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I. Introduction

W ITH the development of space technology, demands for
a space telescope with a large aperture and high image

resolution are increasing. TheHubble Space Telescope (HST), which
was launched in 1990, can achieve a pointing stability of 0.007 arcsec
over 24 h [1]. As the successor to the HST, the James Webb Space
Telescopewith a 6.5m diameter, might achieve a pointing stability of
0.004 arcsec [2]. However, the microvibrations due to the onboard
equipment in spacecraft will seriously degrade the image quality of
the space telescope [3]. The microvibration sources include control
moment gyros, reaction wheel assemblies, cryocoolers, solar panel
deployment actuators, and other motion devices [4]. During the past
decades, many methods have been developed to diminish the
vibrations from instruments. Vibration isolation is one of the
vibration suppression techniques widely applied to solve this
problem [5–24].
Vibration isolation can be categorized into passive isolation, active

isolation, and active–passive isolation. Passive isolation is widely
used to attenuate vibrations induced by spacecraft because
of its characteristics of reliability, simply maintenance, low cost,
etc. [5–8]. The HST is probably the best-known example of a
space telescope that applies a passive isolator to achieve its science
mission [6], as well as the X-Ray Astrophysics Facility [7] and the
James Webb Space Telescope [8]. Since the microvibrations are
usually multiaxial, vibration isolation for the space telescope should
have multiple-degrees-of-freedom characteristics. So far, many
multiaxis isolators have been investigated, and the Gough–Stewart
isolation system (GSIS) is the most widely used because of the

advantages of control proposes [9–13], such as the ultraquiet
platform [14], theMiniature Vibration Isolation System [15], and the
six-axis vibration isolation [16]. Until now, many researchers have
focused on how to design the parameters of the vibration isolator
element of the vibration isolation system (VIS) to provide optimal
damping. Some vibration isolators have been designed, such as
the D-strut sets developed by Honeywell, Inc. [17–21]. The
effectiveness of these D-struts was sufficiently proved by the Hubble
reaction wheel isolation system [6] and the vibration isolation and
suppression system [22]. However, research on the configuration
optimization of the GSIS is still rare. Most of the research focused
on the cubic hexapod. For example, Thayer et al. [23] designed
and tested a unique hexapod system for spaceborne interferometry
missions. Zhang et al. [11,12] and Zhang and Xu [13] conducted
substantial studies on the isolation effect of the GSIS. Lee et al. [24]
also developed a passive vibration isolation platform for low-
amplitude vibration using a cubic hexapod. The multiaxis isolation
effect of the platform was tested with a prototype reaction wheel
model. Nevertheless, the VIS with the cubic hexapod configuration
cannot achieve the complete dynamic decoupling in the case where
the payload’s centroid does not coincide with the center of the upper
joint points [25].
In general, the amplitude-frequency curve of the relationship

between the input and output of the system is used to assess the
isolation effect of a VIS. The basic objective of a VIS applied to the
optical payload is to improve the image quality of the optical system.
As a result, not only the amplitude-frequency curve but also the
integrated optomechanical analysis is required to evaluate the
isolation effect of the VIS. Miller et al. [26] proposed a com-
prehensive framework for integrated modeling known as the
disturbances optics controls structures, which was used in the
Terrestrial Planet Finder mission [27] and the Space Interferometry
Mission [28]. Some analogous research has been done, such as the
integrated technology model [29] and the structural–thermal–optical
[30]. However, the aforementioned integrated optomechanical
analysis methods are complicated and require an amount of data
exchange among different software. It may bemore efficient to adopt
a concise integrated optomechanical analysis to verify the isolation
effect of the VIS.
In this Note, a way to obtain the optimal design parameters and

configuration of the VIS designed for the space optical device is
discussed. The general dynamic model of the VIS, including the
optical payload, is carried out by means of the Newton–Euler
method. The algebraic expressions, which could be used to calculate
the natural frequencies of VIS applied for the payload for which the
centroid does not coincide with the center of the upper joint points,
are derived. In addition, two kinds of optimal design methods using
local dynamic isotropy and dynamic isotropy are proposed to reduce
the coupling effect and obtain the optimal design parameters. By
using the aforementionedmethods, aVIS can be developed. To verify
the isolation effect of the VIS, an integrated optomechanical analysis
based on a finite element method is adopted. This integrated
optomechanical analysis approach can overcome the drawback of
abundant data exchange among different software.

II. Optical and Structural Modeling

The optical layout of the telescope studied in this Note is depicted
in Fig. 1. It is a classic Cassegrain system with a parabolic primary
mirror and a hyperbolic secondarymirror. Thematerial of the primary
mirror and the secondarymirror is Zerodur™, tominimize the impact
of thermal distortion [31]. The telescope consists of two main parts:
the primary mirror assembly and the second mirror assembly. The
primary mirror assembly, which includes the primary mirror, the
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main flexure, and the main plate, is attached to the support ring. The
secondmirror assembly, which contains the secondmirror, the minor
flexure, and theminor ring, is fixed to the support frame. The detailed
structure of the telescope is shown in Fig. 2.

III. Dynamic Model

The properly designed VIS is placed between the optical payload
and the spacecraft, as shown in Fig. 3a. The whole isolation system
consists of a payload platform, six isolation struts, and a base
platform. Flexure joints are used to connect isolator struts and the
payload platform instead of ball joints. The isolation strut is a viscous
passive isolator, which can be simplified as a damping-spring model
in which the spring is parallel to the damper, as shown in Fig. 3b.
The coordinate frames of the VIS are shown in Fig. 4a, in which
fBg is the base frame and fPg is the body frame. The base frame fBg
with originOB and the body frame fPgwith originOP are embedded
in the base platform and the payload platform, respectively. Vector
q � �t; qP�T denotes the pose of the body frame fPg relative to the
base frame fBg, in which the vector t describes the position of the
origin OP with respect to frame fBg and the vector qP � �γ; β; α�T
describes the posture of frame fPg with respect to frame fBg. The
upper joint points and the lower joint points are denoted with Ppi in
frame fPg and Bpi in frame fBg, respectively. The radii of the payload
and base platforms are represented by RP and RB, respectively. The
angle between P6 and P1 is denoted by φ. The angle between B6 and
B1 is denoted by θ, which is illustrated in Fig. 4b.
The dynamic equations of the optical payload with the VIS can be

derived by using the Newton–Euler method as

M �q� V�q; _q� _q� Kq � F (1)

where M is the mass matrix of the optical payload in frame fBg;
V�q; _q� is the Coriolis and centrifugal coefficients matrix; K is the
stiffness matrix (see the Appendix);F is the vector of the generalized
applied forces; and q, _q, and �q are the displacement, velocity, and
acceleration vectors of the payload platform with respect to frame

fBg, respectively: they all contain translation and angular
components.
In the dynamic problems of the VIS, the natural characteristics of

the VIS are important. The Coriolis and centrifugal force terms as the
square terms of velocity may be neglected when the velocity is small.
The mass of the isolation struts is small compared with that of the
optical payload, so it can also be ignored. The free vibration of the
optical payload with the VIS may be described as

M �q� C _q� Kq � 0 (2)

where C is the damping matrix; see the Appendix. The natural
frequencies and mode shapes (or eigenvectors) of the VIS can be
obtained by solving this equation with numerical methods.

IV. Optimization of the VIS

At the design stage of the isolation system, getting the algebraic
expressions used for calculating the natural frequencies of the VIS is
very useful for us to perform an optimal design, whereas obtaining

Fig. 1 Optical layout of the telescope.

Fig. 2 Structure of the telescope.
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Fig. 3 Vibration isolation system: a) geometric model of the isolation
system, and b) isolation strut.
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Fig. 4 Configuration of vibration isolation system: a) isometric view,
and b) vertical view.
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the algebraic expressions, which are suitable to any payload, is very
difficult. Fortunately, the algebraic expressions may be obtained
when the payload inertia matrix is diagonal and, at the same time, the
pose of the body frame has zero orientation and center position with
q � �0; 0; H; 0; 0; 0�T . The telescope studied in this Note satisfies the
aforementioned requirements, so the algebraic expressions can be
used to optimize the isolation system.
As we know, the configuration of the VIS can greatly affect the

isolation effect. The aim of our design is to find an optimal
configuration with which the natural frequencies of the VIS are
mostly close to each other and the resonance frequency bandwidth
can be reduced. According to the literature [25], it is known that the
eigenvalues of the mass matrix M are closest to each other and the
degrees of freedom (DOFs) of X and RY, as well as Y and RX, are
fully decoupled when the payload’s center of mass h coincides
with the compliance center h� expressed by Eq. (3). Based on the
preceding research, it could be concluded that 1) the natural
frequencies of theVIS are closest to each other, and 2) themovements
of the six DOFs are decoupled on the condition that expression (3) is
satisfied.
Hence, at the early design stage of the VIS, the following

requirement should be satisfied:

h � h� � −RP�RP − RB cos�θ − φ∕2��
R2
P � R2

B − 2RPRB cos�θ − φ∕2� (3)

whereφ ≠ θ, andH is the height of the body framewith respect to the
base frame fBg.

A. Optimal Design Based on Local Dynamic Isotropy

The goal of the optimal design based on local dynamic isotropy is
to get the design parameters of the Gough–Stewart-platform-based
VIS with a minimum ratio of the maximum natural frequency to the
minimum natural frequency. Thus, an optimal design problem in one
pose can be expressed as

κ � ωmax

ωmin

�
������������������������
kλmax�M−1

act�
p
������������������������
kλmin�M−1

act�
p (4)

where Mact � J−TMJ−1 is the joint space generalized mass matrix.
Themaximum eigenvalues and the minimum eigenvalues ofM−1

act are
λmax�M−1

act� and λmin�M−1
act�, respectively [32].

In this Note, some results from previous works [25,32,33] are
applied to deal with the natural frequency problems of the VIS.
Through further study, the first six natural frequencies of the VIS can
be expressed through the following algebraic expressions:

f1 �
1

2π

�����������������������������������������������������������������������������������������
6k

m
·

H2

R2
P � R2

B − 2RPRB cos�θ − φ∕2� �H
2

s
(5)

f2 �
1

2π

������������������������������������������������������������������������������������������
6k

Izz
·

R2
PR

2
B sin �θ − φ∕2�2

R2
P � R2

B − 2RPRB cos�θ − φ∕2� �H
2

s
(6)

f3;4�
1

2π

�����������������������������������������������������������������������������������������������������������
3k�Λyy	�Λyy2−4�m∕Iyy�H2R2

PR
2
B sin�θ−φ∕2�2�1∕2�

2m�R2
P�R2

B−2RPRB cos�θ−φ∕2��H2�

s

(7)

f5;6�
1

2π

�����������������������������������������������������������������������������������������������������������
3k�Λxx	�Λxx2−4�m∕Ixx�H2R2

PR
2
B sin�θ−φ∕2�2�1∕2�

2m�R2
P�R2

B−2RPRB cos�θ−φ∕2��H2�

s

(8)

To guarantee that no singularity is possible for the VIS,H ≠ 0 and
θ ≠ φ should be met.

B. Optimal Design Based on Dynamic Isotropy

According to the initial analysis,when the payload’s center ofmass
coincides with the compliance center h� and the first six natural
frequencies are equal to each other, the VIS can achieve a better
vibration isolation effect. If we let f1 � f2 � f3 � f4 � f5 � f6,
the requirements specified by Eq. (9) should be met for the payload:

Izz � 4Iyy �
3mR2

PR
2
B

2�R2
P − RBRP � R2

B�
(9)

In practice, it is difficult to satisfy Eq. (9), which may require
laborious work and tedious procedures, as reported in literature [34].
In some applications, it is expected that the frequency bandwidths

are uniform just in translation, or angular motion, or by combining
both of them. For the vibration attenuation of telescope, the VIS is
mainly used to isolate themicrovibrations of the spacecraft in angular
motion, which largely degrade the image quality of the telescope
compared with that caused by translational vibration. Therefore, the
natural frequencies of rotational direction should be equal to each
other. When f2 � f3 � f5, the following equations may be
obtained:

H� �
���
2
p

�������������������������������������������������������������������������������
Iyy
Izz

�
R2
P � R2

B − 2RPRB cos

�
θ − φ

2

��s
(10)

f�1 �
1

2π

�����������������������������
12kIyy

m�Izz � 2Iyy�

s
(11)

f�2 � f�3 � f�5

� 1

2π

��������������������������������������������������������������������������������������������
6kR2

PR
2
B sin

2�θ − φ∕2�
R2
P � R2

B − 2RPRB cos�θ − φ∕2� ·
1

Izz � 2Iyy

s
(12)

f�4 � f�6 �
1

2π

�����������������������������
3kIzz

m�Izz � 2Iyy�

s
(13)

C. Parameter Optimization Design of the VIS

For the space telescope, the natural frequencies of the VIS should
meet a certain range. The high-frequency isolation effect increases
with the decrease of the natural frequency of the VIS, whereas the
attitude control stabilization of the spacecraft might be reduced.
Therefore, there is a tradeoff between the isolation effect and the
attitude control stabilization to choose the natural frequency range of
theVIS. The spacecraft attitude control bandwidth is about 0.1Hz, so
the isolation system should be roughly an order of magnitude stiffer
than that. A target of 1 ∼ 3 Hz is set for the range of natural
frequencies of the isolation system [8].
The objective function of the two optimization methods is

expressed as

min

�
κ � ωmax

ωmin

�
����������������������
λmax�M−1

act�
p
���������������������
λmin�M−1

act�
p �

(14)

The constraint conditions of the local dynamic isotropy-based
optimization method are described as
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8>>>>>>>><
>>>>>>>>:

0 ≤ φ ≤ π
3

θ� φ � 2π
3

θ ≠ φ
500 ≤ k ≤ 5000 N · m−1

0.2 ≤ RB ≤ 0.5 m

0.095 ≤ H ≤ 0.6 m

H ≠ 0

The constraint conditions of the dynamic isotropy-based
optimization method are described as

8>><
>>:
0 ≤ φ ≤ π

3

θ ≠ φ
500 ≤ k ≤ 5000 N · m−1

H ≠ 0

The design parameters of the VIS optimized with the MATLAB
fmincon optimization function are listed in Table 1. By using
expressions (5–8,11–13), the first six natural frequencies may be
obtained, as shown in Table 2.
According to Table 2, there is no substantial difference between the

results of the two optimization methods. The natural frequency
ranges of the two methods are almost the same. The three rotational
frequencies obtained by using the dynamic isotropy are the same,
which is more helpful in improving the image quality of the
telescope. Therefore, the design parameters of the VIS based on the
dynamic isotropy are adopted.
Substituting the design parameters and natural frequencies of the

VIS into Eq. (2), the mode shapes are obtained, which represent the
position and orientation of the payload corresponding to each natural

frequency. The modal matrix obtained from Eq. (2) is rearranged
according to the natural frequency sequence as described with
expression (15). As shown in expression (15), the diagonal elements
aremuch larger than other elements. It indicates that theVIS is almost
completely decoupled on all six axes of vibration:

U �

2
6666664

1 0.02 0 0 0 0

0.02 −1 0 0 0 0

0 0 1 0 0 0

0 0 0 −1 0 0

0 0 0 0 1 −0.03
0 0.02 0 0 −0.03 1

3
7777775

(15)

V. Integrated Optomechanical Analysis

Line-of-sight (LOS) jitter is the time-varying motion of the image
on the detector plane, which is due to the internal or external dynamic
loads acting on an optical system [35]. For flexible optics, such as the
primary mirror of the reflective optical system, the microvibrations
may change the shape of the optical surfaces. So, the optic cannot be
regarded as a rigid body. It is realistic to account for the deformations
of the optical surfaces and then compute the average rigid-body
motions. For optical surfaces, which are represented by a grid of
nodes, the rigid-body motion of the surface may be computed as the
area-weight average motion. Let Tx, Ty, and Tz, describe the
translations along coordinate axes and Rx, Ry, and Rz, describe the
rotations about coordinate axes. The sign of the rotation angle is
determined by the right-hand rule.
The fit displacement of node i due to these motions is

d ~xi � Tx � ziRy − yiRz d ~yi � Ty − ziRx � xiRz
d ~zi � Tz � yiRx − xiRy

(16)

where d ~xi, d ~yi, and d ~zi, are, respectively, the displacements at node
positions xi, yi, and zi, due to rigid-body motions. The error E, is
defined as the difference between the actual optical surface nodal
displacements dxi, dyi, and dzi and the rigid-body nodal
displacements d ~xi, d ~yi, and d ~zi. A least-squares fit may be used to
compute the average rigid-body motions of a given surface:

E �
Xn
i�1

wi�dxi − d ~xi�2 �wi�dyi − d ~yi�2 �wi�dzi − d ~zi�2 (17)

where wi is the weighting function of node i.
To find the average rigid-body motions �Tx; Ty; Tz; Rx; Ry; Rz�,

we minimizeE by taking partial derivatives with respect to each term
and setting the result to zero. These equations can be written as

8>>>>>>>>><
>>>>>>>>>:

∂E
∂Tx
�
P

n
i�1 wi�dxi − �Tx � ziRy − yiRz�� � 0

∂E
∂Ty
�
P

n
i�1 wi�dyi − �Ty − ziRx � xiRz�� � 0

∂E
∂Tz
�
P

n
i�1 wi�dzi − �Tz � yiRx − xiRy�� � 0

∂E
∂Rx
�
P

n
i�1wif�dyi − �Ty − ziRx � xiRz��zi − �dzi − �Tz � yiRx − xiRy��yig � 0

∂E
∂Ry
�
P

n
i�1wif−�dxi − �Tx � ziRy − yiRz��zi � �dzi − �Tx � yiRx − xiRy��xig � 0

∂E
∂Zz
�
P

n
i�1 wif�dxi − �Tx � ziRy − yiRz��yi − �dyi − �Ty − ziRx � xiRz��xig � 0

(18)

Table 1 Parameters of the isolation system based on two different
optimization methods

Notation Specification Local dynamic
isotropy

Dynamic
isotropy

RP Payload platform radius 0.178 m 0.178 m
RB Base platform radius 0.200 m 0.200 m
φ Payload platform central

angle
0 deg 40 deg

θ Base platform central
angle

120 deg 140 deg

k Stiffness of isolation strut 546.4 N · m−1 596.9 N · m−1

H Height of payload
platform

0.0951 m 0.0956 m

Table 2 Parameters of the isolation system based on
two different optimization methods

Mode Local dynamic isotropy, Hz Dynamic isotropy, Hz

First 1.00 1.05
Second 1.00 1.05
Third 1.92 2.04
Fourth 1.92 2.18
Fifth 1.93 2.18
Sixth 1.95 2.18
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Table 3 Six load cases acting on the telescope

Load case Acceleration Frequency range, Hz

Translational vibration along the x axis 1 mg 0.1 ∼ 103
Translational vibration along the y axis 1 mg 0.1 ∼ 103
Rotational vibration around the x axis 10−6 arcseconds2 0.1 ∼ 103
Rotational vibration around the y axis 10−6 arcseconds2 0.1 ∼ 103
Translational vibration along the z axis 1 mg 0.1 ∼ 103
Rotational vibration around the z axis 10−6 arcseconds2 0.1 ∼ 103

Table 4 Specifications of the cubic hexapod based
isolator

Notation Specification Value

RP Payload platform radius 0.178 m
RB Base platform radius 0.178 m
φ Payload platform central angle 0 deg
θ Base platform central angle 120 deg
K Stiffness of isolation strut 710 N · m−1

H Height of payload platform 0.1259 m

Table 5 Natural frequencies and mode shapes of the cubic hexapod
based isolator

Mode Natural
frequencies, Hz

Mode shapes

First 1.00 � 0.00; −0.13; 0.00; 1.00; 0.01 0.00 �T
Second 1.00 � 0.13; 0.00; 0.00; −0.01; 1.00 0.00 �T
Third 1.59 � 0.00; 0.00; 1.00; 0.00; 0.00; 0.00 �T
Fourth 2.34 � 0.00; 0.12; 0.00; 1.00; 0.00 0.00 �T
Fifth 2.34 � 0.12; 0.00; 0.00; 0.00; −1.00 0.00 �T
Sixth 2.90 � 0.00; 0.00; 0.00; 0.00; 0.00; 1.00 �T

a) b)

c) d)

e) f)

Fig. 5 Comparison of the LOS with and without the VIS at different cases.
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Substituting the nodal data of optical surfaces into Eq. (18)
and solving these equations, the average rigid-body motions
�Tx; Ty; Tz; Rx; Ry; Rz� are obtained. The average rigid-body
motions can also be calculated by interpolation elements in
MSC.NASTRAN software [35].
Image motion, as a function of time and frequency, can be

computed using finite element analysis. This method assumes that
the image motion is a linear function of the optical element dis-
placement [35,36]. The relationship of the image motion
�Δx;Δy� and the average rigid-body motions (�T�optics) can be
expressed as �

Δx
Δy

�
� �L�img�T�optics (19)

where �L�img is the optical sensitivity coefficients, which can be
obtained froman optical design code. The imagemotion equation can
be entered directly into most finite element programs.

VI. Analysis Results

To verify the effectiveness of the VIS on improving the image
quality of the optical system, the LOS jitters of the optical system
without VIS, with the VIS based on the optimal configuration, and
with the VIS based on the cubic hexapod are calculated. Six different
load cases are considered, as shown in Table 3. The disturbance
accelerations are applied on the base platform in six directions.
The specifications of the VIS based on the cubic hexapod are
provided in Table 4. Its natural frequencies and mode shapes are
shown in Table 5. The following analysis is carried out using MSC/
NASTRAN.
Figure 5 depicts the comparison of the LOS magnitude of image

against frequency for different load cases: a) translational vibration

along the x axis, b) translational vibration along the y axis, c) rotational
vibration around the x axis, d) rotational vibration around the y axis,
e) translational vibration along the z axis, and f) rotational vibration
around the z axis. The dashed lines denote the LOS magnitude of the
imagewithout VIS, the solid curves denote that with the VIS based on
the optimal configuration, and the dotted line denotes that with theVIS
based on the cubic hexapod. From Fig. 5, it can be concluded that the
VIS could efficiently reduce the LOS jitter of the optical system due to
the microvibrations. Figure 5 shows that the VIS improves the image
quality at high frequency but degrades the image quality at low
frequency. A fast steering mirror, which is usually adopted to reduce
the jitter due to spacecraft at low frequency, may be used to overcome
this drawback [37]. Because the structure of the optical payload is
symmetric, the curves in Figs. 5a and 5b are almost identical, aswell as
in Figs. 5c and 5d and in Figs. 5e and 5f.
According to Figs. 5a and 5b, it can be found that the VIS based on

the optimal configuration can achieve a better isolation effect for the
translational vibration in contrast to the VIS based on the cubic
configuration, which benefits from the decoupling as stated in
expression (15).
FromFigs. 5c and 5d, it may be noted that the two kinds ofVIS can

achieve almost the same isolation effect for rotational vibrations.
However, for the VIS based on the cubic hexapod, there are two
resonance peaks at low frequency, whereas for the VIS based on the
optimal configuration, there is one resonance peak.Apeak occurs at a
frequency of 285 Hz, which is attributed to the elastic resonance of
the support frame.
The LOS magnitudes of the images shown in Figs. 5e and 5f are a

zero constant. It means that microvibrations along the z axis and
around the z axis have no influence on the image quality of the optical

system because the two kinds of motions do not affect the optic axis
direction.

VII. Conclusions

This Note addresses the design and analysis of a Gough–Stewart–
platform-based vibration isolation system used for the space
telescope. Two kinds of different optimization methods are proposed
to optimize the vibration attenuation performance of the VIS. An
integrated optomechanical analysis is applied to verify the
effectiveness of the VIS. The simulation and results show that the
VIS can efficiently improve the image quality of the telescope at a
frequency above 3Hz. It can be concluded that this VIS is suitable for
the vibration attenuation of the telescope, and the methods including
the design of the isolation system and the integrated optomechanical
analysis are applicable to the vibration attenuation of other space
telescopes.

Appendix: Detailed Expressions for Some
Intermediate Terms

The following are the terms in Eq. (1):

M �
�

mE3 m · BPR · P ~pTc · BPR
T

m · BPR · P ~Pc ·
B
PR

T B
PR · PI · BPR

T

�

where the center of mass Ppc is a 3 × 1 vector, the pre-superscript P
denotes the body frame axes, m is the payload mass, E3 is 3 × 3
identity matrix, PI is the inertia matrix with respect to frame fPg, P ~pc
denotes a skew symmetry matrix of a spatial vector Ppc,

P ~pTc is the
transpose of P ~pc,

B
PR is the rotation matrix relating the VIS’s

coordinate system, and B
PR

T is the transpose of BPR:

B
PR �

"
cos α · cos β cos α · sin β · sin γ − sin α · cos γ cos α · sin β · cos γ � sin α · sin γ
sin α · cos β sin α · sin β · sin γ � cos α · cos γ cos α · sin β · cos γ − cos α · sin γ

− sin β cos β · sin γ cos β · cos γ

#
K � k · JTJ C � c · JTJ

where k and c are the stiffness coefficient and damping coefficient of
the strut, respectively. JT is the transpose of the Jacobian J, and J is
defined as

J �

2
6666664

BlTn1; �PBR · Pp1 × Bln1�T
BlTn2; �PBR · Pp2 × Bln2�T
BlTn3; �PBR · Pp3 × Bln3�T
BlTn4; �PBR · Pp4 × Bln4�T
BlTn5; �PBR · Pp5 × Bln5�T
BlTn6; �PBR · Pp6 × Bln6�T

3
7777775

where Bln1�i � 1 ∼ 6� is the unit vector of the strut in the base frame.
The following are the terms in expressions (7) and (8):

Λyy �
m

Iyy

��
R2
P � R2

B − 2RPRB cos

�
θ − φ

2

��
h2

�2RPH
�
RP − RB cos

�
θ − φ

2

��
h� R2

PH
2

�

�
�
R2
P � R2

B − 2RPRB cos

�
θ − φ

2

��

Λxx �
m

Ixx

��
R2
P � R2

B − 2RPRB cos

�
θ − φ

2

��
h2

� 2RPH

�
RP − RB cos

�
θ − φ

2

��
h� R2

PH
2

�

�
�
R2
P � R2

B − 2RPRB cos

�
θ − φ

2

��

where Ixx and Iyy are the moments of inertia.
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