
Study photonic crystals defect model property with quantum theory

Xiang-Yao Wu a,n, Ji Ma a, Xiao-Jing Liu a, Jing-Hai Yang a, Hong Li a, Si-Qi Zhang a,
Hai-Xin Gao b, Heng-Mei Li c, Hong-Chun Yuan c

a Institute of Physics, Jilin Normal University, Siping 136000, China
b Institute of Physics, Northeast Normal University, Changchun 130024, China
c College of Optoelectronic Engineering, Changzhou Institute of Technology, Changzhou 213002, China

a r t i c l e i n f o

Article history:
Received 26 September 2013
Received in revised form
16 January 2014
Accepted 3 February 2014
Available online 14 February 2014

Keywords:
Photonic crystals
Quantum transmissivity
Quantum dispersion relation

a b s t r a c t

In this paper, we have presented a quantum theory approach to study one-dimensional photonic crystals
with and without defect layer. We give quantum dispersion relation, quantum transmissivity, reflectivity
and absorptivity, and compare them with the classical dispersion relation, transmissivity, reflectivity and
absorptivity. By the calculation, we find that the classical and quantum dispersion relation, transmissivity
reflectivity and absorptivity are identical. With the quantum theory new approach, we can study two-
dimensional and three-dimensional photonic crystals in the future.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Photonic crystals have generated a surge of interest in the last
decades because they offer the possibility to control the propaga-
tion of light to an unprecedented level [1–4]. In its simplest form, a
photonic crystal is an engineered inhomogeneous periodic structure
made up of two or more materials with very different dielectric
constants. When an electromagnetic wave (EM) propagates in such
a structure whose period is comparable to the wavelength of the
wave, unexpected behaviors occur. Among the most interesting
ones are the possibility of forming a complete photonic band gap
(CPBG) [5,6], which forbids the radiation propagation in a specific
range of frequencies. The existence of PBGs will lead to many
interesting phenomena. In the past ten years has been developed an
intensive effort to study and micro-fabricate PBG materials in one,
two or three dimensions, e.g., modification of spontaneous emission
[7,8] and photon localization [9–12].

The existence of PBGs will lead to many interesting phenomena,
e.g., modification of spontaneous emission [13,14] and photon
localization [15–17]. Thus numerous applications of photonic crys-
tals have been proposed in improving the performance of optoelec-
tronic and microwave devices such as high-efficiency
semiconductor lasers, right emitting diodes, wave guides, optical
filters, high-Q resonators, antennas, frequency-selective surface,
optical limiters and amplifiers [18,19]. Other applications of PCs
have been proposed and designed in the SLED to realize high power

[20–22]. These applications would be significantly enhanced if the
band structure of the photonic crystal could be tuned.

The theory calculations of PCs have many numerical methods,
such as the plane-wave expansion method (PWE) [23], the finite-
difference time-domain method (FDTD) [24], the transfer matrix
method (TMM) [25], the finite element method (FE) [26], the
scattering matrix method [27], the Green's function method [28],
etc. These methods are classical electromagnetism theory.
Obviously, the full quantum theory of PCs is necessary. In Refs.
[29,30], the authors give the quantum wave equation of single
photon. In Ref. [31], we give the quantum wave equations of free
and non-free photon. In this paper, we have studied the 1D PCs by
the quantum wave equations of photon [31], and given quantum
dispersion relation, quantum transmissivity, reflectivity and
absorptivity, and compare them with the classical dispersion
relation, transmissivity, reflectivity and absorptivity. By the calcu-
lation, we find that the classical and quantum dispersion relation,
transmissivity reflectivity and absorptivity are identical. With the
new approach, we can study two-dimensional and three-
dimensional photonic crystals.

2. The quantumwave equation and probability current density
of photon

The quantum wave equations of free and non-free photon have
been obtained in Ref. [31], they are

iℏ
∂
∂t
ψ!ð r!; tÞ ¼ cℏ∇� ψ!ð r!; tÞ; ð1Þ
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and

iℏ
∂
∂t
ψ!ð r!; tÞ ¼ cℏ∇� ψ!ð r!; tÞþVψ!ð r!; tÞ; ð2Þ

where ψ!ð r!; tÞ is the vector wave function of photon, and V is the
potential energy of photon in medium. In the medium of refractive
index n, the photon's potential energy V is [31]

V ¼ ℏωð1�nÞ: ð3Þ
The conjugate of Eq. (2) is

� iℏ
∂
∂t
ψ!nð r!; tÞ ¼ cℏ∇� ψ!nð r!; tÞþVψ!nð r!; tÞ: ð4Þ

Multiplying Eq. (2) by ψ!n

, Eq. (4) by ψ!, and taking the difference,
we get

iℏ
∂
∂t
ðψ!n � ψ!Þ¼ cℏðψ!n �∇� ψ!�ψ!�∇� ψ!nÞ ¼ cℏ∇

� ðψ!� ψ!nÞ; ð5Þ
i.e.

∂ρ
∂t

þ∇ � J ¼ 0; ð6Þ

where

ρ¼ ψ!n � ψ!; ð7Þ
and

J ¼ icψ!� ψ!n

; ð8Þ
are the probability density and probability current density,
respectively.

By the method of separation variable

ψ!ð r!; tÞ ¼ ψ!ð r!Þf ðtÞ; ð9Þ
the time-dependent equation (2) becomes the time-independent
equation

cℏ∇� ψ!ð r!ÞþVψ!ð r!Þ¼ Eψ!ð r!Þ; ð10Þ
where E is the energy of photon in medium.

By taking curl in (10), when ∂V=∂xi ¼ 0; ði¼ 1;2;3Þ, Eq. (10)
becomes

ðℏcÞ2ð∇ð∇ � ψ!ð r!ÞÞ�∇2ψ!ð r!ÞÞ ¼ ðE�V Þ2ψ!ð r!Þ: ð11Þ
Choosing transverse gange

∇ � ψ!ð r!Þ¼ 0; ð12Þ
Eq. (11) becomes

∇2ψ!ð r!Þþ E�V
ℏc

� �2

ψ!ð r!Þ¼ 0: ð13Þ

With Eqs. (12) and (13), we should study one-dimensional PCs by
the quantum theory approach.

3. The quantum theory of one-dimensional photonic crystals

For one-dimensional photonic crystals, we should define and
calculate its quantum dispersion relation and quantum transmis-
sivity. The one-dimensional PCs structure is shown in Fig. 1.

In Fig. 1, ψ!I , ψ!R, ψ!T are the wave functions of incident,
reflection and transmission photon, respectively, and they can be
written as

ψ!ð r!; tÞ ¼ ψ!0e
ið k
!

� r!�ωtÞ ¼ψ x i
!þψ y j

!þψ z k
!

; ð14Þ

By transverse gange ∇ � ψ!ð r!Þ¼ 0, we get

kxψ xþkyψ yþkzψ z ¼ 0: ð15Þ

In Fig. 1, the photon travels along with the x-axis, the wave vector
ky ¼ kz ¼ 0 and kxa0. By Eq. (15), we have

ψ x ¼ 0; ð16Þ
so the total wave function of photon is

ψ!¼ ψ!y j
!þψ!z k

!
; ð17Þ

Eq. (13) becomes two component equations

∇2ψ yþ
E�V
ℏc

� �2

ψ y ¼ 0; ð18Þ

and

∇2ψ zþ
E�V
ℏc

� �2

ψ z ¼ 0: ð19Þ

In Fig. 1, the wave functions of incident, reflection and transmis-
sion photon can be written as

ψ I
�!¼ Fyeið k

!
� r!�ωtÞ j

!þFzeið k
!

� r!�ωtÞ k
!

; ð20Þ

ψR
�!¼ F 0ye

ið k
!

� r!�ωtÞ j
!þF 0ze

ið k
!

� r!�ωtÞ k
!

; ð21Þ

ψ T
�!¼Dyeið k

!
� r!�ωtÞ j

!þDzeið k
!

� r!�ωtÞ k
!

; ð22Þ
where Fy, Fz, F

0
y, F

0
z , Dy, and Dz are their amplitudes.

The component form of Eq. (1) is

iℏ
∂
∂t
ψ x ¼ ℏc

∂ψ z

∂y
�∂ψ y

∂z

� �

iℏ
∂
∂t
ψ y ¼ ℏc

∂ψ x

∂z
�∂ψ z

∂x

� �

iℏ
∂
∂t
ψ z ¼ ℏc

∂ψ y

∂x
�∂ψ x

∂y

� �

8>>>>>>>><
>>>>>>>>:

; ð23Þ

substituting Eqs. (14) and (16) into (23), we have

ψ z ¼ iψ y; ð24Þ

the probability current density becomes

J ¼ icψ!� ψ!n ¼ 2cjψ zj2 i
!¼ 2cjψ0zj2 i

!
; ð25Þ

where

ψ z ¼ψ0ze
ið k
!

� r!�ωtÞ; ð26Þ
the ψ0z is ψz amplitude.

For the incident, reflection and transmission photon, their
probability current density JI, JR, JT are

JI ¼ 2cjFzj2; ð27Þ

JR ¼ 2cjF 0zj2; ð28Þ

JT ¼ 2cjDzj2; ð29Þ
We can define quantum transmissivity T and quantum reflectivity
R as

T ¼ JT
JI
¼ Dz

Fz

����
����2; ð30Þ

Fig. 1. The structure of one-dimensional photonic crystals.
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R¼ JR
JI
¼ F 0z

Fz

����
����2: ð31Þ

4. The quantum transmissivity and quantum dispersion
relation

Since the probability current densities are relevant to the z
component amplitudes of wave function, we should only solve the
z component equation (19) for the one-dimensional PCs, which is
shown in Fig. 2.

With Eq. (19), the photon's quantum wave equation in med-
iums A and B are

∂2ψA

∂x2
þk2AψA ¼ 0 ð0oxoaÞ; ð32Þ

∂2ψB

∂x2
þk2BψB ¼ 0 ðaoxoaþbÞ; ð33Þ

where

kA ¼
E�Va

ℏc
¼ E�ℏωð1�naÞ

ℏc
¼ω

c
na ¼

2π
λ
na; ð34Þ

kB ¼
E�Vb

ℏc
¼ E�ℏωð1�nbÞ

ℏc
¼ω

c
nb ¼

2π
λ
nb; ð35Þ

where λ¼ 2πc=ω is the photon wave length in vacuum,
Va ¼ ℏωð1�naÞðVb ¼ ℏωð1�nbÞÞ is the potential energy of photon
in medium AðBÞ, and naðnbÞ is the refractive index of medium AðBÞ.
In order to simplify, the index z is omitted, i.e., ψ zAðψ zBÞ is written
as ψAðψBÞ. The solutions of Eqs. (32) and (33) are

ψA ¼ A1eikAxþA2e� ikAx ð0oxoaÞ; ð36Þ

ψB ¼ B1eikBxþB2e� ikBx ðaoxoaþbÞ: ð37Þ
By Bloch law, there is

ψ ðaþboxo2aþbÞ ¼ψ ð0oxoaÞeikðaþbÞ

¼ ðA1eikAðx�ðaþbÞÞ

þA2e� ikAðx�ðaþbÞÞÞeikðaþbÞ; ð38Þ
where k is Bloch wave vector.

At x¼a, by the continuation of wave function and its derivative,
we have

A1eikAaþA2e� ikAa ¼ B1eikBaþB2e� ikBa; ð39Þ

ikAA1eikAa� ikAA2e� ikAa ¼ ikBB1eikBa� ikBB2e� ikBa; ð40Þ
At x¼ aþb, by the continuation of wave function and its deriva-
tive, we have

A1eikðaþbÞ þA2eikðaþbÞ ¼ B1eikBðaþbÞ þB2e� ikBðaþbÞ; ð41Þ

ikAA1eikðaþbÞ � ikAA2eikðaþbÞ ¼ ikBB1eikBðaþbÞ � ikBB2e� ikBðaþbÞ; ð42Þ

and we obtain the following equations set:

A1eikAaþA2e� ikAa ¼ B1eikBaþB2e� ikBa

ikAA1eikAa� ikAA2e� ikAa ¼ ikBB1eikBa� ikBB2e� ikBa

A1eikðaþbÞ þA2eikðaþbÞ ¼ B1eikBðaþbÞ þB2e� ikBðaþbÞ

ikAA1eikðaþbÞ � ikAA2eikðaþbÞ ¼ ikBB1eikBðaþbÞ � ikBB2e� ikBðaþbÞ;

8>>>><
>>>>:

ð43Þ
the necessary and sufficient condition of Eq. (43) nonzero solution
is its coefficient determinant equal to zero

eikAa e� ikAa �eikBa �e� ikBa

kAeikAa �kAe� ikAa �kBeikBa kBe� ikBa

eikðaþbÞ eikðaþbÞ �eikBðaþbÞ �e� ikBðaþbÞ

kAeikðaþbÞ �kAeikðaþbÞ �kBeikBðaþbÞ kBe� ikBðaþbÞ

����������

����������
¼ 0; ð44Þ

simplifying Eq. (44), we obtain the quantum dispersion relation

cos ðkðaþbÞÞ ¼ cos ðkAaÞ cos ðkBbÞ�
1
2

1
kA

þ 1
kB

� �
sin ðkAaÞ sin ðkBbÞ:

ð45Þ
In the following, we should give the wave function of photon in
every medium, and the transmission wave function. In Fig. 3, we
give the simplification form of wave function in every medium,
such as symbols A1

kA and A1
�kA express simplifying wave function of

medium A in the first period, they express wave function

ψA1 ðxÞ ¼ A1
kA e

ikAxþA1
�kA e

� ikAx; ð46Þ
in medium B of first period, the symbols B1

kA and B1
�kA express

wave function

ψB1 ðxÞ ¼ B1
kB e

ikBxþB1
�kB e

� ikBx; ð47Þ
in medium A of second period, the symbols A2

kA and A2
�kA express

wave function

ψA2 ðxÞ ¼ A2
kA e

ikAxþA2
�kA e

� ikAx; ð48Þ
similarly, in medium B of second period, the symbols B2

kA and B2
�kA

express wave function

ψB2 ðxÞ ¼ B2
kB e

ikBxþB2
�kB e

� ikBx; ð49Þ
and so on.

In the incident area, the total wave function ψ totðxÞ is the
superposition of incident and reflection wave function, it is

ψ totðxÞ ¼ψ IðxÞþψRðxÞ ¼ FeiKxþF 0e� iKx; ð50Þ
where K is the wave vector of incident, reflection, and transmis-
sion photon. In the following, we should use the condition of wave
function and its derivative continuation at interface of two
mediums.

(1) At x¼0, by the continuation of wave function and its
derivative, we have

FþF 0 ¼ A1
kA þA1

�kA ; ð51Þ

iKF� iKF 0 ¼ ikAA
1
kA � ikAA

1
�kA ; ð52Þ

we obtain

A1
kA ¼

1
2

1þ K
kA

� �
Fþ 1� K

kA

� �
F 0

� �
; ð53Þ

Fig. 2. The structure of one-dimensional photonic crystals. Fig. 3. The quantum structure of one-dimensional photonic crystals.
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A1
�kA ¼

1
2

1� K
kA

� �
Fþ 1þ K

kA

� �
F 0

� �
; ð54Þ

Eqs. (53) and (54) can be written as matrix form

A1
kA

A1
�kA

0
@

1
A¼ 1

2

1þK=kA 1�K=kA
1�K=kA 1þK=kA

 !
F

F 0

� �
¼M1

A

F

F 0

� �
; ð55Þ

where MA
1 is the quantum transform matrix of the first

period medium A, it is

M1
A ¼

1
2

1þK=kA 1�K=kA
1�K=kA 1þK=kA

 !
; ð56Þ

(2) At x¼a, by the continuation of wave function and its
derivative, we have

A1
kAe

ikAaþA1
�kAe

� ikAa ¼ B1
kBe

ikBaþB1
�kBe

� ikBa; ð57Þ

kA
kB
ðA1

kAe
ikAa�A1

�kAe
� ikAaÞ ¼ B1

kB e
ikBa�B1

�kB e
� ikBa; ð58Þ

we get

B1
kB ¼

1
2
eiðkA �kBÞa 1þkA

kB

� �
A1
kA þ

1
2
e� iðkA þkBÞa 1�kA

kB

� �
A1

�kA ; ð59Þ

B1
�kB ¼

1
2
eiðkA þkBÞa 1�kA

kB

� �
A1
kA þ

1
2
eiðkB �kAÞa 1þkA

kB

� �
A1

�kA ; ð60Þ

Eqs. (59) and (60) can be written as matrix form

B1
kB

B1
�kB

0
@

1
A¼ 1

2
eiðkA �kBÞað1þkA=kBÞ e� iðkA þkBÞað1�kA=kBÞ
eiðkA þkBÞað1�kA=kBÞ eiðkB �kAÞað1þkA=kBÞ

 !
A1
kA

A1
�kA

 !

¼M1
B

A1
kA

A1
�kA

 !
; ð61Þ

where MB
1 is the quantum transform matrix of the first

period medium B, it is

M1
B ¼

1
2

eiðkA �kBÞað1þkA=kBÞ e� iðkA þkBÞað1�kA=kBÞ
eiðkA þkBÞað1�kA=kBÞ eiðkB �kAÞað1þkA=kBÞ

 !
; ð62Þ

(3) At x¼ aþb, by the continuation of wave function and its
derivative, we have

B1
kBe

ikBðaþbÞ þB1
�kBe

� ikBðaþbÞ ¼ A2
kAe

ikAðaþbÞ þA2
�kA e

� ikAðaþbÞ;

ð63Þ

kB
kA
ðB1

kBe
ikBðaþbÞ �B1

�kB e
� ikBðaþbÞÞ ¼ A2

kAe
ikAðaþbÞ �A2

�kA e
� ikAðaþbÞ; ð64Þ

we get

A2
kA ¼

1
2
eiðkB �kAÞðaþbÞ 1þkB

kA

� �
B1
kB þ

1
2
e� iðkA þkBÞðaþbÞ 1�kB

kA

� �
B1
�kB ; ð65Þ

A2
�kA ¼

1
2
eiðkA þkBÞðaþbÞ 1�kB

kA

� �
B1
kB þ

1
2
eiðkA �kBÞðaþbÞ 1þkB

kA

� �
B1
�kB ;

ð66Þ

Eqs. (65) and (66) can be written as matrix form

A2
kA

A2
�kA

0
@

1
A¼ 1

2
eiðkB �kAÞðaþbÞð1þkB=kAÞ e� iðkA þkBÞðaþbÞð1�kB=kAÞ
eiðkA þkBÞðaþbÞð1�kB=kAÞ eiðkA �kBÞðaþbÞð1þkB=kAÞ

 !
B1
kB

B1
�kB

 !

¼M2
A

B1
kB

B1
�kB

 !
; ð67Þ

where MA
2 is the quantum transform matrix of the second

period medium A, it is

M2
A ¼

1
2

eiðkB �kAÞðaþbÞð1þkB=kAÞ e� iðkA þkBÞðaþbÞð1�kB=kAÞ
eiðkA þkBÞðaþbÞð1�kB=kAÞ eiðkA �kBÞðaþbÞð1þkB=kAÞ

 !
; ð68Þ

(4) At x¼ 2aþb, by the continuation of wave function and its
derivative, we get

B2
kB

B2
�kB

0
@

1
A¼ 1

2
eiðkA �kBÞð2aþbÞð1þkA=kBÞ e� iðkA þkBÞð2aþbÞð1�kA=kBÞ
eiðkA þkBÞð2aþbÞð1�kA=kBÞ eiðkB �kAÞð2aþbÞð1þkA=kBÞ

 !
A2
kA

A2
�kA

 !

¼M2
B

A2
kA

A2
�kA

 !
; ð69Þ

where MB
2 is the quantum transform matrix of the second

period medium B, it is

M2
B ¼

1
2

eiðkA �kBÞð2aþbÞð1þkA=kBÞ e� iðkA þkBÞð2aþbÞð1�kA=kBÞ
eiðkA þkBÞð2aþbÞð1�kA=kBÞ eiðkB �kAÞð2aþbÞð1þkA=kBÞ

 !
;

ð70Þ

(5) At x¼ 2ðaþbÞ, by the continuation of wave function and its
derivative, we get

A3
kA

A3
�kA

0
@

1
A¼ 1

2
eiðkB �kAÞ2ðaþbÞð1þkB=kAÞ e� iðkA þkBÞ2ðaþbÞð1�kB=kAÞ
eiðkA þkBÞ2ðaþbÞð1�kB=kAÞ eiðkA �kBÞ2ðaþbÞð1þkB=kAÞ

 !
B2
kB

B2
�kB

 !

¼M3
A

B2
kB

B2
�kB

 !
; ð71Þ

where MA
3 is the quantum transform matrix of the third

period medium A, it is

M3
A ¼

1
2

eiðkB �kAÞ2ðaþbÞð1þkB=kAÞ e� iðkA þkBÞ2ðaþbÞð1�kB=kAÞ
eiðkA þkBÞ2ðaþbÞð1�kB=kAÞ eiðkA �kBÞ2ðaþbÞð1þkB=kAÞ

 !

ð72Þ

(6) Similarly, at x¼ 3aþ2b, by the continuation of wave func-
tion and its derivative, we get

B3
kB

B3
�kB

0
@

1
A¼ 1

2
eiðkA �kBÞð3aþ2bÞð1þkA=kBÞ e� iðkA þkBÞð3aþ2bÞð1�kA=kBÞ
eiðkA þkBÞð3aþ2bÞð1�kA=kBÞ eiðkB �kAÞð3aþ2bÞð1þkA=kBÞ

 !

A3
kA

A3
�kA

 !
¼M3

B

A3
kA

A3
�kA

 !
; ð73Þ

where MB
3 is the quantum transform matrix of the third

period medium B, it is

M3
B ¼

1
2

eiðkA �kBÞð3aþ2bÞð1þkA=kBÞ e� iðkA þkBÞð3aþ2bÞð1�kA=kBÞ
eiðkA þkBÞð3aþ2bÞð1�kA=kBÞ eiðkB �kAÞð3aþ2bÞð1þkA=kBÞ

 !
: ð74Þ

By the above calculation, we can obtain the results of transform
matrices:

(1) For the transform matrix MA
1 of the first period medium A is

independent form.
(2) For the transform matrices MA

N of the N-th period ðNZ2Þ,
they can be written as

MN
A ¼ 1

2
eiðkB �kAÞðN�1ÞðaþbÞð1þkB=kAÞ e� iðkA þkBÞðN�1ÞðaþbÞð1�kB=kAÞ
eiðkA þkBÞðN�1ÞðaþbÞð1�kB=kAÞ eiðkA �kBÞðN�1ÞðaþbÞð1þkB=kAÞ

 !
;

ð75Þ
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(3) For the transform matrices MB
N of the N-th period ðNZ1Þ,

they can be written as

MN
B ¼ 1

2
eiðkA �kBÞðNðaþbÞ�bÞð1þkA=kBÞ e� iðkA þkBÞðNðaþbÞ�bÞð1�kA=kBÞ
eiðkA þkBÞðNðaþbÞ�bÞð1�kA=kBÞ eiðkB �kAÞðNðaþbÞ�bÞð1þkA=kBÞ

 !
:

ð76Þ

By the quantum transform matrices, we can give their
relations:

(1) The representation of the first period quantum transform
matrices is

A1
kA

A1
�kA

0
@

1
A¼M1

A

F

F 0

� �
; ð77Þ

B1
kB

B1
�kB

0
@

1
A¼M1

B

A1
kA

A1
�kA

 !
¼M1

BM
1
A

F

F 0

� �
¼M1 F

F 0

� �
: ð78Þ

(2) The representation of the second period quantum transform
matrices is

A2
kA

A2
�kA

0
@

1
A¼M2

A

B1
kB

B1
�kB

 !
¼M2

AM
1
BM

1
A

F

F 0

� �
¼M2

A M1 F

F 0

� �
;

ð79Þ

B2
kB

B2
�kB

0
@

1
A¼M2

B

A2
kA

A2
�kA

 !
¼M2

BM
2
AM

1
BM

1
A

F

F 0

� �
¼M2M1 F

F 0

� �
:

ð80Þ

(3) Similarly, the representation of the N-th period quantum
transform matrices is

AN
kA

AN
�kA

0
@

1
A¼MN

AM
N�1
B MN�1

A � � �M2
AM

1
BM

1
A

F

F 0

� �

¼MN
AM

N�1 � � �M2 M1 F

F 0

� �
; ð81Þ

BN
kB

BN
�kB

0
@

1
A¼MN

BM
N
AM

N�1
B MN�1

A � � �M2
AM

1
BM

1
A

F

F 0

� �

¼MNMN�1 � � �M2M1 F

F 0

� �
¼M

F

F 0

� �
; ð82Þ

where

M ¼MNMN�1 � � �M2M1 ¼
m1 m2

m3 m4

 !
; ð83Þ

is the total quantum transform matrix of N period, and
M1 ¼M1

BM
1
A is the first period quantum transform matrix,

M2 ¼M2
BM

2
A is the second period quantum transform matrix,

and MN ¼MN
BM

N
A is the N-th period quantum transform

matrix.

By Eqs. (82) and (83), we can give the wave function of N-th
period in medium B, it is

ψN
B ðxÞ ¼ BN

kBe
ikBxþBN

�kBe
� ikBx

¼ ðm1Fþm2F
0ÞeikBxþðm3Fþm4F

0Þe� ikBx: ð84Þ
In Fig. 3, the transmission wave function is

ψDðxÞ ¼DeiKx: ð85Þ

At x¼NðaþbÞ, by the continuation of wave function and its
derivative, we have

ðm1Fþm2F
0ÞeikBNðaþbÞ þðm3Fþm4F

0Þe� ikBNðaþbÞ ¼DeiKNðaþbÞ; ð86Þ

and

kB
K
ðm1Fþm2F

0ÞeikBNðaþbÞ �kB
K
ðm3Fþm4F

0Þe� ikBNðaþbÞ ¼DeiKNðaþbÞ;

ð87Þ

we can obtain

r¼ F 0

F
¼m1ðK�kBÞeikBNðaþbÞ þm3ðKþkBÞe� ikBNðaþbÞ

m2ðkB�KÞeikBNðaþbÞ �m4ðKþkBÞe� ikBNðaþbÞ; ð88Þ

Fig. 4. Comparing quantum dispersion relation (a) with classical dispersion
relation (b).

Fig. 5. Comparing quantum transmissivity (a) with classical transmissivity (b) with-
out defect layer.
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By Eqs. (86)–(88), we have

t ¼D
F
¼ m1þm2

F 0

F

� �
eiðkB �KÞNðaþbÞ þ m3þm4

F 0

F

� �
e� iðkB þKÞNðaþbÞ;

ð89Þ

and the quantum transmissivity T, quantum reflectivity R and
quantum absorptivity are

T ¼ jtj2; ð90Þ

R¼ jrj2; ð91Þ

A¼ 1�T�R: ð92Þ

5. Numerical result

In this section, we report our numerical results of quantum
transmissivity and quantum dispersion relation with defect layer
and without defect layer. Firstly, we consider without defect layer,
the main parameters are: medium B refractive index is nb¼2.97,
and its thickness is b¼ 130 nm. The medium A refractive index is
na¼1.40, and its thickness is a¼ 277 nm. The central frequency is
ω0 ¼ 271 THz, and the periodicity N¼8. In numerical calculation,
we compare quantum dispersion relation, quantum transmissivity
and quantum reflectivity with classical dispersion relation, trans-
missivity and reflectivity. With Eq. (45), we can study the quantum
dispersion relation, and compare it with classical dispersion
relation, which is shown in Fig. 4. In Fig. 4(a) and (b), quantum
dispersion relation and classical dispersion relation, respectively,
are shown. We can find that the dispersion relation of classical and
quantum is identical. With Eqs. (88)–(91), we can calculate the
quantum transmissivity and reflectivity, and compare it with

Fig. 6. Comparing quantum reflectivity (a) with classical reflectivity (b) without
defect layer.

Fig. 7. Comparing quantum transmissivity (a) with classical transmissivity (b) with
defect layer.

Fig. 8. Comparing quantum reflectivity (a) with classical reflectivity (b) with
defect layer.

Fig. 9. Comparing quantum absorptivity (a) with classical absorptivity (b) with
defect layer.
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classical transmissivity and reflectivity, which are shown in
Figs. 5 and 6. Fig. 5(a) (6(a)) and Fig. 5(b) (6(b)) are quantum
transmissivity (reflectivity) and classical transmissivity (reflectiv-
ity), respectively. We can find that the transmissivity and reflec-
tivity of classical and quantum are identical. Then, we consider
with defect layer, the main parameters are: medium B refractive
index is nb¼1.34, and its thickness is b¼ 576 nm. The medium A
refractive index is na¼4.86, and its thickness is a¼ 810 nm. The
defect layer D refractive index is nd ¼ 1:66þ0:03i, i.e., plural
refractive indices of positive imaginary part, and its thickness is
d¼ 1000 nm. The central frequency is ω0 ¼ 271 THz, and the
periodicity N¼8. In numerical calculation, we compare quantum
transmissivity, reflectivity and absorptivity with classical trans-
missivity, reflectivity and absorptivity, which are shown in Figs. 7–
9, respectively. We can find that the transmissivity, reflectivity and
absorptivity of classical and quantum are identical. In Fig. 10, the
defect layer D refractive index is nd¼1.66, i.e., real refractive

indices. We can find that the transmissivity of classical and
quantum is identical, and the magnitude and position of defect
model are identical. In Figs. 11–12, the defect layer D refractive
index is nd ¼ 2:06�0:01i, i.e., plural refractive indices of negative
imaginary part. We can find that the transmissivity is larger than 1,
and the absorptivity is smaller than 0, and the transmissivity and
absorptivity of classical and quantum are identical.

6. Conclusion

In summary, we have presented a quantum theory approach to
study one-dimensional photonic crystals with and without defect
layer. We give quantum dispersion relation, quantum transmissiv-
ity, reflectivity and absorptivity, and compare them with the
classical dispersion relation, transmissivity, reflectivity and
absorptivity. By the calculation, we find the classical and quantum
dispersion relation, transmissivity reflectivity, absorptivity and the
magnitude and position of defect model are identical. With the
quantum theory new approach, we can study two-dimensional
and three-dimensional photonic crystals in the future.
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