by one piezo actuator. And the only difference of these two bridge-type mechanism is the deformation
direction, which makes the stage act like a “push-pull train”. This form of structure can improve the positioning accuracy of the

Table 3
Non-structural parameters in Eq. (6) and Eq. (19).
Ax (mm) F(N) E (GPa)
Eq. (6) 0.001

Eq. (19) 10 210
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Fig. 12. Comparisons of different methods.

stage, but the displacement amplification ratio of this stage is not doubled, despite the appearance of two bridge-type mechanisms.
Actually, this parallel-connected structure makes the displacement amplification ratio of this stage is equal to the displacement
amplification ratio of either of the two bridge-type mechanisms. Therefore, the experimental result of Kim's stage is very suitable
for this comparison. The structural parameters of the stage are shown in Table 4. And the results of different calculating methods
and the experiment are shown in Table 5. There is a thing that should be illuminated in Table 5: the exact driving force from piezo
actuator cannot be obtained, so we assume that F in Eq. (19) is 50 N.

From Table 5, it can be seen that the result of FEM is the closest to the experimental result. It means that FEM is the most effective
method to predict the displacement amplification ratio of bridge-type mechanism, but the only drawback is its relatively complicated
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Table 4

The structural parameters of Kim's stage.
L (mm) [ (mm) t (mm) h (mm) b (mm)
20 3 0.4 12 15

process. We can also observe that the result of Eq. (17) is the closest one to the experimental result among the four formulas. It
confirms the conclusion of the previous chapter that Eq. (17) is more accurate than the other formulas.

7. Influence of geometric nonlinearity

As mentioned in Section 2, displacement amplification ratio of bridge-type mechanism is a dynamic value in the process of
deformation. Along with the deformation of the structure, the vertical distance between the centers of hinges (h) gets smaller and
smaller. An estimated relationship can be derived

K =h— (22)

where h’ represents the vertical distance between the centers of hinges after the deformation, and O represents the output
displacement of the bridge-type mechanism. From Eq. (17), it can be seen that displacement amplification ratio is being changed
during this process. Moreover, the extreme situation is that h’ equals to 0, and then the output displacement will not increase with
the increase of the input displacement. It is mainly caused by geometric nonlinearity of the structure. Evidently, it's related to input
displacement. And this phenomenon becomes obvious, when the input displacement gets relatively large. So, large deformation
analysis should be taken. This nonlinear static analysis is also realized by ANSYS11.0, and the finite element model is the same as
sample 2 which is used in Section 4. In order to find out the influence of geometric nonlinearity, result comparison between linear
static analysis and nonlinear static analysis is shown in Table 6.

From Table 6, it is easy to observe that the difference between the amplification ratios obtained from these two kinds of analysis
increases with the increase of the input displacement. But the difference is quite small, when the input displacement is relatively
small. From Eq. (22), h’ is about 1.73 mm when the input displacement is 70 um, since h is 2 mm in this finite element model.
From Fig. 12a, the amplification ratio increases continuously when h decreases from 2 mm to 1.73 mm. So, the amplification ratios
obtained from nonlinear static analysis is actually the even amplification ratio of the whole process of deformation. Assume that h
equals to the threshold of RampFEM in Fig. 123, and then the amplification ratio reaches its peak. But the output displacement
won't be as large as expected, when the input displacement is relatively large. That is because the amplification ratio descends
with the decrease of h, when h is smaller than the threshold. So, the amplification ratio is not the larger the better, when designing
the bridge-type mechanism. The input displacement and the trend of the amplification ratio during the deformation should be
considered too.

8. Conclusions

The kinematic characteristics of bridge-type mechanism are analyzed, and the average ideal displacement amplification ratio of
the deformation process is obtained by means of integral. Elastic beam theory is used to derive the theoretic displacement
amplification ratio of bridge-type mechanism. The relationship between displacement amplification ratio and dimensions of
bridge-type mechanism is deeply analyzed. Comparisons with existing methods have been made. In order to confirm the conclusion
reached in this paper, comparison with previous experimental results has also been made. Moreover, the influence of geometric
nonlinearity of bridge-type mechanism is well analyzed in this paper.

From the above analysis, the following conclusions can be drawn:

(1) Thedisplacement amplification ratio of bridge-type mechanism is not related to the material and thickness of the structure. It is
only determined by planar dimensions of the structure.

(2) The vertical distance between the centers of hinges is the most sensitive structural parameter of bridge-type mechanism. As it
increases from zero, the displacement amplification ratio increases quite fast until it reaches the peak, and then decreases
slowly. And the threshold and the peak are related to the width of hinges.

(3) The displacement amplification ratio bridge-type mechanism is not related to the respective length of “rigid link” and flexure
hinges, but the sum length of them. And the displacement amplification ratio increases with the increase of their sum length.

Table 5
The results of different calculating methods and the experiment.

Eq. (6) Eq. (17) Eq. (18) Eq. (19) FEM Experiment
Displacement amplification ratio 30.593 18.482 18.819 22.497 15.43 12.025
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Table 6
Result comparison between linear static analysis and nonlinear static analysis.
Input displacement Output displacement of Output displacement of nonlinear Amplification ratio of Amplification ratio of
(um) linear static analysis (pm) static analysis (um) linear static analysis nonlinear static analysis
10 72.320 72.956 7.2320 7.2956
20 144.639 146.928 7.2320 7.3464
30 216.959 221.946 7.2320 7.3982
40 289.279 298.043 7.2320 7.4511
50 361.598 375.253 7.2320 7.5051
70 506.238 533.146 7.2320 7.6164

(4) Due to the geometric nonlinearity of bridge-type mechanism, the displacement amplification ratio of bridge-type mechanism
will be influenced by the input displacement during the procedure of deformation. But the influence could be ignored when the
input displacement is quite small.
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