Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 404907, 12 pages
http://dx.doi.org/10.1155/2014/404907

Research Article

Hindawi

Recursive Estimation for Dynamical Systems with Different
Delay Rates Sensor Network and Autocorrelated Process Noises

Jianxin Feng

State Key Laboratory of Laser Interaction with Matter, Changchun Institute of Optics, Fine Mechanics and Physics,

Chinese Academy of Sciences, Changchun 130033, China

Correspondence should be addressed to Jianxin Feng; ciompfengjx@163.com

Received 11 November 2013; Revised 17 January 2014; Accepted 30 January 2014; Published 19 March 2014

Academic Editor: Rongni Yang

Copyright © 2014 Jianxin Feng. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The recursive estimation problem is studied for a class of uncertain dynamical systems with different delay rates sensor network and
autocorrelated process noises. The process noises are assumed to be autocorrelated across time and the autocorrelation property
is described by the covariances between different time instants. The system model under consideration is subject to multiplicative
noises or stochastic uncertainties. The sensor delay phenomenon occurs in a random way and each sensor in the sensor network
has an individual delay rate which is characterized by a binary switching sequence obeying a conditional probability distribution.
By using the orthogonal projection theorem and an innovation analysis approach, the desired recursive robust estimators including
recursive robust filter, predictor, and smoother are obtained. Simulation results are provided to demonstrate the effectiveness of the

proposed approaches.

1. Introduction

The Kalman filter is very popular for estimating the system
states of a class of linear systems which are characterized by
state-space models. Since its inception in the early 1960s, it
has played an important role in the research fields of target
tracking, communication, control engineering, and signal
processing. An implied assumption of traditional Kalman
filter is that the system model and measurement model
are exactly known. Unfortunately, this assumption does not
always hold due to the constrained knowledge and the
variation of the system and environment. When the system
model and measurement model under consideration are
not exactly known, the performance of traditional Kalman
filter can deteriorate appreciably [1-3]. Therefore, in the past
decades, the recursive robust state-space estimation problem
has become a hot topic of the estimation theory. There
are many different ways to describe the model uncertainty.
Multiplicative noise is an important stochastic uncertainty
which is commonly encountered in aerospace systems [4],
communication systems [5], and image processing systems
[6, 7]. Different from the additive noise, the second-order
statistics of the multiplicative noise are usually unknown and

this property leads to more difficulties in the research. Up to
now, there are several solutions to treat with the estimation
and control problems for systems with multiplicative noises,
including linear matrix inequality approach [8], Riccati equa-
tion approach [9, 10], and game-theoretic method [11], to
name just a few.

In traditional state estimation theory, the process noises
are usually assumed to be Gaussian and uncorrelated with
each other. However, this assumption is not always realistic,
correlated noises are commonly encountered in practical
applications. For example, in a target tracking system, the
system state is usually consecutive (i.e., the system state at
time k is correlated with its neighbors); thus, when the process
noises are dependent on the system state, the process noises
are usually autocorrelated across time. So far, there have been
several approaches to deal with the estimation problem for
systems with correlated noises [12-16]. The optimal Kalman
filtering fusion problem for dynamic systems with cross-
correlated measurement noises has been dealt with in [13-
15]. In [16], the state estimation for discrete-time systems
with cross-correlated noises has been treated based on an
optimal weighted matrix sequence, where the process noises
and measurement noises are cross correlated. It should be
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pointed out that the estimators mentioned previously are only
suited for the correlated noises at the same time instant. In
(17, 18], a Kalman-type recursive filter has been proposed
for dynamic systems with finite-step autocorrelated process
noises, where the autocorrelation property is described by
the covariances between different time instants. The filtering
problem with finite-step cross-correlated process noises and
measurement noises has been investigated in [19]. In [20], the
optimal robust nonfragile Kalman-type recursive filter has
been designed for a class of uncertain systems with finite-step
autocorrelated noises.

On another research frontier, with the development
of network technologies, the sensor network has attracted
increasing attention from many researchers in different
fields due to their wide scope applications in surveillance,
environment monitoring, information collection, wireless
networks, robotics, and so on. In the sensor network, the
network-induced time-delay or/and packet dropouts cannot
be avoided due to limited single-sensor energy and commu-
nication capability and these have brought us new challenges
in the design of the desired state estimators. The binary
switching sequence is a popular way to describe the network-
induced time-delay or/and packet dropouts since the time-
delay or/and packet dropouts in the sensor network are
inherently random [21-24]. The least-mean-square filtering
problem for one-step random sampling delay has been
studied in [25, 26]. Unfortunately, the filters designed in [25,
26] are suboptimal since a colored noise due to augmentation
has been treated as a white noise. The filtering problem
for systems with random measurement delays and multiple
packet dropouts has also been discussed in [24]. In [27], the
problem of robust filtering for uncertain systems with missing
measurements and finite-step correlated process noises has
been investigated. It should be noted that, in all the afore-
mentioned literature, sensors involved in the sensor network
have the same delay characteristics. Recently, Hounkpevi and
Yaz [28, 29] present minimum variance state estimators for
multiple sensors with different delay or failure rates. The least-
square filtering problem for systems with one- or two-step
random delay has been studied in [30], where the algorithms
are derived without requiring the knowledge of the state
space model but only the means and covariance functions
of the processes involved in the observation equations. The
optimal unbiased filtering problem for uncertain systems
with different delay rates sensor network and autocorrelated
process noises has also been discussed in [31]. However, the
estimator obtained in [31] is nonrecursive and a colored noise
due to augmentation has been treated as white noise. Up
to now, to the best of the authors’ knowledge, the recursive
robust estimation problem has not yet been addressed for
uncertain systems with different delay rates sensor network
and autocorrelated noises, and this situation motivates our
current study.

Motivated by the above analysis, in this paper, we aim
to investigate the recursive robust estimation problem for
uncertain systems with different delay rates sensor network
and autocorrelated noises. The system model and mea-
surement model under consideration are both subject to
stochastic uncertainties or multiplicative noises. Different
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sensors in the sensor network have different delay rates
and different delay rates are described by different binary
switching sequences. The process noises are assumed to
be one-step autocorrelated across time and the autocor-
relation property is described by the covariances between
different time instants. Based on an innovation analysis
approach (IAA) and the orthogonal projection theorem
(OPT), recursive robust estimators including filter, predictor,
and smoother are obtained. This paper extends the results in
[31], in two directions: (1) the autocorrelated measurement
noise due to augmentation leads to more difficulties in the
design of the recursive robust estimators; however, in [31],
the measurement noise is treated as a white noise; and (2) the
filter obtained in [31] is actually a nonrecursive filter; however,
in our current work, we do not only derive a recursive
robust filter, but also derive a recursive robust predictor and
a recursive robust smoother. Also, the current paper differs
from [28, 30] for the model uncertainties considered and for
the autocorrelated process noises considered to derive the
desired recursive robust estimators.

The remainder of the paper is organized as follows. In
Section 2, the recursive robust estimation problem is for-
mulated for a class of uncertain systems with autocorrelated
noises and different delay rates sensor network. The recursive
robust estimators including filter, predictor, and smoother are
derived in Section 3. In Section 4, a simulation example is
provided to illustrate the usefulness of the theory developed
in this paper. We end the paper with some concluding
remarks in Section 5.

Notation 1. The notation used in the paper is fairly standard.
The superscript “T” stands for matrix transposition, the
notation R"” denotes the n-dimensional Euclidean space, the
notation R™" is the set of all real matrices of dimension
m x n, and I and 0 represent the identity matrix and zero
matrix, respectively. The notation P > 0 means that P is
real symmetric and positive definite, and diag(- - - ) stands for
block-diagonal matrix. The notation §;_; is the Kronecker
delta function, which is equal to unity for k = j and zero for
k # j.In addition, &{x} means mathematical expectation of x
and Prob{-} represents the occurrence probability of the event
“. Matrices, if their dimensions are not explicitly stated, are
assumed to be compatible for algebraic operations.

2. Problem Formulation

Consider the following system model and measurement
model:

Xiy1 = (Ak + As,k.‘"k) X+ Bkwla
Fi = (Ci+ Come) & + Vo ®
yi=(1- ) 7+ Nl i=12...,N,

where %, € R is the state to be estimated, the vector j, €
R is the actual output vector of the ith sensor, the vector
¥ € R is the measured output vector of the ith sensor, the
vector w, € R™ is the process noise, the vectors g, € R
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and 7, € R are multiplicative noises, the vector ¥, € R is
the measurement noise of the ith sensor, the matrices A,
;\S)k, B, (:“;'c, and Cvi’k are known real time-varying matrices of
appropriate dimensions, and the variable A’}c € Risamutually
uncorrelated binary switching sequence (and uncorrelated
with other random variables) taking values on 1 and 0 with

Prob {)le = 1} =& {)le} = B
)
Prob {1y =0} =1-& A} =1-B.

Remark 1. The measurement model (1) is a popular way to
model the random sensor delay. It can be seen that if A}, =1
then y, = j,_, which means that the measurement of the ith
sensor is delayed; if A} = 0, then y; = j; that is to say, the
measurement of the ith sensor is up to date.

The noise signals g4, 7,, and 77, are all zero-mean Gaussian
white noises. They, together with the initial state X, and the
process noise wy, have the following statistical properties:

- = . ZV\(x =\l -
& {x,} = %o, & {(xo xo) (xo xo) } = P,,
- o T
W | [ @
P | |
% < T/;C iJ/l] >
i ’11] (3)
L 560 4 L 3?0 J
Yo O 0 0 0
0 & 0 0 0
=0 0 R& S, O 0|,
0 0 0 &0, 0
0 0 0 0o X,

< - =T

where Vi) = Qi + QeiSpi-1 + Quotirs Xo = Py + %o, -
By defining

N A 0
S A e
_[Ag 0 _[Be
AS"‘[O 0]’ B"‘[O]’

3
Ryj1 = [Rl(il g] Ryjp1 = [8 %k]
T
=) o))
Dy =[(I-Tk) Il
Crv = [(I - ]k) Ck ]kék—l]’
Cox = [(I = Ji) Coxie ]kés,k—lrlk—I]’
(4)
where
. 5 5 T
Go=[(@)" (@'
T
=) ()]
Ji = diag (/\}(,...,Af) )
. . . T
1y = diag (11,1,...,17}:7), Cox = [(Csl’k)T (Cﬁ\;()T] ,
R, = diag (Ri,...,RkN) )
(5)
a compact representation of (1) can be expressed as follows:
Xka1 = (A + Agithe) Xp + Brwg (6)
Yk = Cexp + CopXg + DV, (7)

where V} is the measurement noise of the newly obtained
auxiliary system (6) and (7). It follows readily from (4) that
V. has the statistic properties as follows:

g{vi}=o,

(8)
T
& {Vk‘/t } = Ribiy + Rijem16k—r—1 + Ricpes1 Oppr-

Remark 2. Tt can be seen from (3) and (8) that the process
noise w;, and the measurement noise V. are both one-step
autocorrelated across time. For example, the process noise at
time k is correlated with the process noises at times k — 1
and k + 1 with covariances Q;;_; and Qy,,, respectively.
The measurement noise at time k is correlated with the
measurement noises at times k— 1 and k + 1 with covariances
Ry -1 and Ry ., respectively.

Remark 3. Observe that the system model and measurement
model of system (6) and (7) are both subject to stochastic
uncertainties and C;, C,;, and Dy involve the stochastic

variable /\’}(. Thus, system (6) and (7) is actually a stochastic
uncertain system. On the other hand, the process noise wj
and the measurement noise V are both one-step autocorre-
lated across time. Therefore, the traditional recursive robust
estimation approaches may not satisfy the performance
requirements here.



Remark 4. A seemingly natural way of handling the auto-
correlated noises is the augmentation of the system states.
However, such a state augmentation approach gives rise to
significant increase in the system dimension, which would
inevitably lead to computational burden. In addition, in
the state augmentation method, the noises are treated as
components of the auxiliary system state, generally, it is
difficult for an estimator to track noise signals, and this will
affect the estimation of other components of the auxiliary
system state. Without resorting to state augmentation, in our
current work, we treat system (6) and (7) directly by using an
IAA and the OPT.

3. The Main Results

For convenience of later development, let us introduce the
following lemmas, which are very useful in establishing our
main results.

Lemma 5. For stochastic matrices Ji, Cy, Dy, and C,y, one has
the following results:

Te =&} = diag (B BY)s o=k~ Jio
% = & {1} = diag ((1- L) B (1- ) BY).
Co=#1C = (170 1G],
Ci=Ci—C = (k- Ti) [-Ck Gt = TkCoio ©)
D =&{D}=[(1-T:) T
Dy = D= Dy = (Jo = Ti) [-I 1] = TiDeso

Cor=[-Cr |, Dex=1[-1I 1],
€)= [C) =D =5 (Cl = 0.

Proof. Lemma 5 follows directly from (2), (4), and (5) and the
fact that 77, is zero mean. O

Lemma 6. For system state x; and the process noise wy, one
has the following result:

Cg {kaz;} = Bk—le—l,k‘ (10)
Proof. Lemma 6 follows directly from (3) and (6). O

Lemma 7. The state covariance matrix Xy = &{x;x; } has the
following recursion:

T T T
Xir = ApXi A + ArBi Quon i B + A XA aw
T T T

+ Bka,k,lkalAk + B, QB .

Proof. Lemma 7 follows directly from (3), (6), and Lemma 6.
O
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Furthermore, defining X, ,, = %{ikﬂfczﬂ} and Xy, =
E{xy Hiz}, one has from (4) and Lemma 7 the following:

< s o T % o3 T 3 v 5T
Xir1 = ApXpAg + ABi Quy g B + A XA
+ Bka,quZqu + BkaBZ > (12)

5 5 = T
Xierrge = ArXie + BiQppe—1 By -

Lemma 8 (see [32]). If A € RP*? is a real matrix and B =

diag(by, ..., b,) is a diagonal stochastic matrix, then
gy} - &{bb,}
gBABT}=| . 1 |eA M
ot} - &)

where ® is the Hadamard product (this product is defined as
[A ® B]i,j = Ai,j : B,,])

3.1. Recursive Robust Filter

Theorem 9. For the addressed system (6) and (7), one has the
following recursive robust filter:

~ ~ T =T -1
Xpk-1 = Ag1Xpe-1k-1 + Bro1 Quem1 k2B 2 Cro 1 1 €kt

(14)
Py = AP AT 4B, Q. ,Bf
klk-1 — k=14 k-11k-14 k-1 k—1<k-1"k-1
T
+ Agp 1 X1 Agn
+ A, (Bk—sz—z,k—l = Fk-1k-1
-1 = T
x Hk—lck—lBk—ZQk—z,k—l) B,
(15)

+ By, (Bk72Qk—2,k71 =~ Fi-1,k-1
-1 = T T
X Hk—lck—lBk—ZQk—z,k—l) Ak
T = -1 =
- Bk—le—l,k—sz—zck—1Hk-1ck—1Bk—2
T T
X Q1 k2B
— — —_T 1
& = Yk — CiXipo1 = DR Dy I 8-y, (16)
_T
Fok = Prie-1Cx
T =T
- (Ak—le—l,k—l + Bk—le—l,k—ZBk—ZCk—l) 17)

= —T
X I Dy Ry g1 Dy »
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— T —
I = CiPr1C — G
T =T
X [(Ak—le—l,k—l + Bk—le—l,k—2Bk—2Ck—1)
1 = —T T
X Hkile—le—l,k] Dy + % ® (Cox XiCoy)
— o o T —\T < 9 T
+(I=Ti) CauXiCoi(T-Ti) + 2@ (CouXiCily)
T A P = o T
+ TiCo1 X1 Copent i + 2 ® (Cs,k—lxk—lcs,k—l)
J— T —T
- Dy [ (Ak—ll:k—l,k—l * Bk—le—l,kszk—ZCkfl)
= T_r — T
X Hk—le—le—l,k] Cy + DR Dy

T — —T
+2® (De,kRkDe,k) — Dy Ry j1 Dy

1 = T —T
X Iy Dy Ry Dy
(18)
~ ~ -1
Xigke = X1 + Frorlly & (19)

T
P = Prge-1 = Froel e Fropo

where g is the innovation with covariance IT;, the matrix fy
is the covariance between x. and &, the vectors Xy and Xy,
are the filter and one-step predictor, and the matrices Py, and

Py are the filter error covariance and one-step prediction
T T
error covariance. The initial values are Xy, = [%, 0] , Pyo =

diag(P,),0), and &, = y, — 6155“0.
Proof. Please see Appendix A. O

Remark 10. In the traditional recursive estimation problem,
the innovation is calculated as g, = y; — Cy Xy, However,
due to possible sensor delay which occurs in a random way,
this is not true for the problem at hand; thus, we have to
recalculate the innovation as in (16). Furthermore, it can be
seen that the second term on the right-hand side of (14), the
last four terms on the right-hand side of (15), the second
term of the right-hand side of (17), and the last ten terms on
the right-hand side of (18) are caused by the random delays,
the stochastic uncertainties, and autocorrelated noises. These
terms constitute the main differences between our work and
the traditional Kalman filter.

Next, we will derive the recursive robust predictor and
recursive robust smoother based on Theorem 9.

3.2. Recursive Robust Predictor

Theorem 11. For the addressed system (6) and (7), one has the
following L-step (L > 2) recursive robust predictor:

XierLik = AkrL-1 XK+ L-1)6>

5
Py =Ar P AT
k+Llk — k+L—-1* k+L-1|k** k+L-1
+ A, B ,Q Bl +A
k+L-1Pk+L-2<k+L-2,k+L-1Pk+L-1 s,k+L-1
X Xpop AT +B;,Q
k+L-141 s k+L-1 k+L—-1<k+L-1,k+L-2
T T T
X Biyr2Akir-1 + Birr-1Qurr-1Brir-1>
(20)

where the initial values Xy, and Py, can be calculated as
in Theorem 9.

Proof. Please see Appendix B. O

3.3. Recursive Smoother

Theorem 12. For the addressed system (6) and (7), one has the
following robust recursive L-step (L > 0) fixed-lag smoother:

- - -1
Xk = Xiiri-1 T Fioe L gt 1 Es 1>
—T 1
Fk+L = \Pk+LCk+L - Fk,k+L—1Hk+L—1
— T —_T
X Dy p 1Ry kv 1-1Dges 10
T -1 T ,T T
Yierr = Papar A — Froel e FrpAk + Bio1 Qi1 1Bk
1= T T
= Fiee e CieBro1 Qi1 B> @1
v, =V, AL - !
k+L = ThaL-19%s1-1 = Flok+L-1 g -1 FheL-1k+L-1
_1 -
= Frkei1 Mg 11 Crar1Brer 2
T T
X Quir-tjrr-2Brr-1r (L> 1),
1T
P = Prrerr—1 = Frogert s L Freer 10

where the initial values X, Py, and fy are supplied by
Theorem 9.

Proof. Please see Appendix C. O

4. An Illustrative Example

Consider the following uncertain system with different delay
rates sensor network and autocorrelated process noises:

(AR AP P P
W = G + Gy (23)

Jio= (Co+ Cogl) % + 7 i=1,2, (24)

= ()N, =12 @9

where %, € R? is the state to be estimated. The vectors {; € R,
te € R, € R,and v € R,i = 1,2 are zero-mean Gaussian
white noises with covariances 0.5, 1, 1, and 1, respectively.
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FIGURE 1: MSEl filter, predictor, and smoother.

Without loss of generality, the process noise wy is chosen to
be as defined in (23).

In the simulation, the initial value X, has mean &{%,} =
XOT = [100 10]7 and covariance 130 = diag(20,1). The
variables A} € R,i = 1,2 are binary switching sequences
taking values on 1 with Prob{/\,lc =1} = %{/\}(} = /3,1 =0.15
and Prob{)ti =1} = %{/\i} = ﬁi = 0.25, respectively,
and the matrices are set as Cv}( = [0 1], Ci = [1 0],
Cv,i,s = [0 0.1], and Ci)s = [0.1 0]. The newly obtained
recursive robust estimators and the filter of Zeng et al. [31]
are compared in the simulation. Let MSEl denotes the mean-
square error for estimation of the first component of X;
that is, (1/K) ZIk(:l{[l 0](xy — IAck”{)}, where K is the number
of the samples. Similarly, MSE2 denotes the mean-square
error for estimation of the second component of X;; that is,
(1/K) T 110 1)(F - Xl

From Figures 1 and 2, we can see that the smoother
has the best performance and the predictor has the worst
performance. This is due to the fact that smoother uses the
most measurement information and the predictor uses the
least measurement information.

From Figures 3 and 4, we can see that the filter developed
in this work has better performance than the filter of Zeng
et al. [31]. This is due to the fact that the autocorrelated
measurement noise V), was treated as zero-mean Gaussian
white noise in the filter of Zeng et al. [31].

5. Conclusions

In this paper, we have studied the recursive robust estimation
problem for a class of uncertain systems with autocorrelated
process noises and different delay rates sensor network. The
system model and measurement model are both subject
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FIGURE 3: MSEL filter of this work and Zeng et al. [31].

to stochastic uncertainties. The process noises are one-step
autocorrelated across time. Each sensor in the sensor network
has a different delay rate and the delay rate has been described
by an individual binary switching sequence obeying a con-
ditional probability distributed. Based on an IAA and the
OPT, recursive robust estimators including filter, predictor,
and smoother have been obtained. Simulation results have
indicated that the smoother has the best performance and the
predictor has the worst performance, and the filter obtained
in this work has better performance than the filter of Zeng et
al. [31].
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Appendices
A. The Proof of Theorem 9

Proof. Using the OPT, the one-step measurement prediction
Ykik—1 can be calculated as follows:

k-1 k-1
=)8& {CkxksiT} I e + Z & {DkasiT} I e (A)
i=1 i=1
_ k-1
= Ck.;C\klk_l + Z% {DkaS;T} Hi_ls-.

i
i=1

Taking into account the fact that V. is one-step autocorre-
lated, we have from (4), (8), and (9) the following:

(D} =0, i<k-2

& {DkaSZ—l} =& {Dka(J’k—l - )7k—1|k—2)T}

.o (A.2)
= & {DV,V, D¢y}
— —T
= DkRk,k—le—l'
Substituting (A.2) into (A.1), we have
~ — — -
Vitk-1 = CiXpe—r + DicRpe o1 Dy Iy ey - (A3)

7
Therefore, the innovation ¢, can be calculated as follows:
& = Yk = Yrlk-1
— — —_T 1
= Yk = CiXig-1 = DicRyeg-1 Dy 1 I 6y
= (Ek + 6]() xk + Cs’kxk + Dka — Ekiklk_l
(A.4)

— —T _
= Dy Ry -1 Dy 1 1 &y
= CXpoy + Gy + Cgpexp + DV

— —_T 1
— DiRyjo1 Dy 1 €1

where §k|k—l =Xk — 2k|k—1'
Again, according to the OPT, the state prediction Xy,
can be obtained as follows:

Xifk—1 = Z% {xksiT} H;lsi’

=) & { (Apcreor + A e Xy
i=1 (A.5)

+B_ W1 ) SLT} ;g

1 1

k-1
~ T -1
= A1 X1 + Bk—1zg {wk—lsi }Hi &

i=1

Taking (3) into consideration, the expectation %{wk,lsiT} can
be calculated as follows:

%{wk_lsl } =0, i<k-2,
_ T
& {wkflsk—l} =& {wk—l(yk—l - )’k71|k72) }
T AT
=& {wk—lxk—lck—l} ’
(A.6)
=& {wkfl (AgoaXpp + A kaM2Xk2
Ty =T
+Bj_,wy_y) }Ck—1
T =T
= Qk—l,k—sz—zck—l'
Substituting (A.6) into (A.5), we have
Xik-1 = A1 X1 + Beo1 Quork—2
(A7)

T =T -1
X By, Cr Iy &y



Therefore, the one-step prediction error Xy ;_, can be calcu-
lated as follows:

Xik=1 = Xk — Xjk-1
= (A + As,k—lﬂk—l) Xk-1

+ B 1wy — Ak 1 Xk
T =T -1
= By Quo1 k2B, Cr Ty &1
= A1 X1 + Ao Pe-1X

T =T -1
+ By Wiy — Bioy Quo1 k2 B, Cry Ty &1
(A.8)

where X;_;;_; is the filter error at time instant k — 1. Taking
into account the fact that wy is one-step autocorrelated across
time and p is uncorrelated with other signals, the one-
step prediction error covariance Py;_, can be calculated as
follows:

-~ T
Py = %{xklk—lxldk—l}
T - T T
= A P A Ak—lg{xk—llk—lwk—l}Bk—l
T ~T T
+ A XAy + B € {wkflxk—uk—l} A,
T T -1 =
+ B 1 Q1B — B & {wk—lfk-l} 18 P O/
T T
X B 5 Qp_1jk—2Bk-1
_B_,Q._.,,B C & T 1pT
k—-1Kk-1,k-2Pp2Cp1 k-1 6 1Ek-1Wp—1 | D1
B Bl .C. 'C
+ By 1 Qg1 k-2 B2 Gy 11 Gy

T A
X B Qi y k-2 Br-r>
(A9)

where the expectation &{w;_,&{ ,} can be calculated as in

(A.6) and expectation %{k‘k_”k_lw,f_l} can be obtained as
follows:

& {fk—uk—lwz;rq} =& {xk—le—l} - & {f‘k—uk—lwl?q}

=B, ,& {wk—ZwZ—l}

k-1
- {(Z%{xk—ﬁf} Hi_lsi> “’Z—l]’
i=1

= B, Qa1 = & {xk—ISZ—l} I,
X & {sk,lw,f_l}

_1 -
= B Q21— Fr-1k-111—1 Crn

X By 5 Qr-n k-1
(A.10)

where the third equality in (A.10) holds since w is one-
step autocorrelated across time. Substituting (A.10) into (A.9)
yields (15).
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Noting the fact that X, is orthogonal to X, we have
from (9) and (A.4) the following:

T
Frx = & {xe }
=& {xk (6k£k|k71 + ékxk + Cs)kxk + Dka
— —_T 1 T
_DkRk,k—le—IHk—lsk—l) }
=T T = =T
= PGy = € {xksk—l} 1L - Dy Ry g Dy,
=T T T
= PG — (Ak—lg {%1%-1} + By, & {wk—lek—l})
= —r
X2y Dy Ry 1 Dy
_r
= Pepe-1Ck = (Ak—le—l,k—l + B Q142

T =T 1 = —T
X kazckq) 1L, Dy Rygje—y Dy, -
(A1)

It implies from (9), (A.4), and Lemmas 5 and 8 that the
expectation I, can be obtained as follows:

I, =% {skeﬂ
= g{ <6k55k|k—1 + Crxy + C,xx, + D Vi
_BkRk,k—IBZ—l lellsk—l )
5 (Ek Xiet + Crxe + Copxp + DV
_EkRk,k—IB:—l T, ko )T}
_ Ekpklk_laz . Ek% {fk|k—lvlj} BZ (A.12)
+& {(TkxkaCZ} +& {Cs,kxkaCZk}
+ D& {Vixgyey | EZ +&{DV,V, D¢}
-& {DkaSI]:—l} H1:1Bk—lRl€,kfIBZ
- EkRk,k—IBz—IHlil & {ek—lvaDZ}
+ BkRk,k—lﬁg—l Hlilﬁk—lRZ,k—lﬁi’
where the remaining expectations can be obtained as follows:
& {fklk—IVkT }

=& {n V| - & (R Vi )

o {(’gg{xksﬂ n) v,j}
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= & {xel 118 {e V|
= — (A & {xael )
+B & {w e, })
X I} Dy y Rey i
= — (At Frcrin
B Q1 2By iy )
x 1" Dyt Re_y o
& {Cexix, Cr )
=g {TkCe,kxkszZkaT }
=% ® (Co X, Cly),

& {Cs)kxkxzcz:k}

= Cg{ [(1 = Ji) Coxe Ikés,k—lnk—I]

- T - T
XXk XeXg-1
X

o <T - -T
kalxk xk,lxk%

. . T
X[(I—]k)cs,kﬂk ]kcs,k—lrlk—I] }

= &{(1- 1) Cox& {mxiiiny |
x CL(-7)"}
+ & {(1- 1) Cox I} Xiss
x & (i} CoriJi }
+ & {iCosr & (s} X s &)
x CL(1-7)"}
+ & Corr & [ X r K s |
x Ch i}
=& {(1- 1) CoXiClit- 1)}
+ & {1, C o X CT T}
= & {[(1-7) - ] CueCl
x [(1-T,) - E]T}

+& { (7k + Tk) és,k—lik—l

x éZk—l(Tk + Tk)T}
= (1-7) CuXeCr(1-T,)"
+3® (Co X, CLy)
+ T Cor X G Th
+3® (Copr Xi 1Coy)
& {D V.V D}
= &{(Dy+ D) ViV (D + D) }
= € {D,V,V{ D}
+ & {JiDoi ViV DL L }
- DyR,D, + %, 0 (Do ReDL),

(A.13)

where Lemmas 5-8 have been used. Substituting (A.13) into
(A.12) yields to (18).

Again, by using the OPT, the state estimation X, can be
calculated as follows:

k
52k|k = Z(g {xkgiT} H;lsi

i=1

ke
= i% {xks;'r} H;lsi +& {xks;f} H;lgk (A14)
i=1

—~ -1
= Xt + Froply &

Therefore, the estimation error X can be obtained as
follows:

Xk = X — X
—~ -1
= Xj — Xig—1 ~ Fiil g € (A.15)

_ -1
= Xigk-1 ~ Fropllg &

From (A.15), the estimation error covariance Py can be
calculated as follows:

T
Py =€ {xklkxklk}
_ TY =1 T
=Py - & {xklk—lsk } Hlek,k (A.16)

-1 ~T -1.T
~ Frilly & {gkxklk—l} + Frod I Frpeo
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where the remaining expectation g{a?k“(_le:} can be calcu-
lated as follows:

& {xklkflsl’f} =& {xkeﬂ -& {k\klkflslf}

k-1
=Frx— & {Z% {xeel} Hilgig,f} (A17)
i=1
= Fk:
Substituting (A.17) into (A.16), we have
Pyic = Pt = Fral e Feo (A.18)
which completes the proof of Theorem 9. O

B. The Proof of Theorem 11

Proof. Taking into account the fact that the process noise wy
is one-step autocorrelated across time, the L-step prediction
X+ can be calculated as follows:

k

~ T -1

XierLlke = Zg {ka% }Hi &
i=1

k
- Zg { [(Ak+L—1 + As,k+L—1[4k+L—1) XktL-1
i=1
+Byyp 1 Wyrp 1) eT} H,_lgl.

i i

= Ak+L715C\k+L71|k'
(B.1)

Therefore, the L-step prediction error X, can be obtained
as follows:

Xk+Llk = Xk+L ~ Xk+L|k

(Agspor + As,k+L—1f’lk+L—1) Xk+L-1
+ B 1Ok 11 — AkrL-1 Xk L1k (B.2)
= Ak+L—1’~Ck+L—1|k + As,k+L—1.“k+L—1xk+L—1

+ Bk+L71 Wpeyr-1-

Thus, the L-step prediction error covariance Py, ;) can be
calculated as follows:

- T
P =€ {xk+L|kxk+L|k}
= AP Al +A
— Ak+L-1" k+L-1|k“* k+L-1 k+L-1
~ T T
X & {xk+L—1|kwk+L—1} B+ Agkir
T T
X Xirr1Agker1 + Bier1 & {wk+L71xk+L—1|k}
T T
X Aot ¥ B 1 Qe 1By

T
= Ak+L—1Pk+L—1|kAk+L—1
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T
+ A1 B2 Que -2 11 Brer-1 T Ak
X Xp, AT +B.., ,Q
k+L-14%sk+L-1 k+L-1<k+L-1,k+L-2
T T T
X Byir2Akir-1 + Brar-1Qurr-1Bkir-1>
(B.3)

which completes the proof of Theorem 11. O

C. The Proof of Theorem 12

Proof. According to the OPT, the L-step fixed-lag smoother
Xkjk+1 can be calculated as follows:

k+L
- T] -1
Xkle+L = Z% {xksi }Hi &
i=1
k+L-1 (C 1)
T\ -1 T -1 :
=y g{xksi }Hi & + g{xk£k+L}Hk+L8k+L
i=1
~ -1
= Xpprr1 + Froerr s Eerr
where £ ., can be calculated as follows:

T
Fijrr, = & {xk8k+L}

=€ {xk (Ck+L5Cvk+L|k+L—1 + CrrrXprr + Coper L XksL

— —T
+ Dk+LVk+L - Dk+LRk+L,k+L—1Dk+L_1

-1 T
><1—Ik+L—1‘€k+L—1) }
=& {xk (Ck+ka+L|k+L—l ~ Dt R L v
—T 1 T
><Dk+L—1Hk+L—1‘€k+L—1) }

—T 1
= Yt Crir — Frokrr—1piro

— T —T
X Dy Ry s 11 Dierrs
(C2)
where the third equality holds since Cy,;, Cy 1, and V| are
zero-mean stochastic matrices and they are all uncorrelated

with x;. From (A.8) the expectation ¥y,; = %{xkkf%lkﬂ_l}
can be obtained as follows:

T
P = g{xkxkﬂlk}
=& {xk (Akfkuc + A Xy + Brwy
7 =T 1\
=B Qpje—1 B Ci 11 8k) ]’

= & @) AT + & [} BT

T| 157 T T
- & {xksk } 1L Ci By 1 Qpje—1 By



Mathematical Problems in Engineering

=& {xk(fklk—l - Fk,knlzlsk)T} Ak
+ Bk—le—l,kBZ - Fk,kHI;IEkBk—le,k—lBZ
= Pklk—lAz - Fk,kHIZIFIZ:kAz + Bk—le—l,kBI];
- Fk,kHEIEkBk—lQlj;kleZ'
(C.3)

Similarly, when L > 2, the expectation ¥, ,; can be calculated
as follows:

T -1
+L = ThtL-1%+L-1 ~ Fhk+L-1" k4 L-1Fk+L-1k+L~1
Y YA Frojeri-1 11 Freri-1
_1 —_
= FiekeL-11g 121 Creer1Brsr—2 (C.4)

T T
X Qpyp1rr-2Brsr-1-

From (6) and (C.1), the smoother error can be obtained as
follows:

~ P -1
XikaL = Xk — Xperr1 — FrogrL gy 1€er ©5)
5

-z _ !
= Xklk+L-1 ~ Flk+L ey L€k L

Therefore, the smoother error covariance can be obtained as
follows:

~ ~T
Pyrsr = & {xk|k+ka|k+L}
=¢{(x - I, e
= Klk+L-1 ~ Frk+L et LEK+L

T
~ -1
X (xk|k+L—1 - Fk,k+LHk+L£k+L) }

= P11 — & {xk|k+L—1€Z+L} HI;I—LFIZk+L (o)
- Fk,k+LHI;iL% {8k+L£Z|k+L—1}
+ Fk,k+LHI:LFIZk+L
= Pt — FiksDeer Fogee o
which completes the proof of Theorem 12. O
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