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Abstract. A high-quality ultrasmooth surface is demanded in short-wave optical systems. However, the existing
polishing methods have difficulties meeting the requirement on spherical or aspheric surfaces. As a new kind of
small tool polishing method, active feed polishing (AFP) could attain a surface roughness of less than 0.3 nm
(RMS) on spherical elements, although AFP may magnify the residual figure error or mid-frequency error. The
purpose of this work is to propose an effective algorithm to realize uniform removal of the surface in the process-
ing. At first, the principle of the AFP and the mechanism of the polishing machine are introduced.
In order to maintain the processed figure error, a variable pitch spiral path planning algorithm and the dwell
time-solving model are proposed. For suppressing the possible mid-frequency error, the uniformity of the
synthesis tool path, which is generated by an arbitrary point at the polishing tool bottom, is analyzed and
evaluated, and the angular velocity ratio of the tool spinning motion to the revolution motion is optimized.
Finally, an experiment is conducted on a convex spherical surface and an ultrasmooth surface is finally acquired.
In conclusion, a high-quality ultrasmooth surface can be successfully obtained with little degradation of the
figure and mid-frequency errors by the algorithm. © 2015 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10
.1117/1.OE.54.6.065101]
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1 Introduction
With the development of optoelectronic technology, the
short-wave optical system has introduced higher and higher
requirements on the surface quality of optical elements.
The ultrasmooth surface polishing technology has gradually
become an important research direction.1 At present, the
methods that can obtain an ultrasmooth surface mainly
includes the float polishing (FP),2,3 the elastic emission
machining,4–6 the bowl polishing,7 the chemical machining
polishing,8,9 and so on. One part of these methods can only
be used for flat surfaces, and the others are not suitable for
mass production.

In order to realize the ultrasmooth polishing of a spherical
surface, especially an aspheric surface, we have developed
the active feed polishing (AFP),10 which combines the
advantages of the small tool polishing11 and the FP12 and
we also developed a five axes linkage computer numerical
control (CNC) machine to realize the AFP. The target of this
process is to acquire an ultrasmooth surface of less than
0.3 nm RMS roughness, while maintaining the figure error
and suppressing the mid-frequency error. Thus, the purpose
of this paper is to propose some algorithm to realize the
uniform removal on full aperture.

In this paper, the principle of the AFP and the machine
motion mechanism are first introduced. Then a variable
pitch spiral path planning algorithm together with a dwell
time-solving model is proposed to realize uniform removal
in the low spatial frequency range. The uniformity of the syn-
thesis tool path, which is generated by an arbitrary point at
the bottom of the polishing tool, is analyzed and evaluated.

The angular velocity ratio of the tool spinning rotation to
the revolution motion is also optimized to suppress mid-
frequency errors. Finally, the algorithm is verified by an
experiment.

2 Basic Theories

2.1 Material Removal Theory

The principle of the AFP technology is shown in Fig. 1. The
slurry is supplied from the center of the polishing tool and
flows through the microholes at the bottom. The polishing
tool is rotating at high speed so that the pad is supported
by a fluid layer between the pad and the workpiece.13,14

Meanwhile, the slurry in this layer moves along the circum-
ferential direction and the fast moving microabrasives in
the slurry scratch the surface at the tangential direction and
eventually remove the surface atoms of the workpiece.

Although the material removal mechanism of the AFP is
based on the principle of FP, its movement is realized by
the small tool polishing. Therefore, the theory of small tool
polishing is also suitable for this method. In the description
of small tool polishing theory, there is an important equation
to describe the removal amount, which was proposed by
Preston15 and Dai et al.:

dz ¼ kvpdt;

where dz is the unit time removal amount, k is the propor-
tional coefficient which is related to the polishing condi-
tions, v is the instantaneous relative velocity, and p is the
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instantaneous pressure at point ðx; yÞ. So the material
removal amount at point ðx; yÞ in time span of t is

z ¼
Zt
0

kvpdτ: (1)

2.2 Surface Generation Method

Figure 1 also illustrates the machine motion of the AFP.
Based on the surface generation theory, the analytic expres-
sion, which describes the motor function of this machine, is

W∕AC · YXZ∕γp∕T;

where W is the workpiece, A is the axis rotating with the X
axis, C is another axis rotating with the Z axis, symbol “·”
denotes the machine body, YXZ denote linear axes arranged
in the order Y-X-Z, γp is the spindle element, and T is the
polishing tool. This machine belongs to a kind of five axes
CNC machine with a dual rotary table. Two representative
paths, the raster path and the spiral path, can both be realized
on this machine. Comparatively, the spiral path is more
suitable in this paper because the workpiece rotates together
with the worktable in this mode, which can diminish the X
and Y axes’ travel and dynamic requirements.

3 Path Planning and Dwell Point Accurate Solution

3.1 Variable Pitch Spiral Path Planning

To illustrate the variable pitch spiral, the motion and the
speed of the center point at the polishing tool bottom are
considered. First, we give the definition of the well-known
Archimedes’ spiral

ρ ¼ v
Ω
θ;

where ρ and θ are the polar radius and helical angle, respec-
tively, v is a constant and denotes the moving velocity of the
point P, and Ω denotes the angular velocity of the half-line
rotation around the pole. The spiral path generated by Eq. (2)
is shown in Fig. 2(a).

The problem of Archimedes’ spiral is that the resultant
velocity V of P increases gradually when the polishing
tool moves toward the lens edge. If the lens was polished
under constants v and Ω, the dwell time will decrease when
the polishing tool moves toward the edge. That is to say, the
material removal will be reduced in these regions. On the
other hand, the rotation of P is the main portion of V. So
the velocity of axis C will exceed the machine limit at the
central region ðρ → 0Þ if we keep V constant by controlling
the angular velocity Ω. Similarly, the central region removal
amount is larger than expected if the maximum angular
velocity of axis C is limited.

So a new spiral path is needed in order to maintain
the figure accuracy of the sample. Set the velocity of the
point P moving along the half-line direction as Eq. (3):

vðρÞ ¼
�
vconst ρ ≤ ρ0
ηξðρÞ
ρ ρ > ρ0

; (3)

where ρ0 is a given radius and vconst is a given velocity
which is usually set to be ηξðρ0Þ∕ρ0 in order to keep the
velocity continuous. η is a constant parameter which is
related to the polishing process. ξðρÞ is the material removal
function, which is constant in the uniform removal mode. If
the half-line rotates around O with Ω and moves along with
the velocity shown in Eq. (3), the resultant velocity of P is
approximately a constant. The synthetic path is a variable
pitch spiral with the pitch gradually reducing, which is
shown in Fig. 2(b).

Fig. 1 Principle and mechanism of the active feed polishing.

Fig. 2 Spiral path: (a) moving with constant velocity and (b) moving with variable velocity.
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The equation of the variable pitch spiral is shown in
Eq. (4):

ρ ¼ vðρÞ
Ω

θ: (4)

Equation (4) is a polar expression of the spiral path which
can be applied to the planar elements. As shown in Eq. (5),
a universal description of the spiral path is given in Cartesian
coordinates.8><>:

x ¼ vðρÞ
Ω θ cos θ

y ¼ vðρÞ
Ω θ sin θ

z ¼ fðx; yÞ
; (5)

where z ¼ fðx; yÞ denotes z value of the optical surface at
point ðx; yÞ.

3.2 Exact Solution of Dwell Point

Equation (5) just gives the analytic expression of the variable
pitch spiral path. However, the path needs to be discrete and
realized by a series of linear interpolations on the CNC
machine. As shown in Fig. 3(a), the maximum error between
linear path l and the target curve is defined as the chord error
δt. According to the trigonometric function, the relationship
among chord error, curvature radius, and microarc length can
be described as follows:

δt ¼ R

�
1 − cos

�0.5Lt

R

��
;

where R is curvature radius of the microarc and Lt is the arc-
length of the microarc. In order to accurately control the
chord error δt of the interpolation path, an equal arc-length
recursive algorithm, which solves the position and direction
vector of an arbitrary point on the spiral path, is proposed
here. Figure 3(b) is the schematic diagram of the algorithm.

The analytic result of θi is very difficult to obtain from
the integral equation below:Zθi
θi−1

fðx; y; θÞ ¼ Lt;

thus, a numerical solution is adopted. In Fig. 3(b), O is the
center of the spiral path, Di−1 denotes the (i − 1)’th dwell
point, θi−1 is the corresponding helical angle which is the

starting helical angle to calculate dwell point Di, Li,
which satisfies Li ≤ Lt, is the real arc length between the
adjacent two dwell points, and ρi−1 is the polar axis length
of the current dwell point. According to the character of the
spiral ρi−1 < ρi, the helical angle θi of the dwell point Di
meets the relationship below:

θi < θi−1 þ
Lt

ρi−1
:

Setting Lt∕ρi−1 as θistep, the search range can be given to
solve the next dwell point and a discrete θistep to an M step
can be given to accurately solve Dið dDi−1Di < LtÞ. M can be
calculated by the following equation:

M ¼ θistep
θ 0
step

¼ ρi−1θ
i
step

ε
;

where θ 0
step is the angle discrete step ðθ 0

step ¼ ε∕ρi−1Þ, ε is the
arc length discrete step, and ε < 0.1 mm. The solution of Di
is equal to searching the minimum n in ð0;M� and making
Eq. (6) as follows:

min
0<n≤M

((Xn
j¼1

minfDi−1 −Djg
)

≥ Lt

)
; (6)

whereminfDi−1 −Djg denotes the nearest distance between
Di−1 and Dj. The polar radius and helical angle of Di are(
θi ¼ θi−1 þ n · θistep
ρi ¼ vðρiÞ

Ω θi
;

Di can be determined according to Eq. (5). The rest can be
calculated in the same manner to get the dwell point set
fDi; i ¼ 1 · · · Ng until ρi satisfies the below equation:

ρi ≤ 0.5 · d 0;

where d 0 is the maximum aperture that the polishing tool
center can reach; it is related to the lens aperture, the polish-
ing tool diameter, and the bearing percentage at edge.

3.3 Realization of Processing Path

The center point at the polishing tool bottom is considered in
the path planning algorithm in Sec. 3.1. The practical result-
ant velocity is not as simple as Eq. (2), because the radius
r0 of the polishing tool is not zero. The relative motion
between the polishing tool and workpiece is a planetary
motion whose eccentricity e ¼ r∕ρ is variable. Here, the spi-
ral motion corresponding to the center point at the polishing
tool bottom is a revolution motion with angle velocity Ω and
radius ρ (variable), and the tool motion is the spinning rota-
tion with the angle velocity ω. The principle of the synthetic
velocity at an arbitrary point P at the bottom of the polish-
ing tool is shown in Fig. 4.

In Fig. 4, O1 is the center of the spiral path and O2 is the
center at the polishing tool bottom. P is an arbitrary point on
the polishing tool and the distance between P and O2 is r.
The distance between P and O1 is r 0. The velocity of P is

Fig. 3 Schematic diagram: (a) definition of chord error and (b) solving
diagram of dwell point.
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vðr 0;αÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω2þΩ2Þr 02þρ2Ω2þ2r 02ωΩ−2ρr 0ðΩ2þωΩÞcos α

q
:

According to Eq. (1), the removal function at this dwell
point is16,17

Rðr 0; αÞ ¼ lim
t→∞

�
kp
t

Zt
0

vðr 0; α; τÞdτ
�
:

This can be changed in polar form to

Rðr 0Þ ¼ kp
2πω

Zα0
−α0

vðα; r 0Þdα;

where

α0 ¼ cos−1
�
r 02 þ ρ2 − r20

2r 0ρ

	
:

The removal curves of different points are shown
in Fig. 5.

Figure 5 shows that the removal functions are different
when the polishing pad is moving to different points.

Therefore, the dwell times at these points should all be cal-
culated and the feed rate should be corrected in order to
realize the uniform removal on full aperture. Riðr 0Þ denotes
the removal rate when the polishing tool dwells at Di, which
can be written into matrix type Ri¼½R1i : : : RMi �0,
i ¼ 1: : : N, in which N is the number of dwell points and
M is the number of calculation points. Set the dwell time
vector to be T ¼ ½ t1 : : : ti � 0 and the removal rate vector
is H ¼ ½ h1 : : : hi � 0. Their relationship can be described
in Eq. (7):264 h1

..

.

hM

375 ¼ ½R1i : : : RMi �

264 t1
..
.

tN

375: (7)

Equation (7) could be written into a matrix equation
H ¼ RT. There is usually no exact solution of this equation,
so the approximate solution, which minimizes the RMS
value of the residual error E ¼ H − RT, will be used. This
problem could be described as the least squares optimization
problems with non-negative constraints:17,18�
min kH − RTk
T ≥ 0

: (8)

The target material removal rate H is constant in the
uniform removal mode. The dwell time matrix T could be
calculated by the least squares algorithm.19 Finally, the pol-
ishing tool feed rate F can be calculated from Eq. (9):

F ¼
�
vconst t ¼ 0
Li
ti

t > 0
: (9)

4 Optimization of Technology Parameters

4.1 Calculation of Synthetic Path

The dwell points fDi; i ¼ 1 · · · Ng describe the moving
path of O2. The point P, whose distance is r 0 from O2, is
also taken as the point of interest in order to analyze the uni-
formity of the removal of a single point (base on uniform
removal theory).20–23 Figure 6 shows the schematic diagram

Fig. 4 Velocity diagram.

Fig. 5 Removal rate distribution. Fig. 6 Path synthesis diagram.
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of the synthesizing path, where X1O1Y1 is the global coor-
dinate system and x2o2y2 is the local coordinate system.

Assume that O2 is the position of the point Di in the rev-
olution motion at moment t. The polar radius of this point is
ρi and the helix angle is θi. The next adjacent point is Diþ1

whose polar radius is ρiþ1. According to the algorithm in
Sec. 3.3, the time interval between the two points is ti,
which is further divided into S segments (S ≥ 1, increasing
Swill improve the precision of the synthetic path). Then each
time interval is

τ ¼ ti
S
:

The corresponding differential polar radius Δρ can be
defined as follows:

Δρ ¼ ρiþ1 − ρi
S

:

The rotation angle of the point P is assumed to be φ ¼
φ0 þ ωt (where φ0 is the initial phase angle). When the
polishing tool center moves to Dij after τ, the polar radius
of this point is ρij ¼ ρi þ Δρj, and the helix angle is
θij ¼ θi þ Ωðtþ τjÞ, ðj ¼ 0 · · · S − 1Þ. The position of the
polishing tool center can be described in a global coordinate
system as8<:X ¼ ρij cos½θi þ Ωðtþ τjÞ�

Y ¼ ρij sin½θi þ Ωðtþ τjÞ�
Z ¼ fðX; YÞ

:

The rotation angle of the point P is φ ¼ φ0 þ ωðtþ τjÞ.
In the local coordinate system, the coordinates of the point
P are described as follows:�
x ¼ r cos½φ0 þ ωðtþ τjÞ�
y ¼ r sin½φ0 þ ωðtþ τjÞ� :

Furthermore, according to the principle of the coordinate
transformation, point P can be described in the global coor-
dinate system as in Eq. (10):8<: x 0 ¼ ρij cos½θi þ Ωðtþ τjÞ� þ r cos½φ0 þ ωðtþ τjÞ�

y 0 ¼ ρij sin½θi þ Ωðtþ τjÞ� þ r sin½φ0 þ ωðtþ τjÞ�
z 0 ¼ fðx 0; y 0Þ

:

(10)

The synthesis path betweenDi andDiþ1 can be calculated
when j ¼ S according to the equation above and the rest can
be done in the same manner until i ¼ N. The generated
synthesis path is shown in Fig. 7.

4.2 Uniform Evaluation of Material Removal

It is obvious that the synthesis path of an arbitrary point at
the polishing tool bottom shows a periodic overlap section
and the overlapped amounts of each section are unequal.
This kind of periodic overlap section will cause microscopic
nonuniform material removal and eventually produce a mid-
frequency error. In order to evaluate the mid-frequency error
induced by the path, the degree of the path overlapping
should be evaluated quantitatively. Points of the synthesis

path are mapped on a matrix grid and the occupancy
times are recorded, which represent the times of path overlap
at the grid node. The grid position that corresponds to the
point Pðx; yÞ of the synthesis path could be calculated from
Eq. (11):

8<:m ¼ ftoint
�
xþ0.5d 0

ζ

�
n ¼ ftoint

�
yþ0.5d 0

ζ

� ; (11)

in whichm, n is the grid position, ftoint is is a rounding func-
tion, and ζ is the grid step. The accumulation topography
that expresses the overlapping times of different positions
is shown in Fig. 8. In the figure, AVER and RMS denote

Fig. 7 Synthesis path of an arbitrary point (r ¼ 15 mm, Ω ¼ 15 rpm,
ω ¼ 240 rpm).

Fig. 8 The accumulation figure texture of the synthesis path.

Fig. 9 RMS distribution at difference radius.
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the average and root mean square value of the overlapping
times, respectively.

As shown in Fig. 8, the accumulation figure texture,
which is influenced by the revolution path, appeared in
the peripheral distribution. According to the character of
the accumulation figure, the RMS values of the points on
the concentric rings are calculated to analyze the uniformity
of the synthesis path. Figure 9 shows the RMS values dis-
tribution at different radius, which is the evaluation result of
Fig. 8.

4.3 Optimization of Technology Parameters

In order to avoid the periodic texture shown in Fig. 8, the Ω
and ω need to be optimized in the practical polishing process.
After the revolution path is determined, the ratio of ω to Ω

Fig. 10 Accumulation topography at differences proportional coefficients when Ω ¼ 20: (a) κ ¼ 8.35,
(b) κ ¼ 8.71, (c) κ ¼ 9.45, (d) κ ¼ 9.95.

Fig. 11 Representative results before processing: (a) surface roughness, (b) figure error, and (c) mid-
frequency error (1 to 10 mm).

Table 1 Technology parameters.

Parameter Value Unit Description

Ω 19 rpm Angular velocity of
revolution motion

ω 214 rpm Angular velocity of the tool
spinning motion

η 100 — Controlling pitch

ρ0 2.5 mm Radius of constant v

l 0.8 L∕min Slurry flow

r 0 15 mm Polishing tool radius
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(defined as κ) is found to be one of the key factors which
affect the accumulation figure texture. Thus, the optimum
parameters can be obtained by searching the minimum
RMS value of the whole ring series from different κ.

Figure 10 shows some accumulation texture figures under
different values of κ. The RMS values become minimum
when κ ¼ 9.45. In this figure, the periodic texture is the
weakest and the path distribution is the most uniform.

5 Experimental Results
To verify the correctness of the algorithm introduced in this
paper, an experiment has been carried out on a ∅245 mm
concave spherical lens whose radius is 214.148 mm and
the material is fused silica. Before processing, the surface
roughness is 1.492 nm RMS (tested by Bruker white
light interferometer, 10× objective, measurement range
0.63 × 0.47 mm2, system error removed, the same as below),
the figure error is 3.872 nm RMS (ZYGO GPI interferom-
eter, 94% aperture evaluated, the same as below), and the
mid-frequency error with a 1 to 10 mm bandpass filter is
0.263 nm RMS. The measurement results before processing
are shown in Figs. 11(a)–11(c).

The algorithms introduced above are used to control the
figure and mid-frequency errors by optimizing the process-
ing parameters. The parameters are listed in Table 1.

After processing, the representative roughness value of
this lens is reduced to Rq ¼ 0.233 nm. The figure accuracy
and mid-frequency error are 3.608 and 0.217 nm RMS,
respectively. Figures 12(a)–12(c) show the typical measure-
ment results. The crisscross scratches disappear and the
microtopography becomes smoother after comparison
between Figs. 11(a) and 12(a). The basic figure topography
does not change by much, but there is a little change in the
RMS value (from 3.872 nm to 3.608 nm) when comparing
Figs. 11(b) and 12(b). The mid-frequency error of this lens
was also suppressed by comparing Figs. 11(c) and 12(c).

This experiment indicates that the ultrasmooth surface
with roughness value Rq ¼ 0.233 nm was finally acquired
using the AFP technology. In this processing, the figure error
changed a little and the mid-frequency error is suppressed.

6 Conclusions
According to the characteristics of the AFP, a new variable
pitch spiral path together with a parameter optimization algo-
rithm is proposed in this paper. This variable pitch spiral path
associated with the dwell time-solving model could control
the figure accuracy in the ultrasmooth polishing. It will fur-
ther suppress the mid-frequency error by evaluating the

uniformity of the synthesis path and optimizing the process-
ing parameters. An experiment was conducted on a fused
silica spherical lens with an aperture of 245 mm and a radius
of 214.148 mm. The experiment indicated the correctness
and validity of the algorithm on full aperture processing dur-
ing the AFP. More work will be done on the aspheric optical
element polishing in the future.
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