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Abstract. Convex aspheric surface is tested by a circular amplitude computer-generated hologram (CGH) fab-
ricated with our equipment and techniques, and much research work has been done simultaneously. However,
the analysis of the detailed characters of the CGH used in the test system has not been systematically given in
detail, including the correct phase, amplitude, and filter condition of the CGH. The calculation equation of the
proper duty circle and the phase of the CGH are deduced, the frequency filter condition of the different diffracted
orders of the CGH is demonstrated, and the deduction results are validated by the related experiment. The
conclusion can help us to determine the radius ratio of the uncontrolled area over the full aperture of the aspheric
surface during the process of optical system design, and it also points out that the radius ratio can be reduced by
adjusting the radius of curvature of the reference surface and the distance between the reference surface and the
convex aspheric surface. The work can assist us in designing the test system efficiently and correctly with CGH.
© 2015 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.OE.54.11.114108]
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1 Introduction
A circular amplitude computer-generated hologram (CGH)
is a recording of many microscopic concentric circles that
amounts to an encoded recording of a certain rotationally
symmetrical wavefront of light. It consists of hundreds to
thousands of circular gratings recorded on the substrate sur-
faces, such as glass, silicon, and PMMA. The circular CGH
used for testing aspheric surfaces could be found back in
1972,1 but it was used to test large-aperture concave surfaces.
Then many liner CGHs were used to test convex aspheric
surfaces.2,3 Burge proposed to use circular CGHs to test con-
vex surfaces with a special optical setup,4–7 and the CGHwas
fabricated with its own laser writer. In 2000, a laser direct
writer system was built by our team, and we have fabricated
a large CGH on a concave lens surface with precise align-
ment using the laser direct writer.8–11 This technology allows
precise alignment, superior linear profile, and high resolution
of the gratings that compose the CGH. So we have done
much work concerning aspheric tests with circular
CGHs.12–15 Although some conclusions were given in
these papers, they were not derived systematically, and
the analysis of the characters of the CGH used in the test
system has not been given in detail and systematically.

In this paper, the characters of the CGH for the aspheric
test are analyzed based on our previous works. The calcula-
tion equation of the proper duty circle and the phase of the
CGH is deduced, as well as the frequency filtering conditions
of different diffracted orders of the CGH, and the related
experimental results validate the analytical results very
well. The conclusions are very useful for a designer to deter-
mine the radius ratio of the uncontrolled area over the full

aperture of the aspheric surface during the process of optical
system design. They also tell us that the radius ratio can be
reduced by adjusting the radius of curvature of the reference
surface and the distance between the reference surface with a
CGH and the convex aspheric surface. The work can assist us
to design an optical test system with CGH efficiently and
correctly.

2 Phase and Amplitude of the Computer-Generated
Hologram in Test System

Generally, one rotationally symmetrical wavefront at the
z ¼ 0 plane can be expressed as a complex amplitude
distribution

EQ-TARGET;temp:intralink-;e001;326;323uðrÞ ¼ A exp½iϕðrÞ�; (1)

where A is the amplitude of the wavefront and ϕðrÞ is the
phase of the wavefront. The following equation is used to
qualify the phase and then to get r; the position value of
the transmitted parts (T ¼ 1) or nontransmitted parts
(T ¼ 0) of the circular grating
EQ-TARGET;temp:intralink-;e002;326;237

T ¼ 1; iλ ≥ ϕðrÞ > iλ −Dλ

T ¼ 0; iλ −Dλ ≥ ϕðrÞ > ðiþ 1Þλ; (2)

where D is the duty cycle of the grating, i is the nature num-
ber, and the CGH on a substrate surface can be fabricated
with all the values of r. The reconstructed wavefront of dif-
ferent reflected diffractive orders of the CGH can be
expressed as
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EQ-TARGET;temp:intralink-;e003;63;740

H½WðrÞ� ¼
X
m

ACGH rm expðimϕCGH rmðrÞÞ

ϕCGH rmðrÞ ¼ mπ þm
XN
i¼1

�
ði − 1Þ þ rP

i
j¼1 sj

�
2π

¼ mðπ þ b1r2 þ b2r4 þ b3r6þ · · · Þ ¼ mπ þmϕCGHðrÞ;

ACGH rm ¼
� fa0 þ ½a1 cosðφrÞ − a0�Dg þ ifa1 sinðφrÞDg m ¼ 0

f½a1 cosðφrÞ − a0�D sin cðmDÞg þ ifa1 sinðφrÞD sin cðmDÞg m ¼ �1;�2; · · ·
;

(3)

where ϕCGHðrÞ is the phase of the CGH; m is the diffraction order of CGH; b1; b2; b3: : : are the coefficients of different
terms of the phase of the CGH; a0 is the reflective coefficient of the nontransmitted part of the CGH; and a1 is the trans-
mittance coefficient of the transmitted part of the CGH. φr represents the phase shift of the reflective light, and its value is
usually π.

The reconstructed wavefront of different transmitted diffractive orders of the CGH can be expressed as
EQ-TARGET;temp:intralink-;e004;63;541

H½WðrÞ� ¼
X
m

ACGH tm expðimϕCGH tmðrÞÞ

ϕCGH tmðrÞ ¼ m
XN
i¼1

�
ði − 1Þ þ rPi

j¼1 sj

�
2π

¼ mðb1r2 þ b2r4 þ b3r6þ · · · Þ ¼ mϕCGHðrÞ;

ACGH tm ¼
� fa0 þ ½a1 cosðφtÞ − a0�Dg þ ifa1 sinðφtÞDg m ¼ 0

f½a1 cosðφtÞ − a0�D sin cðmDÞg þ ifa1 sinðφtÞD sin cðmDÞg m ¼ �1;�2; · · ·
(4)

where φt represents the phase shift of the transmitted light,
and its value is usually 0.

Figure 1 shows the schematic diagram of our test system,
which is optimized at the wavelength of 632.8 nm. The laser
is focused by a microscope to form a point source of light, a
beam splitter is placed after the point source, and two lenses
are used for the illumination. A CGH is fabricated on the
concave spherical surface of the test lens. A wavefront,
WsourceðrÞ, from the laser and microscope passes the illumi-
nation lens and enters the test plate. The wavefront of the first

order of reflected diffraction of the CGH on the sphere’s
reference surface, called r1, passes the test plate and the illu-
mination lens and forms the reference wavefront. The wave-
front of the zero order of transmitted diffraction of the CGH,
called t0, impinges perpendicularly onto the aspheric surface
and is reflected to the CGH again. The wavefront of the zero
order of transmitted diffraction, called t0 0, transmits to the
test plate and the illumination lens and forms the test wave-
front. Although the CGH is fabricated on a curved reference
surface, it can be just regarded as being on plane P. The

Fig. 1 Layout for measuring convex surface with diffractive optical element.
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interference between the reference and the test wavefront is
used in this system to get the error of the aspheric surface.

The reference wavefront is expressed as WrefðrÞ
EQ-TARGET;temp:intralink-;e005;63;719

WrefðrÞ ¼ Aref expðiϕrefðrÞÞ;
ϕrefðrÞ ¼ ϕsystemðrÞ − 2nϕrefðrÞ þ ϕCGH r1ðrÞ;

Aref ¼ AsystemACGH r1; (5)

where ϕsystemðrÞ and Asystem are, respectively, the phase and
amplitude of the wavefront WsystemðrÞ on plane P formed by
the system, ϕCGH r1ðrÞ and ACGH r1 are, respectively, the
phase and amplitude of the wavefront WCGH r1ðrÞ formed
by the reflected first diffraction order of CGH, and n is
the refraction index of the test plate. The test wavefront is
expressed as WtestðrÞ
EQ-TARGET;temp:intralink-;e006;63;575

WtestðrÞ ¼ Atest expðiϕtestðrÞÞ;
ϕtestðrÞ ¼ ϕsystemðrÞ − 2nϕrefðrÞ − 2ϕasphþdðrÞ

þ 2ϕCGH t0 þ 2ϕrefðrÞ þ π

Atest ¼ AsystemAasphþdA2
CGH t0; Aasphþd ¼ ðRÞ0.5; (6)

where ϕasphþdðrÞ and Aasphþd are, respectively, the phase and
amplitude of the wavefrontWasphþdðrÞ on plane P formed by
the aspheric surface under test, d is the distance between the
CGH and the aspheric surface along axis, R is the reflectivity
of the aspheric surface, and ϕCGH t0ðrÞ and ACGH t0 are,
respectively, the phase and amplitude of the wavefront
WCGH t0ðrÞ formed by the transmitted zero diffraction
order of the CGH. In order to achieve the interference figure
with a high contrast, the phase and amplitude of both the
reference and test wavefronts should be consistent. Accord-
ing to Eqs. (5) and (6), we can get the following equations:

EQ-TARGET;temp:intralink-;e007;63;370ϕCGH r1ðrÞ ¼ π þ ϕCGHðrÞ; ϕCGH t0ðrÞ ¼ 0 (7)

EQ-TARGET;temp:intralink-;e008;63;340ðAasphþdA2
CGH t0Þ2 ¼ ðACGH r1Þ2: (8)

The duty circle D can be deduced with Eq. (8) as the fol-
lowing equation:

EQ-TARGET;temp:intralink-;sec2;63;291ðR2ða0 þ ða1 − a0ÞDÞ2 ¼ ða0 þ a1Þ2D2 sin c2ðDÞ:

By making the phase of the reference wavefront ϕrefðrÞ
coincident with the test one ϕtestðrÞ, the phase of the CGH
can be deduced as

EQ-TARGET;temp:intralink-;e009;326;752

ϕCGHðrÞ ¼ 2ðϕasphþdðrÞ − ϕrefðrÞÞ
¼ b1r2 þ b2r4 þ b3r6þ · · ·

b1 ≅ −
2π

λ

�
1

Rref

−
1

Rasph þ d

�
; (9)

where Rref is the radius of curvature of the reference surface
with CGH, and Rasph is the vertex radius of curvature of the
convex aspheric surface under test. It can be found that the
phase of the CGH relates to the radius of the reference and
aspheric surfaces, as well as to the distance of d. When the
aspheric surface under test is determined, the radius of the
reference surface and d can be chosen correctly to control
the proper phase of the CGH. The larger the phase of the
CGH is, the easier the unwanted diffractive orders are fil-
tered, but the harder the CGH is fabricated. In fact, the radius
of the reference surface tends to be equal to the vertex radius
of the aspheric surface.

The CGH has several reflected diffraction orders and
transmitted orders, but only the combination of r1, t0,
and t0 0 is desired, and the other combinations are spurious
and must be filtered out. In the test system, a filtering hole is
placed at the focus of the correct orders as shown in Fig. 2,
and its size is just large enough to pass both the reference
beam and the test beam. The spurious orders are out of
focus and can be filtered. However, the central region of the
spurious orders at the filtering plane can pass through the
pinhole, resulting in the noncontrolled area of the surface
under test.

3 Frequency Filter Condition of Different Diffractive
Orders of Computer-Generated Hologram

Although the filtering condition has been given in Ref. 10,
we deduce it here in more detail. As shown in Fig. 2, we still
use frequency coordinates at the filtering plane to establish
the relation of r 0, r1, vc, vrmðrÞ, and vtmm 0 ðrÞ. Here, the
radius of the noncontrolled area of the surface under test
is noted as r1, the cut-off frequency of the filtering hole
with radius of r 0 is noted as vc, and the frequency functions
of the reflected and transmitted diffraction orders on the fil-
tering plane are noted as vrmðrÞ and vtmm 0 ðrÞ, respectively.
Then we have

EQ-TARGET;temp:intralink-;e010;326;285vc ¼
r 0

λl
; (10)

Fig. 2 Filtering conditions of different diffractive orders in the filter plane.
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EQ-TARGET;temp:intralink-;e011;63;752

vrmðrÞ ¼
1

2π

∂½ðm − 1ÞϕCGHðrÞ þ ΔϕsystemðrÞ�
∂r

;

¼ ðm − 1ÞvCGHðrÞ þ vsystemðrÞ (11)

EQ-TARGET;temp:intralink-;e012;63;691

vtmm 0 ðrÞ

¼ 1

2π

∂½mϕCGHðrÞ þm 0ϕCGHðrÞ þ ΔϕsystemðrÞ þ ΔϕaspðrÞ�
∂r

¼ mvCGHðrÞ þm 0vCGHðrÞ þ vsystemðrÞ þ vaspðrÞ; (12)

where vðrsystemÞ represents the frequency function with
respect to the errors of the system on the filtering plane,
vðraspÞ represents that with respect to the aspheric shape,
and vðrCGHÞ represents that with respect to the CGH. We
have

EQ-TARGET;temp:intralink-;e013;63;564vCGHðrÞ ¼
1

2π

∂ϕCGHðrÞ
∂r

¼ 1

2π
ð2b1rþ 4b2r3 þ 6b3r5þ · · · Þ ≅ b1r

π
; (13)

where the coefficients of b2, b3, and so on are usually small
enough to be neglected compared with b1. In fact, when the
reflected order of diffraction is 1, we have

EQ-TARGET;temp:intralink-;e014;63;462vr1ðrÞ ¼
1

2π

∂½ΔϕsystemðrÞ�
∂r

¼ vsystemðrÞ: (14)

The reflected first diffraction order from the CGH focuses
at the filtering plane including the information about the
errors of the system. When the transmitted order of diffrac-
tion is 0, we have

EQ-TARGET;temp:intralink-;e015;63;376vt00ðrÞ ¼
1

2π

∂½ΔϕsystemðrÞ − ΔϕaspðrÞ�
∂r

¼ vsystemðrÞ þ vaspðrÞ: (15)

This transmitted zero diffraction order from the CGH con-
tains the information about the shape of the aspheric surface
and the errors of the system. For a test system with a large
error in the illumination system, the value of vðraspÞ is small
enough to be neglected compared with vðrsystemÞ. So
EQ-TARGET;temp:intralink-;e016;63;260vt00ðrÞ ≅ vsystemðrÞ: (16)

The filtering hole is a low-pass filter and will suppress the
information above its cut-off frequency of vc. In order to en-
able the testing wavefront and reference wavefront to pass
without being truncated, the size of the filter should be no
less than the maximum height of a ray of the transmitted
zero-order diffraction on the filtering plane

EQ-TARGET;temp:intralink-;e017;63;162vc ¼ vt00ðrÞjmax: (17)

Thus, we can deduce the size of the filter

EQ-TARGET;temp:intralink-;e018;63;120r 0 ¼ λlvt00ðrÞjmax ¼ λlνsystemðrÞjmax: (18)

By using this filter at the focus of the desired order, the
central part of the other spurious diffraction order will pass,

and the outer part will be truncated. Since the values of
vðrsystemÞ and vðraspÞ are small enough to be neglected com-
pared to vðrCGHÞ, the frequency function of other spurious
orders on the filter plane can be expressed as
EQ-TARGET;temp:intralink-;e019;326;708

vrmðrÞ ¼ ðm − 1ÞvCGHðrÞ

≅ ðm − 1Þ b1r
π

vtmm 0 ðrÞ ¼ ðmþm 0ÞvCGHðrÞ

≅ ðmþm 0Þ b1r
π

: (19)

If a noncontrolled area of the aspheric surface with a
radius of r1 is permitted, all the spurious rays that would
blur the interferogram outside r1 must be blocked by the pin-
hole. In fact, in all of the reflected diffraction orders, the zero
order and the second order have the strongest intensity for
influencing the interferogram, and the effect of other
reflected high-order diffractions is small enough to be
neglected. All the transmitted diffraction orders have a neg-
ligible effect. Mathematically, this condition can be written
as

EQ-TARGET;temp:intralink-;e020;326;497vc ≥ jvr0ðrÞj and vc ≥ jvr2ðrÞj for all r ≥ r1: (20)

Therefore, we have

EQ-TARGET;temp:intralink-;e021;326;455b1r ≥
πr 0

λl
r 0 ¼ λlνsystemðrÞjmax: (21)

When a hole with a radius of r 0 is used as the filter, there is
a bright disc with a radius of r1 in the center of the interfero-
gram in the experiment. The bright disc will be smaller when
the b1 of the phase of the CGH is larger, but the fabricaton of
the CGH is more difficult for the smaller minimum period of
the CGH. In fact, two methods can be used to balance the
contradiction. One is testing the aspheric surface two
times with different holes.14 The smaller hole is used to
test the center part of the aspheric, and the larger hole is
used to test the marginal part. The size of the two holes can
be calculated with Eq. (21). Another method is testing the
aspheric surface two times with a special CGH,15 which
is composed of two parts. The phase of the center part is
calculated with the larger d, and the phase of the marginal
part is calculated with the smaller d.

4 Experiment
The convex surface under test is an elliptic mirror with a 100-
mm diameter and a vertex radius of curvature of 500 mm. So,
we choose a reference surface with a 100 mm diameter and in
radius of curvature of 500 mm . The distance of d is deter-
mined to be 10 mm. According to Eq. (9), b1 is about 0.392.
In fact, the value of b1 is 0.38988 after optimization with
optical design software Zemax. Then the phase of the
CGH in our test system is given as follows:

EQ-TARGET;temp:intralink-;sec4;326;142ϕCGHðrÞ ¼ −0.38988r2 þ 1.8321 × 10−5r4:

The minimum period of the CGH is about 50 μm, and it is
very easy to fabricate with high accuracy. The CGH is fab-
ricated with the laser direct writer in our lab by following five
procedures: photoresist coating, laser exposing, chrome
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developing, depositing, and photoresist stripping. The test
system is set up as shown in Fig. 3(a) where the laser source
and the CCD camera are not displayed. The reference surface
with the CGH is shown in Fig. 3(b).

The frequency function curves have been given in our pre-
vious research paper of Ref. 14. Figure 3(a) in Ref. 14 shows
the frequency function curve, vt00ðrÞ, with respect to the
error in the illumination system. As shown in the figure,
the maximal value is 1.05 mm−1, and it is the cut-off fre-
quency of the test system. Figure 3(b) in Ref. 14 shows
the frequency function curve, vr0ðrÞ, with respect to the
information of the CGH. vr2ðrÞ has the opposite value of
vr0ðrÞ according to Eq. (20), so it has not been shown.
According to Eqs. (20) and (21), the radius of the noncon-
trolled area is 11 mm when using a filtering hole with a cut-
off frequency of 1.05 mm−1, and the corresponding inter-
ferogram is shown in Fig. 4(a). The surface profile of the
tested convex aspheric surface obtained with Zygo static
interferogram analysis software is shown in Fig. 4(b), and
the wavefront error is 0.572λ in peak value (PV) and
0.071λ in root-mean-square. The measurement result
includes four parts: the figure error from the aspheric surface
under test, which is the one we want to get; the figure error
from the concave spherical reference surface; the error from
the hologram; and the adjustment error from misalignment.
If the reference surface and the CGH are fabricated with high
accuracy, the wavefront error from them can be controlled to
be less than 1∕30λ in PV. The error from misalignment can

be controlled to be very small if we adjust the system care-
fully, because it is a common-path interferometer.

From the interferogram of Fig. 4(a), the central part is
blued by the light of the other diffractive orders. The diam-
eter of the noncontrolled area is about one-fifth of the whole
test area. It is clear that the experimental result matches well
with our analysis.

5 Conclusions
By analyzing the characters of the CACGH for an aspheric
test, the proper duty circle and the phase of the CGH are
deduced. The frequency filter conditions of different dif-
fracted orders of the CGH are also demonstrated. The exper-
imental results confirm that the filter condition is correct. The
conclusions are very useful for a designer to determine the
radius ratio of the uncontrolled area over the full aperture of
the aspheric surface during the process of optical system
design. This can efficiently and correctly lead us to design
the test system with CGH.
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