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Abstract In this paper, we have given the spin states of two-photon, which are expressed
by the quadratic combination of two single-photon spin states, and given all entanglement
states of two-photon from the spin states of two-photon. The new expression of two-photon
entanglement states should be used in quantum computation and quantum communication.
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1 Introduction

Quantum entanglement, and its inherent non local properties, are among the most fasci-
nating and challenging features of the quantum world. In addition, entanglement plays a
central role in quantum information [1-5]. Since its first description in the decade of 1930
[6], and in spite of the decisive contribution of Bell [7] and the subsequent experimental
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studies [8], entanglement stays even now as a rather mysterious and puzzling property of
bipartite quantum objects. Entanglement is not only a fundamental concept in Quantum
Mechanics with profound implications, but also a basic ingredient of many recent techno-
logical applications that has been put forward in quantum communications and quantum
computing [9, 10]. Entanglement is a very special type of correlation between particles that
can exist in spite of how distant they are. Nevertheless, the term entanglement is sometimes
also used to refer to certain correlations existing between different degrees of freedom of
a single particle [11]. By and large, the most common method to generate photonic entan-
glement, that is entanglement between photons, is the process of spontaneous parametric
down-conversion (SPDC) [12]. In SPDC, two lower-frequency photons are generated when
an intense higher-frequency pump beam interacts with the atoms of a non-centrosymetric
nonlinear crystal. Entanglement can reside in any of the degrees of freedoms that character-
ize light: angular momentum (polarization and orbital angular momentum), momentum and
frequency, or in several of them, what is known as hyper-entanglement. Undoubtedly, polar-
ization is the most widely used resource to generate entanglement between photons thanks
to the existence of many optical elements to control the polarization of light and to the eas-
iness of its manipulation when compared to other characteristics of a light beam, e.g., its
spatial shape or bandwidth.

Entangled states of photons are the basic resource in the successful implementation of
quantum information processing applications, namely optical quantum computing [13, 14],
and quantum cryptography, or quantum key distribution [15, 16]. Also, in the experimen-
tal study of fundamental problems in Quantum Mechanics, as loophole free tests of the
violation of the Bell’s inequalities [17], the delayed-choice quantum eraser [18], quantum
teleportation and entanglement swapping [19], generation of states with a large number of
particles and generalized types of entanglement [20], etc. In this paper, we have given the
spin states of two-photon, which are expressed by the quadratic combination of two single
photon spin states, they are a kind of quantum expression. Otherwise, we give all entangle-
ment states of two-photon, which are different from the xanzsd classical polarization vector
expression of two-photon entanglement state.

2 The Spin State of Two-Photon
The following will give some comments on the real meaning of the state of photon. In

quantum electrodynamics, the spin vector operator of the photon is [21, 22] (in natural unit
systemh=c=1)

00 0 00i 0—-i0
sy=100—-i}),sy=1 000],s;,=}i¢ 00/, (1)
0i O —-i00 000
_ 100
S?=si+s;+s2=2(010], )
001
the spin vector x,, of §% and s, satisfy the following equations
% = 2% 3)
SeXp = WX “)
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these are
X0 = 8 )(1=—1 ll X—1= 1 —li *)
1) V2 T V2 o)
the total spin S is the sum of two photons spin s and s
S=5 45, (6)
and 52 eigenvalue is
§2=5(S+1), %)
and quantum number S are
§=0,1,2. (®)
For the given S, s, eigenvalues are: © = —S, —S+1, ---§, i.e., there are 25 + 1 eigenvalues,

and 25 + 1 eigenfunctions of spin. For § = 0, there is one eigenfunction, for S = 1, there
are three eigenfunctions, and for S = 2, there are five eigenfunctions, i.e., there are nine
spin wave-functions xs,, for two-photon, which are expressed by the quadratic combination
of two single photon spin wave functions x| and x,>. We try to write the nine spin wave
functions of two-photon, they are

(1) § = 2 spin wave functions

(1)

Xs = x22(81z5 822) = x1(512) X1 (85225 §=2,np=2) (&)
1
X = xiGien) = ) Dot +oonel  $=2u=1 (10
1
x§) = x20(s1z, 52) = X1 bl ($=21=0)
(1n
1
x5 = xo-1(s1z,520) = S 0EDX-1 52 F o)1) (S =2 =)
(12)
X8 = X021z 522) = 11 x—1(2:), (S =2, 1= ~2) (13)

(2) § = 0 spin wave function

1 = xo0(s1z.52:) = x0(s1)x0(2:), (S =0, =0) (14)

(3) S = 1 spin wave functions

() 1

Xa = x11(s1z, 827) = JZ[XO(Slz)XI(SZZ) — x0(s22) x1(s12)1, S=1Lu=1) (15)
1
XY = X101z, 52:) = X2 =G (S= 1 =0)
(16)
1
1 = o161z 920) = G112 = 0211 (===
a”n
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In the following, we shall check the above spin wave functions, the two-photon total spin
square S2 and its z component s, are
S = (51 4+ 5)2 =512 4522 + 2512520 + S1yS2y + S12827)
= 4+2(Slx52x +51y52y +SIZSZZ)7 (18)
S; = S1z7 + 852z, (19)
by spin wave functions (5), we have

00 0 0 )
sxxo=|00 —i 0]= (x1+ x-1), (20)
0i 0 1 V2

000 1

1
SxX1 = — 00— i = X0 2D
' vV2\oi o J\o) V2
00 O 1 1
SxX—1= 00 —i =i |= , xo (22)
' v2\oi o 0 V2
[
Syxo = _«/Z(Xl - X-1), (23)
i
SyX1 = \/2)(0, (24)
i
SyX—-1=— , X0, (25)
y \/2
szxo0 =0- xo, (26)
sx1=1-x1, 27
szx—1=—1-x_1, (28)
with equations (20)-(28), we can check spin wave functions.
(1) checking S = 2 spin wave functions
(a) checking spin wave function x él):
SzXél) = (s1z + 522) X1 (s12) X1 (522)
= (s1zX1(512)) X1(527) + X1(512) (52 X1 (522))
= 2x1(s12) X1 (522), (29)
ie.,
w=2, (30)
52x 57 = [4 4 2(s10520 + 1352y + 512520 101 (512) X1 (522)
1 1 i i
=4x1(512) x1(522) +2 |:\/2 x0(s12) /2 xo(s27) + /2 x0(s12) /2 X0(s22)
+ Xl(Slz)Xl(Szz)]
= 6x1(512) x1(522) (31)

@ Springer



4016 Int J Theor Phys (2014) 53:4012-4024

S =2, (32)

we have checked yx ;l) is the spin wave function of two-photon corresponding to S = 2 and
w=2.

(b) checking spin wave function x ;2):

1
sex P = (12 + 522) 061162 + 0052051 61)]

1
= /2 [x0(s22) x1(s12) + x0(s12) x1(522)], (33)

ie.,

- 1
52)(;2) = [4+ 2(s1x52x + S1yS2y + 512527)] /2 [xo(s12) X1 (s22) + x0(522) X1 (s12)]

= 2v2[x0(s12) X1 (520) + x0(52) x1 (512)]

1 1

++2 [2()(1 (512) X0(522) + x—1(512) X0(522)) + 2()(1 (s22) x0(s12) + X1 (SZZ)XO(SIZ))]
1 1

++2 [Z(XI (s12)x0(522) — x—1(s12) X0(522)) + 2()(1(S2z)X0(Slz) — X1 (SZZ)XO(SIZ))]

1
=60 ) G618 620) + K021 512) 33)

§=2, (36)

we have checked yx ;2) is the spin wave function of two-photon corresponding to S = 2 and
w=1.
(c) checking spin wave function x ;3):

1
sex = (12 + 520) G120 + 162021 512)
1
= «/2[(511)(1(511)))(—1(521) + x10522) (S1zx=1(512)]
1
+

\/2[)(1 (512) (522 X—1(522)) + (5221 (522)) X—1(512)]

=0, (37)
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ie.,
nw=0, (38)

> 1
52X§3) = [4 + 2(s1x82x + S1y852y + Slz52z)]«/2 [x1(s12) x—1(s22) + x1(527) x—1(512)]

= 22051 (512) X—1(522) + X1 (522) X—1(512)]

1 1 1 1
+\/2|:«/2X0(Slz)\/2x0(slz))+«/2)(0(521)\/2)(0(5‘]1))]

. . . l
++2 [;2X0(511)(_ \/2))(0(521)) + «;2 x0(s22)(— «/2))(0(5&))]
+ V2 = x1(512) X—1(522)) — X1(522) X—1(512))]

=2 \}2[)(1(81Z)X71(82z) + x1(522) Xx—1(512)]

1
+2- 2 [xo(s12) x0(s22) + x0(s22) x0(512)], (39)

we find that X?) is not the common eigenstate of {3‘2, s;}, corresponding to S = 2 and
@ = 0. Their common eigenstate x ;3) can be obtained by the linear superposition of x29
and xoo, the x ;3) can be written as

X8 = axols12) x0(s22) + blxi(s12) x—1(s2) + x1(520) x—1(s12)], (40)

by the eigenequations

R 3
©) g (4D
sz:xg =0
we can calculate the superposition coefficients a and b

sox S = alsix0(512) x00522) + bI(s12x1 (512) X—1(522) + (512%-1(512)) X1 (522)]

+ a2 x0(522)) x0(512) + bL(s2:x—1(522)) X1(512) + (522 X1 (522)) X—1(512)]
= b x1(512) x=1(522) — x1(52) X—1 (1)1 + b= x1(512) x=1(527) + x1(522) X=1(517)]
=0, 42)

ie.,

w=0, (43)

215 = 4laxo(s1) x0(s22) + b (s12) x1(522) + 11 (52:) x-1(s1:)]
+ 2[a(s1x X0(512)) (526 X0(522)) + D((s1x X1 (512)) (52 X —1(522))
+ (1x X—10512)) (522 X1 (522)))] + 2[a(s1y x0(512)) (52 X0 (522))
+ b((s1yx1(512)) (529 X—1(522)) + (S1y X—1(512)) (52 X1(522)))]
+ 2[a(s12X0(512)) (52:X0(522)) + b((S12X1(512)) (522 X—1(522))
+ (512 X=1(512)) (52 X1 (S22 )]+ 2[D(—x1(512)) X —1(522) — (X—1(512)) X1 (522)]
= 4laxo(s1z2) x0(522) +D(X1(512) X—1(522) + X1 (522) X—1 (512 )]+ 2[@ (X1 (512) X1 (522)
+ x1(522) X=1(512)) +2b x0(512) X0(522) —=b (X1 (512) X—1(522) + X1(522) X—1(512))]
= 4(a + b)xo(s12) x0(s27) + 2(a + b) (x1(s12) Xx—1(522) + x1(527) X—-1(512))
= 6laxo(siz) xo(s2z) +b(x1(s12) x—1(522) + x1(522) X—1(51))], (44)
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comparing the coefficients of the same terms, we obtain

4(a + b) = 6a
{ 2a+b)=6b (45)
ie.,
a=2b, (46)
then
x5 = 2bx0(s12) x0(522) + b1 (512) x—1(522) + x1(52) x—1(51)]s 7)
by condition of normalization
U xS =1, 48)
we have |
b= | 49
V6 )
we get the eigenstate x S), itis
2 1
xs = SOG4 G112 + iG] (50)
(d) checking spin wave function x ;4):
1
saxs) = 1061021 522) 4 0(522) G121 512))
1
+ \/Z[XO(Slz)(SZZX—I(SZZ)) + (522%0(522)) x—1(512)]
. jz[XO(Slz)Xfl(Sk) K002 X1 (511, 51)
ie.,
w=—1, (52)
5@ @ 1
N Xs = 4XS +2J2[(SIXXO(SIZ))(SZX)(fl(SZZ)) + (522 X0(522)) (512 X—1(512))]
1
+ 2\/2[(SlyXO(Slz))(SZyX—I(521)) + (52y X0(522)) (S1y X—1(512))]
1
+ 2\/2[(SIZX0(S]Z))(SZZX—] (527)) + (527 x0(522)) (S12X—1(512))]
1
=4x5" +2 D 1200620) + X1 520 x0(012)]
= 615", (53)
ie.,
S =2, (54)

we have checked x §4) is the spin wave function of two-photon corresponding to § = 2 and

n=-—1
. . . ).
(€) checking spin wave function x ¢ ":

5ot = (S1axo1 (1) x—1(522) + x—1(512) (52201 (52))

= —x10512) x—1(527) — Xx—-1(512) X—1(527)
= =2[x1(s12) x—1(s22)], (55)
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ie.,
w=—2, (56)

5258 = dx 15120 x-1(522) + 2[( 12 X1 (512)) (52 X—1 (522))
+ (S1yX—1(512)) 52y X—1(522)) + (S12X-1(512)) (527 X —1(522))]

1 1 —i i
=4x_ z) X— z 2 z z z z
X—10s12) x—1(s27) + |:\/2X0(Sl )«/ZXO(SZ )+ \/ZXO(SI )«/2X0(Sz )

+ Xfl(slz)Xfl(SZZ)]

= 6)x-1(51) x—1(522), (57)
ie.,
S =2, (58)

we have checked yx §5) is the spin wave function of two-photon corresponding to S = 2 and
n=-2.

(2) checking S = 0 spin wave functions x éé):
52X3% = (512X0(512)) X0(522) + x0(s12) (52:X0(522)) = O, (59)

ie.,

=0, (60)

52589 = 4x0(512)x0(522) + 20512 X0(512)) (526 X0(522)) + (513 X0(512)) (525 X0(522))
+ (S1z2X0(512)) (522 X0 (522)) ]

1 1
= 4xo(s1z) x0(s27) + 2 [JZ(X1(31Z) + x-1(512)) \/2()(1(521) + x-1(522))

+ J’zm(slz)—xfl(slz)) \/;(Xl(sk)—)(fl(hz))]

= 4x0(s12) x0(522) + 2[x1(512) X—1(522) + x1(522) x—1(512)] # O, (61)

we find x §6) is not the common eigenstate of {S: 2, s,}, corresponding to S = 0 and u = 0.

Their common eigenstate x éﬁ) can be written as equation (40), we have

s =0, (62)

ie.,

0, (63)

m
and
52x9 = 4axo(s12)x0(522) + b1 (s1) x—1(522) + X1 (52 x—1(51))]
+4bxo(s12) x0(s27) +2(a — D) (x1(512) x—1(522) + x1(522) Xx—1(512))
= 4(a + b) xo(s12) X0(s27) + 2(a + b) (x1(512) X—1(527) + x1(522) X-1(512)))

=0, (64)
we have
4a+b)=0
{2(a+b)=0 : (63)
ie.,
a = —b, (66)
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then

X = axols12) x0(522) — alxi (512 x-1(52) + x1(520) X-1 (1)1 (67)

by condition of normalization

+
() ¥ =1, (68)
1
a= ., (69)
V3

we get the eigenstate x ;6), itis

1 1
x = RGN0 = 1162 + iG] (70)

(3) S = 1 spin wave functions

(a) checking spin wave function Xf(‘l):

1
SZX(AI) = (517 + SZz)Jz[XO(Slz)Xl(52z) — xo(s2:) x1(512)]

= \}2 [(s1zx0(s12)) x1(522) — Xx0(522) (512 X1(512))]

1
+ 2 [x0(s12) (522 X1 (522)) — (522 %0(522)) x1(512)]

1
= \/z[XO(Slz)Xl(SZZ) — x0(s22) x1(s12)], (71)

ie.,

w=1, (72)

§2x D = dx Y + V2010 x00512)) (52001 (52)) — (522 X0(520)) (1 X1 (512)]
+ V2051 X0(512)) (529 X1 (52)) — (525 X0(522)) (519 X1 (512))]
+ V20512 00(512)) (522 X1 (522)) — (520 x0(522)) (5121 (512))]

EPMONBVARE 1

=4y, +v2 «/2(X1(Slz)+X—](Slz))\/2XO(52z)
1 1

_\/2()(](521)+X—l(521))«/2)(0(5]z):|

++2 [— «}2 (x1(s12) — x=1(s12)) \;2 X0(s22)

" j2<xl<s21> — X1(520) \;2 m(m)}
= 4)(/(41) + V2x1 (s12) x0(522) — x1(522) X0(512)]

1 1 1
=axy) —2xy) =2, (73)

S=1, (74)
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we have checked xf,” is the spin wave function of two-photon corresponding to S = 1 and
w=1.

(b) checking spin wave function Xf):

1
SZX,(QZ) = Jz[(slzXl(slz))Xfl(SZZ) — x1(52) (S12X-1(512))]

+ \}2 [x1(s12) (522 x—1(522)) — (527 x1(522)) X—1(512)]
=0, (75)

ie.,

§2x P = ax P 4+ V2Uls10 01 (512) (520 X1 (522)) — (520 X1 (522)) (S1x X1 (512))]
+ V200519 X1 (512)) (529 X—1(522)) — (529 X1(520)) (51y X—1(512))]

V2051201 (512)) (520 X—1(522)) — (5221 (520)) (512X —1(512))]

=4xP +2. 1*/2|: l x0(s1z) : x0(s27) — : x0(s22) ; x0(s12)
A \/2 ¥4 «/2 74 \/2 74 \/2 Z

+ «}2 x0(s1z) (- \;2> x0(s27) — \;2)(0(521) (-Jz) x0(s12)

— x1(512) x—1(s27) + X1 (SZZ)X—](Slz):I

2 2 2
A

=4x4" = 2x4 =2%4s 7

ie.,
S=1, (78)
we have checked Xf) is the spin wave function of two-photon corresponding to S = 1 and

nw=0.

(c) checking spin wave function x ),

e
1
5:X§) = Jz[(slzXU(slz))Xfl(SZZ) — x0(s27) (S12X=1(512))]

1
+ \/z[xo(slz)(szzxfl(szz)) — (522 x0(522)) X—1(512)]

1
= ~ [x0(s12) x—1(s22) — x0(s22) Xx—1(s12)], (79)
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h=—1, (80)

2% = ax Y + V2Uls1x00512)) (520 x—1(522)) — (520 X0(522)) (512 X1 (512))]
+ V20051 X0(512)) (529 X—1(522)) — (529 X0(520)) (51y X—1(512))]
+ V2[(5120(512)) (522 X—1(522)) — (522 x0(522)) (512 X—1(512))]

1 1
=4x/§3) +‘/2|:\/2(X1(Slz)+X—l(slz))«/2)(0(521)

1 1
_«/2()(1(521)+X71(521))\/2X0(Slz)i|

+2 [;;(xl(sla — Xo1(512) le X0(s22)

\/12 (x10s2z) — x-1(522)) «/12 Xo(Slz)]

3 3

—4x® 0y ®
3

=249, (81)

ie.,
S=1, (82)

we have checked Xf) is the spin wave function of two-photon corresponding to § = 1 and
n=-1.
By calculation and checking, we obtain the correct spin wave function of two-photon, they
are

(1) S = 2 spin wave functions

X8 = a1z 50) = xi@1x16s2). (S=2.p=2) (83)
1
1 = xo1(s12, 520) = SHOEIXI62) F ro206] (S=2u=1) (84
2 1
X = SN G- 0 G1) (=20 =0)
(85)
1
x5 = xo-1(s1z,520) = S P0EDX-1 52 F o)1) (S =2 =)
(86)
x5 = 1020512, 920) = xo1 (1) x-1022),  (S=2,u=~2) 87
(2) § = 0 spin wave function
1 1
% = RO DI+ G G0N ($=0.4=0)
(88)
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(3) S = 1 spin wave functions

1
1 = xin (i 52) = 01620 = 060Gl (S=1u=1 69
1
1 = xi0siz 520) = G020 = 2 61l (S =1k =0)
(90)
1
1 = oGz 92) = 611620 = o Gi)) (S =Tow= =D
1)

From equations (83)-(91), we can find the two-photon spin states of S = 2 and S = 0 are
symmetrical spin states, and the spin states of § = 1 are antisymmetrical spin states. In the
two-photon spin states, the states x éz), X §3), X §4), X §6), Xfxl), Xf(‘z) and XS) are two-photon

entanglement states. We know the two-electron entanglement states are

1
xs= , [xeox 60+ o). s=1e=0 ©

and

1
xa=  ex e - e 6] E=0p=0 ©3

where x1(s;) and x_ 1 (s;) are s, eigenstates of eiegnvalues ; and —;, i.e., the two-electron
2 2

entanglement states are expressed by the spin states of two single-electron.

At present, the two-photon entanglement states are expressed as [23-26]

1
X1 =
v

X2 = J2(|H>1IV>2iIV)1|H)2)~ (95)
Where |H) and |V) denote the states of horizontal and vertical linear polarization. The
equations (94) and (95) are expressed by the polarization vector, and the equations (84),
(85), (86), (88), (89), (90) and (91) are expressed by the spin states of two single-photon,
which are similar as the expression of two-electron entanglement states.

2(|H>1|H)zi|V>1IV)z), 94)

and

3 Conclusion

In this paper, we have given the spin states of two-photon, which are expressed by the two
single-photon spin states, and given all entanglement states of two-photon, which are similar
as the expression of two-electron entanglement states. The new expression of two-photon
entanglement states should be used in quantum computation and quantum communication.
Acknowledgments This work is supported by Scientific and Technological Development Foundation of
Jilin Province, Grant Number: 20130101031JC.
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