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Improving the Rapidity of Nonlinear Tracking
Differentiator via Feedforward

Dapeng Tian, Member, IEEE, Honghai Shen, and Ming Dai

Abstract—Differential of a signal is required for high-
performance motion control and many other fields. Nonlinear
tracking differentiator (NTD) is a feasible solution; however, it is
limited in achieving better practical effect because of the problem
of phase lags. This paper proposes a new idea of design with feed-
forward. By the feedforward of an input signal in solving the equa-
tions of the differentiator, differential estimate is more accurate.
The proposal is simple; however, it provides an additional freedom
in the design of a differentiator. This idea extends the theoretical
structure of NTD. Moreover, it improves the practical effect of
the differentiator. The application experiments are implemented
in a servo system. Compared to the traditional NTD, the L2 norm
of the servo error is reduced by 88% in a fast motion when the
proposal is used. The validity is confirmed.

Index Terms—Differentiator, feedforward, phase lag, rapidity.

I. INTRODUCTION

R ECENTLY, the necessity to estimate the time derivative
of signals arises in many fields, especially in the field of

motion control [1]–[4]. The measurement of velocity and even
acceleration is urgently required to implement various control
algorithms from classical proportion integration differentiation
to modern robust control, sliding mode control, adaptive con-
trol, and so on. Usually used velocity sensors and accelerome-
ters are analog devices, which have serious noise and increase
the cost.

A high-accuracy optical-electricity encoder provides high-
quality position measurement. Therefore, estimating the dif-
ferential of a position signal is a feasible solution. For optical
incremental encoders, the velocity is usually estimated based
on two typical concepts: counting the number of pulses during
a fixed sampling period (M method) and measuring the time
between two pulses (T method). Based on the two methods,
researchers proposed various improvements to obtain more
accurate velocity estimation [5]–[7]. Practical applications il-
lustrate the validity of these methods. However, more generally,
the differential of an absolute signal is also required in a modern
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motion control system, such as a measurement of any absolute
encoder and a received command in a distributed system.

In order to obtain the velocity of a motion system, some
model-based approaches were presented, such as the dual-
sampling-rate observer and Kalman filter [8], [9]. The required
plant model, however, is a limitation in practice. Without any
models, it is common in the implementation of a motion control
system that a differentiation of a signal r is approximately
obtained using the pseudodifferential as

y =
gs

s+ g
r (1)

which can be rewritten as

y = g

(
1− g

s+ g

)
r = g

(
r − y

s

)
(2)

where g is the cutoff frequency of a low-pass filter. Equation (2)
shows that y/s tracks the input r under a proportional control.

Such approximation is still sensitive to the noise in r because
it is amplified by a factor of g. The amplified noise is directly
output to y.

To obtain a satisfactory differential estimate, many re-
searchers have tried to develop various differentiators. Levant
proposed a differentiator via sliding mode technique [10]. This
method obtains the derivative of an input signal and inhibits the
influence of signal noise in some degree. However, the infor-
mation that one needs to know on the signal is an upper bound
for Lipschitz’s constant of the derivative of the signal. More-
over, the chattering phenomenon is inevitable [11]. Han et al.
proposed the approach of nonlinear tracking differentiator
(NTD) [12], which successfully realized the differential esti-
mate in the presence of noise. This method uses a nonlinear
function to realize the signal tracking and makes the problem of
calculating a differential turn into solving differential equations
by integral. The NTD method has both beautiful theory support
in mathematics and good feasibility in engineering. Therefore,
the NTD has been studied widely since it came into being [13].
Moreover, the effectiveness has been confirmed by numerous
engineering practices [14]–[20].

The original NTD uses an optimal control function of a
second-order system with one switching. However, this func-
tion is only optimal in the condition of finite acceleration [21].
Therefore, the speed of signal tracking is not satisfactory when
the signal changes fast. Because an NTD is a calculation in
computer in modern application, the limitation of the accel-
eration of the virtual second-order system can be very huge.
Therefore, to improve the rapidity, other nonlinear functions are
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investigated, such as a finite-time-convergent function [22] and
the power function [23].

Previous research usually focuses on the design of the non-
linear function in an NTD to achieve faster and steadier signal
tracking and a more accurate differential estimate. However,
there are always serious phase lags in the output no matter how
the nonlinear function is designed. Due to the phase lags, the
accuracy of differential estimate is degraded, which leads to the
degradation of the practical effect of an NTD, especially in a
high-speed and high-accuracy motion control system.

In this paper, we try to improve the rapidity of an NTD from
a different perspective. If the differential estimate is faster and
closer to the real value, the accuracy and the practical effect
of NTD can be improved. Virtually, the achievement of signal
tracking of traditional NTD benefits from nonlinear feedback.
Therefore, it is considered that constructing feedforward should
be more effective in improving the rapidity rather than de-
signing the nonlinear function. The NTD with feedforward is
proposed. This proposal maintains the advantage of traditional
structure and reduces the phase lags effectively. This method
provides another freedom in the design, which makes it more
flexible. Theoretical analysis is given. Moreover, the practical
application in high-accuracy servo control is investigated by
experiments, which verifies the validity of the proposal.

This paper is organized as follows. The problem is formu-
lated in Section II. Then, the NTD with feedforward is proposed
in Section III. The performance analysis is given in Section IV.
The practical application research is carried out in Section V.
Finally, this paper is concluded in Section VI.

II. PROBLEM FORMULATION

To obtain differential approximation, the following system
can be utilized: {

ẋ1(t) = x2(t)
ẋ2(t) = u(t).

(3)

If we select adequate control u to make the state x1 track an
input signal r, the state x2 is just the approximate differential
signal. The input signal including noise is comprised of u.
Then, the noise is filtered through an integral calculation from u
to x2. Such a differentiator makes use of the principle of signal
tracking and guarantees the quality of the differential.

The general format of a tracking differentiator has been given
as (4) [24]{

ẋ1R(t) = x2R(t), x1R(0) = x10, x2R(0) = x20

ẋ2R(t) = R2f
[
x1R(t)− r(t), x2R(t)

R

]
.

(4)

In (4), R (R > 0) is a real constant gain. x1R and x2R are the
states whose changes are relative to R. (x10, x20) is any given
initial value. f is a function, which is designed as a nonlinear
one to get rapid tracking. An NTD guarantees that, for every
a > 0, x1R is uniformly convergent to r on [a, 1) as R → +∞.

However, double integral calculations result in big phase
lags in the differential estimate. Moreover, these phase lags are
adverse to guaranteeing or improving the system performance
when the NTD is applied in a motion control system.

III. CONSTRUCTION OF A NEW DIFFERENTIATOR

To improve the accuracy of estimation, the information of
input r is directly introduced into the solution of x2R in (4).
Recently, [24] has given the rigorous mathematical proof of a
traditional NTD. According to [24, Th. 2.1], an extended design
is proposed as the following corollary.

Corollary 3.1: Suppose that the equilibrium point (0, 0) of
the following system is globally asymptotically stable:{

ż1(t) = z2(t), z1(0) = z10
ż2(t) = f [z1(t), z2(t)], z2(0) = z20

(5)

where
(z10, z20) is any initial value;
f is a locally Lipschitz continuous function, f(0, 0) = 0.
If the signal r is differentiable and supt∈[0,+∞) |ṙ(t)| < +∞,

then the solution of the system{
ẋ1R(t) = x2R(t), x1R(0) = x10, x2R(0) = x20

ẋ2R(t) = R2f
[
x1R(t)− r(t), x2R(t)

R

]
+ αṙ(t)

(6)

is convergent in the sense that, for every a > 0, x1R(t) is
uniformly convergent to r(t) on t ∈ [a,+∞) as R → +∞,
where (x10, x20) is any initial value. α(α > 0) is a constant.

The proof of this corollary can be developed by transforming
system (6) into system (5) with a perturbation and using the
results in the Appendix that are generalized from [24, Th. 2.1].

Equation set (6) is the new NTD constructed using feedfor-
ward. The parameter α is the feedforward gain. This feedfor-
ward accelerates the speed of signal tracking between x1R and
input r.

The convergence of the NTD is independent of the initial
value (x10, x20) according to [24]. They can be arbitrarily
selected. If the initial value diverges from the real one, the
variable x1R quickly converges on the input signal. Then, the
differential estimate also converges on the real value. Normally,
the initial value is selected as (0, 0) for convenience.

Remark 3.1: Although the wanted signal differential ṙ(t)
appears in (6), there is no need for ṙ(t) in the implementation
of the NTD. The NTD is normally realized in a computer as the
following sequences. First, one should calculate x2R(t) as (7)
using old values of x1R and x2R (in the first step of integration,
the old values are the initial ones)

x2R(t) =

t∫
0

{
R2f

[
x1R(τ)− r(τ),

x2R(τ)

R

]

+αṙ(τ)} dτ + x20

=R2

t∫
0

f

[
x1R(τ)− r(τ),

x2R(τ)

R

]
dτ

+ α[r(t)− r(0)] + x20. (7)

Then, calculate x1R by integrating x2R. According to the afore-
mentioned process, the calculation can continue using only the
input signal r and internal variables x1R and x2R.
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Remark 3.2: To improve the rapidity of signal tracking, the
noise in approximative differential must be amplified in some
degree because the rapidity and noise suppression are contra-
dictory. However, the noise injected into x2R is only amplified
by the feedforward gain α that is an independent freedom in
design. It can be selected flexibly and not excessively. Then, the
advantage of NTD is still maintained, which makes use of the
numerical integration instead of direct differential. Therefore,
the proposed approach can accelerate the differential estimate
with little cost in noise tolerance.

Remark 3.3: Notice that the format in (6) is the most fun-
damental design of the proposal. Based on this, a lot of devel-
opments can be obtained. For example, a low-pass filter can be
utilized in the feedforward, which improves the performance
of differential estimation in low frequency and maintains better
noise tolerance.

In practice, the nonlinear function f can be selected as any
local Lipschitz continuous function. In this paper, a specific
design is given using a combination of the power function
f(z) = (βz)p/q + z as

f(z1, z2) = −α1

[
(βz1)

p
q + z1

]
− α2

[
(βz2)

p
q + z2

]
(8)

where z1 and z2 are the arguments of the function; α1(α1 > 0)
and α2(α2 > 0) are, respectively, the weight of z1 and z2;
β(β ≥ 1) is the weight between linear and nonlinear char-
acteristics; and p and q(p > q > 0) are both odd numbers
which decide the shape of f . Using power function (8), the
proposed NTD is written as (9), shown at the bottom of the
page. As the aforementioned Remark 3.3, a low-pass filter
can be used with α when the differentiator is applied in a
system with small signal-to-noise ratio. In this case, αg/s+ g
is used in the feedforward instead of a constant gain α in the
implementation (7)

Fig. 1 illustrates the shapes of the power functions with
different values of p/q. According to the rates of the slope,
the value of p/q is bigger, and the speed of convergence is
faster when the argument is away from equilibrium point 0.
Correspondingly, the speed of convergence is slower when the
argument is near the equilibrium point. Therefore, great p/q
is suitable for the situation where the input signal has a small
magnitude. Small p/q is suitable for the input signal with large
magnitude. Two parameters p and q provide more options than
an integer. Notice that the convergence is guaranteed whatever
p and q are selected. Therefore, in practical engineering, the
parameters can be designed by fixing q and tuning p using the
method of trial and error until satisfactory accuracy is achieved.

The parameter β decides the range of the linear parts in the
NTD. When β = 0, the nonlinear function turns to a linear
function. If β is bigger, the linear range is narrower, and the
nonlinear range is wider. However, excessive β causes fluctu-

Fig. 1. Shapes of different power functions.

ation in an NTD because the speed of convergence changes in
the nonlinear range. Therefore, to efficiently take advantage of
a nonlinear characteristic, the parameter β can be selected as
great as possible by trial and error based on the premise that
fluctuation does not occur in the output of an NTD.

The other parameters can be designed according to the char-
acteristics of a linear system by assuming the nonlinear function
(8) as a linear one f(z1, z2) = −α1kz1 − α2kz2,∼ (k > 0)
at any point (z1, z2) with very small neighborhood. Then, to
achieve enough damping, α1 and α2 should meet α2 ≥ 2

√
α1.

When α2 = 2
√
α1, the damping ratio is equal to one. R decides

the natural frequency, which should be greater than the radian
frequency of the input signal. It is well known that excessive
feedforward gain also leads to an overshoot. In practice, α
can be designed between 0 and Rα2 to decrease phase lag
effectively without causing large overshoot.

IV. ANALYSIS

This section analyzes the performance of the proposed and
traditional NTDs in frequency domain. It is very difficult to
evaluate the frequency characteristic of a nonlinear system
directly. Therefore, approximate analysis is employed in this
section [25].

First, suppose that the describing function of the nonlinear
function f is N(A) when the input is a sinusoid A sin(ωt)

N(A) =
B1 + jA1

A
(10)

where A1 and B1 are the first-order Fourier coefficient:

A1 =
1

π

2π∫
0

f(t) cos(ωt)dωt (11)

B1 =
1

π

2π∫
0

f(t) sin(ωt)dωt. (12)

Because a real signal and its differential are always real
numbers, A1 is 0, and the nonlinear function f should be an odd

⎧⎨
⎩

ẋ1R(t) = x2R(t), x1R(0) = x10, x2R(0) = x20

ẋ2R(t) = −R2
α1

{
β

p
q [x1R(t)− r(t)]

p
q + [x1R(t)− r(t)

}
−R2

α2

{
β

p
q

[
x2R(t)

R

] p
q

+ x2R(t)
R

}
+ αṙ(t)

(9)
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function. Without losing generality, mark the approximative
linear format of the traditional NTD as{

ẋ1R(t) = x2R(t), x1R(0) = x10, x2R(0) = x20

ẋ2R(t) = R2
{
P [x1R(t)− r(t)] + Q

Rx2R(t)
}

(13)

where P and Q are the functions of A and B1.
Then, the approximative linear transfer function GRX2R

of
the traditional NTD from r to x2R is calculated as

GRX2R
(s) =

−R2Ps

s2 −RQs−R2P
. (14)

Therefore, to guarantee the stability and correct differential esti-
mate, P and Q should meet P < 0 and Q < 0. The magnitude-
frequency and phase-frequency characteristics are obtained as
(15) and (16), respectively

|GRX2R
(jω)| = −R2Pω√

(ω2+R2P )2+R2Q2ω2

(15)

∠GRX2R
(jω)=

⎧⎨
⎩

π
2 −arctan

(
RQω

R2P+ω2

)
, ω≤R

√
−P

−π
2 +arctan

(
−RQω

R2P+ω2

)
, ω>R

√
−P .

(16)

Correspondingly, the approximative transfer function
G∗

RX2R
and the magnitude-frequency and phase-frequency

characteristics of the proposed NTD are calculated as
(17)–(19), shown at the bottom of the page, respectively.

The feedforward does not change the natural frequency of
NTD. According to the comparison between (16) and (19), the
proposed NTD has smaller phase lags, which means that the
differential estimate is more accurate.

For the specific design (9), the describing function N(A) of
the nonlinear function f(z) = (βz)p/q + z can be calculated as

N(A)=
1

Aπ

2π∫
0

{
[βA sin(ωt)]

p
q +A sin(ωt)

}
sin(ωt)dωt

=
4

Aπ

π
2∫

0

{
[βA sin(ωt)]

p
q +A sin(ωt)

}
sin(ωt)dωt

=
4

π
β

p
q A

p−q
q

π
2∫

0

sin
p+q
q (ωt)dωt+

4

π

π
2∫

0

sin2(ωt)dωt. (20)

Fig. 2. Approximate analysis of the frequency characteristics. Situation 1: tra-
ditional NTD. Situation 2: proposed NTD with direct feedforward. Situation 3:
proposed NTD with filter in feedforward. Situation 4: traditional NTD with
greater gain.

Then, P and Q in the approximate linear system (13) of (9)
are −α1N(A) and −α2N(A), respectively.

Suppose that R = 500, α2 = 2α1 = 2.0, β = 30.0, p/q = 3,
and α = 650.0, and an input signal of 0.001 sin(ωt) is used.
According to (20), there are P = −1.02025 and Q = −2.0405
in this case. Then, the approximate frequency responses are
illustrated in Fig. 2 for understanding.

Situation 1 and situation 2 are, respectively, the frequency
characteristics of (15) and (17), which correspond to the tradi-
tional NTD and the basic format (9) of the proposal. Obviously,
the frequency characteristic of situation 2, the fundamental
proposal, is closer to the ideal differential than the traditional
NTD. The proposed method has smaller phase lags.

Based on the fundamental proposal, we introduce a low-pass
filter with a cutoff frequency of 500 rad/s in the feedforward
as Remark 3.3. The characteristic is illustrated as situation 3.
The phase lags of this situation are deduced because the main
components of the input signal r are still maintained within
the bandwidth of the low-pass filter. Moreover, beyond the
bandwidth of the filter, the characteristic of the proposed NTD
trends to the traditional one, which means that the noise toler-
ance is strengthened compared with the fundamental proposal.

In fact, the traditional NTD also achieves the decrease in
phase lags by increasing the gain R. If R = 1330, the differen-
tiator has the same phase lags as the proposal in low frequency

G∗
RX2R

(s) =
(αs−R2P )s

s2 −RQs−R2P
(17)

|G∗
RX2R

(jω)| = ω
√
α2ω2 +R4P 2√

(ω2 +R2P )2 +R2Q2ω2

(18)

∠G∗
RX2R

(jω) =

⎧⎨
⎩

π
2 − arctan

(
RQω

ω2+R2P

)
+ arctan

(
αω

−R2P

)
, ω ≤ R

√
−P

−π
2 + arctan

(
−RQω

ω2+R2P

)
+ arctan

(
αω

−R2P

)
, ω ≥ R

√
−P

(19)
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Fig. 3. Structure of the experimental servo system.

Fig. 4. Control algorithm of the servo system with differentiators.

as shown in situation 4. However, the magnitude response in
high frequency is simultaneously increased. To have the same
phase lags, the proposal does not need to increase gain R and
has better noise tolerance than the traditional NTD.

V. APPLICATION IN MOTION CONTROL

Differential calculation is widely requested in motion control
systems. The differentiator is utilized to realize velocity feed-
back or feedforward and is also useful in disturbance rejection.
This section uses the proposed differentiator in a precise servo
system to improve the control performance via experiments.
The system is constructed as Fig. 3, which is driven by a linear
motor (GMC Hillstone S160Q). The response is detected by
an optical-electricity encoder (RENISHAW RCH24Y15A30A)
with a resolution of 0.1 μm.

Fig. 4 shows the control structure of the servo system. In
this structure, the NTDs are employed to realize the velocity
feedback, velocity feedforward, and acceleration feedforward
and also to provide the velocity response for the disturbance
rejection algorithm. The disturbance observer (DOB) is im-
plemented, which is a highly robust control method used to
compensate the external disturbances and model uncertainties
[26]. According to the control theory, the system performs a
very highly precise tracking in low frequency. Suppose that e is
the servo error between the position response and the position
command. In practical systems, the phase lags of the differential
estimate algorithm influence the servo error e. The scalar-
valued norm of the tracking error (21) is used as a measure of
average tracking performance, where Tf represents the running
time. In the experiments, Tf is selected as double periods of the
input command

L2[e] =

√√√√√ 1

Tf

Tf∫
0

|e(τ)|2dτ. (21)

TABLE I
EXPERIMENTAL PARAMETERS

Fig. 5. Experimental results in low speed.

The required differential calculation is, respectively, real-
ized by the proposal and the traditional NTD and also the
usually used linear pseudodifferential (1) with a cutoff fre-
quency of 500 rad/s for comparison. The parameters in the
experiments are shown in Table I. The position commands are
0.001[cos(2π0.2t)− 1] (in meters) and 0.001[cos(2π8t)− 1]
(in meters) in two groups of experiments. The two cases show
the results in low speed and high speed, respectively. The over-
all algorithms are implemented in a computer by programming
in Linux-RTAI. The sampling time is 0.1 ms.

Fig. 5 shows the experimental results in low speed. This
figure is composed of five subfigures. According to the first
two subfigures in Fig. 5, each method successfully achieves the
estimations of the velocity and the acceleration. However, the
proposed NTD is closer to the real value than other methods.
The feedforward in the NTD effectively reduces the phase lag.
Moreover, the outputs of the differentiators converge to the real
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value, although there are errors between the initial values and
the real value according to the second subfigure.

The third subfigure in Fig. 5 illustrates the velocity response
of the real servo system. All of the methods realize the differ-
ential in the presence of measurement noise. However, there is
obvious oscillation in the response using the traditional NTD.
This is caused by the oscillation in the disturbance compensa-
tion value of the DOB.

The output of the DOB is illustrated in the fourth subfigure.
Phase lags in velocity measurement directly influence the ac-
curacy of the disturbance estimation and compensation. Due
to the phase lags caused by the traditional NTD, the observed
disturbance is fluctuant. This fluctuation does not only influence
the velocity response of the servo system but also degrades the
servo accuracy. According to the fifth subfigure, the servo error
when we use the traditional NTD is bigger than the situation of
the proposed method.

In this experiment, L2[e] is 2.499× 10−6 (in meters) us-
ing the traditional NTD, and it reduces to 1.106× 10−6 (in
meters) using the proposal. In the experimental system, a
high-resolution encoder with 0.1-μm resolution is employed.
Therefore, even conventional linear pseudodifferential can be
used. In fact, according to the experimental results, the linear
method achieves better performance than the traditional NTD.
L2[e] is 1.184× 10−6 (in meters) when the linear method is
used. The most significant advantage of the traditional NTD
is using double integral calculations to solve a second-order
equation set to indirectly estimate the differential. The double
integrals provide good noise tolerance; however, they introduce
serious phase lags. As shown in (2), the conventional linear
pseudodifferential only has a single integral. Therefore, the
linear method has smaller phase lags than the traditional NTD
when the measurement noises allow the application of the linear
method.

However, the performance using the linear method is still
worse than the proposed NTD because the nonlinear function
makes use of the error of the signal tracking more sufficiently.
According to (9), the nonlinear function provides changing gain
for signal tracking. When the error between the input signal
r and the output x1R is greater, the speed of convergence is
also greater. However, the linear method only has a fixed gain
according to (2). When the input signal changes rapidly, the
speed of convergence does not increase in the linear method.
Moreover, in the proposal, the feedforward deduces the phase
lags further. In the case of high-speed motion control, the input
signal changes faster, and the tracking error may be greater.
Therefore, the advantage of the nonlinear method is more
obvious in this case. The proposed NTD has particularly better
performance than the traditional NTD and the linear method
when the system works in a high-speed situation.

In the state of high speed, the responses are illustrated in
Fig. 6. The proposal achieves the best differential estimate.
According to the third subfigure, the noise is hard to watch.
This profits from two aspects. On the one hand, the device is
a high-accuracy mechatronics system which has a big signal-
to-noise ratio in the state of high speed. On the other hand, the
NTD methods are noise tolerant because the algorithms acquire
the differential indirectly by integral action.

Fig. 6. Experimental results in high speed.

According to the output of the DOB, the phase lags and the
oscillation in high speed are more obvious than the situation of
low speed when the traditional NTD is used. Because the phase
lags are greater in high speed, the influence of phase lags of
the NTD is also more serious. Due to the improved differential
rapidity, this oscillation of DOB is effectively weakened when
the new approach is used. Correspondingly, the servo error
is also decreased. L2[e] is 1.024× 10−4 (in meters) using
the traditional NTD; however, it reduces to 0.125× 10−4 (in
meters) using the proposal. The accuracy improves by 88%
using the new approach. According to the results, L2[e] is
0.378× 10−4 (in meters) when the linear pseudodifferential is
used. The proposal also reduces 67% servo error compared with
the linear method.

Besides the aforementioned experiments, a computer simu-
lation is implemented to evaluate the proposal, the traditional
NTD, and also the normally used linear method more fairly.
The input signal is 0.001[cos(2π0.5t)− 1] (in meters). A noise
with a magnitude of 0.5 μm is added to simulate a quantizing
noise. The three methods are tuned to have the same phase of
−0.24◦ by the least square method. The parameter R = 500
is kept in the proposal. To have the same phase, R should
be increased to 1330 in the traditional NTD, and the cutoff
frequency is increased to 710 rad/s in the traditional linear
pseudodifferential.

According to Fig. 7, the linear pseudodifferential has the
most serious noise in the differential estimate. The tradi-
tional NTD has smaller noise, and the proposal provides the
best results with the same phase lag. The reason is that the
noise is amplified by the increased gain R2 in the traditional
NTD. Moreover, the bigger cutoff frequency g allows more
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Fig. 7. Comparison of the noise sensitivity.

high-frequency noises in the linear method. Compared to this,
the proposal uses a signal feedforward instead of increasing the
gain to improve the phase lags, which has greater efficiency
and less cost in noise tolerance. To achieve the same phase
characteristics in an environment with a little greater noise, the
traditional NTD indeed provides better noise tolerance than the
linear method. However, the proposal is even better and more
flexible than the traditional NTD.

In summary, the proposed method provides satisfactory dif-
ferential estimate because of the additional freedom in the NTD
design. Using the proposal, the performance of the servo control
system is effectively improved in practice.

VI. CONCLUSION

This paper has considered the problem of the phase lags
of the differentiator and has proposed an idea to improve the
differential estimate by feedforward. The proposed approach
extends the traditional structure and provides an additional
freedom for the design of NTD. It improves the accuracy of
the differential estimate compared with the traditional method.
A more accurate approximative differential is achieved, which
satisfies the higher requirement of engineering practice espe-
cially in the field of motion control.

The theoretical analysis is given. Moreover, the practical ap-
plication in servo system is also investigated. The differentiator
is employed to realize a compound control with disturbance re-
jection algorithm. The experimental results confirm the validity
of the proposal. The proposal leads to smaller phase lags and
also maintains the advantage of noise tolerance of an NTD. By
applying the new approach, the accuracy of the servo system is
effectively improved.

In future work, the adaptive law of the parameter R will
be investigated. Although the experiments in practical system
show the effectiveness, the noise in the estimated velocity
response is also observable when the system moves slowly;
however, it is small in the state of high speed. Therefore, fixed R
is not optimal. Future research will focus on this limitation and
will consider adjusting R according to the working condition.

APPENDIX A
CONVERGENCE OF TRACKING DIFFERENTIATOR

The convergence proof is a relatively independent prob-
lem. It is the basis of a tracking differentiator. Reference
[24, Th. 2.1] illustrated the convergence of the NTD with the
traditional format of the second-order differential equations
set. Virtually, the Proof of Theorem 2.1 in that paper implies
the convergence of the differentiator with more general for-
mat. From the process of the proof, the following corollary
can be summarized, which has more extensive applicability
in proposing various differentiators, such as an NTD with
feedforward, NTDs with higher order or lower order equations
than the traditional one. The theoretical structure of the tracking
differentiator can be widely extended.

Corollary A.1: The equilibrium point 0 of such system (22)
is globally asymptotically stable

ż(t) = F [z(t)] , z(0) = z0 (22)

where
vector z(t) = [z1(t), z2(t), . . . , zn(t)]

T is an n-dimensional
argument;

F [z(t)] = [f1(z1, z2, . . . , zn), . . . , fn(z1, z2, . . . , zn)]
T is a

functional vector, whose elements are functions of the
variables in z(t);

z0 is any initial value.
f1, f2, . . . , fn are local Lipschitz continuous functions. There

is a smooth positive definite function V : Rn → R and
a continuous positive definite function W : Rn → R

such that the following are observed: 1) when |z| →
+∞, V (z) → + infty; (2) dV (z)/dt = ∂V/∂z1ż1 +
∂V/∂z2ż2 + . . .+ ∂V/∂znżn ≤ −W (z); and (3) for any
given∼ d > 0, {z ∈ R

n|V (z) ≤ d} is a bounded closed
set in R

n.
If there is a system (23) that is a perturbed system of (22)

ẏR(t) = F [yR(t)] + gR(t),yR(0) = yR0 (23)

where
yR(t) = [y1(t), y2(t), . . . , yn(t)]

T ;
gR(t) = 1/Ra(t) is the perturbing term, a(t) = [a1(t), a2(t),

. . . , an(t)]
T , and supt∈[0,+∞) |ai(t)| is bounded constants

Ai (i = 1, 2, . . . , n), max{A1, A2, . . . , An} = A;
yR(0) is nonincreasing for R;

then, there is a ∼ R∗ such that |yR(Rt)| < ε for any ε > 0,
a > 0, R > R∗ on∼ t ∈ [a,+∞).

APPENDIX B
TRANSFORMATION FROM (6) TO (5)

WITH PERTURBATION

Let h = Rt, and{
y1R(h) = x1R(t)− r(t)

y2R(h) =
x2R(t)

R .
(24)

Then, yR = (y1R, y2R)
T is a solution to the system

ẏR(t) = F [yR(t)] + gR(t) (25)
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where

F [yR(t)] = [y2R(t), f(y1R(t), y2R(t))]
T (26)

gR(t) =

[
−
ṙ
(

t
R

)
R

,
αṙ

(
t
R

)
R2

]T

. (27)

According to (26), equation set (5) can be rewritten as

ż = F [z(t)] (28)

where z = (z1, z2)
T is a solution to system (5). Consequently,

(25) is a perturbed system of (28). Then, it is reasonable
that x1R converges to r because yR is convergent and yR(t)
contains the term of x1R(t)− r(t).

REFERENCES

[1] D. V. Efimov and L. Fridman, “A hybrid robust non-homogeneous finite-
time differentiator,” IEEE Trans. Autom. Control, vol. 56, no. 5, pp. 1213–
1219, May 2011.

[2] M. L. Corradini, G. Ippoliti, S. Longhi, and G. Orlando, “A quasi-
sliding mode approach for robust control and speed estimation of PM
synchronous motors,” IEEE Trans. Ind. Electron., vol. 59, no. 2, pp. 1096–
1104, Feb. 2012.

[3] L. Luque-Vega, B. Castillo-Toledo, and A. G. Loukianov, “Robust block
second order sliding mode control for a quadrotor,” J. Franklin Inst.,
vol. 349, no. 2, pp. 719–739, Mar. 2012.

[4] T. Matsuo, S. Wada, and H. Suemitsu, “Model-based and non-model-
based velocity estimators for mobile robots,” Int. J. Innov. Comput., Inf.
Control, vol. 4, no. 12, pp. 3123–3133, Dec. 2008.

[5] T. Tsuji, T. Hashimoto, H. Kobayashi, M. Mizuochi, and K. Ohnishi,
“A wide-range velocity measurement method for motion control,” IEEE
Trans. Ind. Electron., vol. 56, no. 2, pp. 510–519, Feb. 2009.

[6] H. Tanaka, K. Ohnishi, and H. Nishi, “An approach to velocity estimation
using FPGA,” in Proc. 33rd IEEE Annu. Conf. Ind. Elec. Soc., 2007,
pp. 2349–2354.

[7] M. Nandayapa, C. Mitsantisuk, and K. Ohishi, “Improving bilateral con-
trol feedback by using novel velocity and acceleration estimation methods
in FPGA,” in Proc. 12th IEEE Int. Workshop Adv. Motion Control, 2012,
pp. 1–6.

[8] L. Kovudhikulrungsri and T. Koseki, “Precise speed estimation from
a low-resolution encoder by dual-sampling-rate observer,” IEEE/ASME
Trans. Mechatronics, vol. 11, no. 6, pp. 661–670, Dec. 2006.

[9] S. Jafarzadeh, C. Lascu, and M. S. Fadali, “State estimation of induction
motor drives using the unscented Kalman filter,” IEEE Trans. Ind. Elec-
tron., vol. 59, no. 11, pp. 4207–4216, Nov. 2012.

[10] A. Levant, “Robust exact differentiation via sliding mode technique,”
Automatica, vol. 34, no. 3, pp. 379–384, Mar. 1998.

[11] X. Wang, Z. Chen, and G. Yang, “Finite-time-convergent differentiator
based on singular perturbation technique,” IEEE Trans. Autom. Control,
vol. 52, no. 9, pp. 1731–1737, Sep. 2007.

[12] J. Han, “From PID to active disturbance rejection control,” IEEE Trans.
Ind. Electron., vol. 56, no. 3, pp. 900–906, Mar. 2009.

[13] Y. Su, C. Zheng, D. Sun, and B. Duan, “A simple nonlinear velocity esti-
mator for high-performance motion control,” IEEE Trans. Ind. Electron.,
vol. 52, no. 4, pp. 1161–1169, Aug. 2005.

[14] T. Emaru and T. Tsuchiya, “Research on estimating smoothed value and
differential value by using sliding mode system,” IEEE Trans. Robot.
Autom., vol. 19, no. 3, pp. 391–402, Jun. 2003.

[15] Y. Tang, Y. Wu, M. Wu, X. Hu, and L. Shen, “Nonlinear tracking-
differentiator for velocity determination using carrier phase measure-
ments,” IEEE J. Sel. Topics Signal Process., vol. 3, no. 4, pp. 716–725,
Aug. 2009.

[16] H. Zhang, X. Huang, G. Peng, and M. Wang, “Dual-stage HDD head
positioning using an H∞ almost disturbance decoupling controller and
a tracking differentiator,” Mechatronics, vol. 9, no. 5, pp. 788–796,
Aug. 2009.

[17] K. Erenturk, “Fractional order PIλDμ and active disturbance rejection
control of nonlinear two mass drive system,” IEEE Trans. Ind. Electron.,
vol. 60, no. 9, pp. 3806–3813, Sep. 2013.

[18] Y. Xia, B. Liu, and M. Fu, “Active disturbance rejection control for power
plant with a single loop,” Asian J. Control, vol. 14, no. 1, pp. 239–250,
Jan. 2012.

[19] Y. Guo, W. Wu, and K. Tang, “A new inertial aid method for high dynamic
compass signal tracking based on a nonlinear tracking differentiator,”
Sensor, vol. 12, no. 6, pp. 7634–7647, Jun. 2012.

[20] H. Zhang, X. Huang, and M. Wang, “Precise control of linear systems
subject to actuator saturation using tracking differentiator and reduced
order composite nonlinear feedback control,” Int. J. Syst. Sci., vol. 43,
no. 2, pp. 220–230, Feb. 2012.

[21] D. Sun, “Comments on active disturbance rejection control,” IEEE Trans.
Ind. Electron., vol. 54, no. 6, pp. 3428–3429, Dec. 2007.

[22] X. Wang and H. Lin, “Design and frequency analysis of continuous
finite-time-convergent differentiator,” Aerosp. Sci. Technol., vol. 18, no. 1,
pp. 69–78, Apr./May 2012.

[23] Y. Su, C. Zheng, P. C. Mueller et al., “A simple improved velocity estima-
tion for low-speed regions based on position measurements only,” IEEE
Trans. Control Sys. Technol., vol. 14, no. 5, pp. 937–942, Sep. 2006.

[24] B. Guo and Z. Zhao, “On convergence of tracking differentiator,” Int. J.
Control, vol. 84, no. 4, pp. 693–701, Apr. 2011.

[25] H. K. Khalil, Nonlinear System, 3rd ed. Englewood Cliffs, NJ, USA:
Prentice-Hall, 2002.

[26] K. Ohnishi, M. Shibata, and T. Murakami, “Motion control for advanced
mechatronics,” IEEE/ASME Trans. Mechatronics, vol. 1, no. 1, pp. 56–67,
Jan. 1996.

Dapeng Tian (S’10–M’13) received the B.E. degree
from Beijing Institute of Technology, Beijing, China,
in 2007. He was then directly recommended to study
at the Beijing University of Aeronautics and As-
tronautics (Beihang University), Beijing, where he
received the Ph.D. degree in 2012.

From 2009 to 2011, he was a Coresearcher with
the Advanced Research Center, Keio University,
Yokohama, Japan. Since 2012, he has been with the
Key Laboratory of Airborne Optical Imaging and
Measurement, Changchun Institute of Optics, Fine

Mechanics and Physics, Chinese Academy of Sciences, Changchun, China.
His current research interests include motion control theory and engineering,
optical imaging, and bilateral control.

Honghai Shen received the B.E. degree in optical
engineering from Shandong University, Jinan, China,
in 1998 and the M.E. and Ph.D. degrees in electronic
mechanic engineering and optical engineering from
the University of Chinese Academy of Sciences,
Beijing, China, in 2001 and 2009, respectively.

Since 2001, he has been with Changchun Insti-
tute of Optics, Fine Mechanics and Physics, Chi-
nese Academy of Sciences, where he is currently
a Research Fellow and the Deputy Director of the
Key Laboratory of Airborne Optical Imaging and

Measurement. His research interests include the application of modern control
theory to wide-band airborne imaging systems and active optical imaging.

Ming Dai received the B.E. degree from Changchun
University of Science and Technology, Changchun,
China, in 1987 and the M.E. degree from Changchun
Institute of Optics, Fine Mechanics and Physics,
Chinese Academy of Sciences, Changchun, in 1993.

From 1987 to 1990, he was a Teaching Assistant
with Changchun University of Science and Tech-
nology. Since 1993, he has been with Changchun
Institute of Optics, Fine Mechanics and Physics. He
is a Research Fellow and Director of the Department
of Airborne Imaging and Measurement Technology,

CIOMP. His research interests include motion control engineering and airborne
imaging systems.

Prof. Dai was the recipient of the Award of National Science and Technology
Progress.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


