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a b s t r a c t

A scheme for obtaining a tunable ultranarrow cavity transmission controlled by two tunneling in triple
quantum dots system is proposed. In such system, the tunneling can induce double dark resonances,
resulting in the appearance of two transparency windows. With the steep dispersion within the
narrowed transparency windows, an ultranarrow transmission peak can be obtained, compared with
that of double quantum dots system. Furthermore, by varying the energy splitting, the linewidth and the
position of the ultranarrow transmission peak can be engineered. Because no coupling laser is required,
the scheme proposed here is more convenient for future experiments and applications in optics, and
may be useful in designing novel optoelectronic devices.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The phenomenon of electromagnetically induced transparency
(EIT) plays an important role in the interaction between light and
matter because EIT has found numerous applications [1,2].
Reduced absorption and high dispersion produced by EIT can
induce cavity-linewidth narrowing, which is known as intracavity
EIT termed by Lukin et al. [3]. Cavity-linewidth narrowing was
experimentally first observed in hot atomic vapor [4], then in a
cold atomic system [5] and in a Doppler broadened medium [6].
On the other hand, dark resonance is the basic of EIT. When a dark
state is coherently coupled to another level by a coupling laser,
double dark resonances can be acquired, which is first predicted
by Lukin et al. [7] and later experimentally observed by Chen et al.
[8]. With the aid of the double dark resonances, the optical
responses of atoms can be well manipulated [9–12], many works
such as nonlinearity optics [9,10], atom localization [11], optical
bistability [12] are studied.

The above works are carried out in atomic medium and
coupling lasers are necessary in such systems. On the other hand,
semiconductor quantum dots (QDs) have the similar property
to those of atoms, owing to the confinement of electrons and
holes, which encouraged us to extend the above studies to QDs.

Furthermore, two or more quantum dots coupled by tunneling can
form quantum dot molecules (QDMs), in which the tunneling of
electrons or holes can be controlled by an external electric field
and create a multilevel structure of excitonic states. Experimen-
tally, double quantum dots (DQDs) have been realized in both
vertical [13] and lateral [14] type, and have been used for optical
spectroscopy [15], excitonic entanglement [16], single photon and
spin storage [17], and coherent population trapping (CPT) [18].
On the theoretical side, many works have been carried out about
DQDs, such as EIT and slow light [19–21], entanglement [22–25],
optical bistability [26,27], coherent population transfer [28],
narrowing of transmission spectrum [29] and fluorescence spec-
trum [30].

Building on DQDs with controlled electron numbers, triple
quantum dots (TQDs) have also been achieved in much experi-
mental progress [31–34]. Most recently, transmission-dispersion
characteristics of waveguide-coupled photonic crystal two-mode
nanocavity embedding TQDs have been studied [35]. And it is also
proposed to simulate spontaneously generated coherence (SGC) in
TQDs [36]. And giant Kerr nonlinearity can also been achieved in
TQDs [37]. In this paper, we propose a scheme for obtaining a
tunable ultranarrow cavity transmission in TQDs. Our work is
mainly based on [3–6,29,38–40], however, the scheme proposed
here is very different from those. First, in TQDs two tunneling
couplings can induce double dark resonances, resulting in two
transparency windows. And close to the narrowed transparency
window, a tunable ultranarrow cavity transmission can be
obtained. Such results can not be obtained in usual three-level
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atomic [3–6] or DQDs [29] systems. Second, an important advan-
tage of our scheme is that we use tunneling instead of coupling
lasers [38–40] to obtain cavity-linewidth narrowing, which can be
controlled by the external electric field. Therefore the scheme
proposed here is more convenient for experiments and applica-
tions in optics.

The paper is organized as follows: in Section 2, we introduce
the model and the basic equations. In Section 3, we plot the
absorption and dispersion spectrum. In Section 4, we plot the
transmission spectrum. Section 5 is the conclusions.

2. Models and equations

We show the schematic of the setup, the band structure and
level configuration of TQDs system in Fig. 1. At nanoscale interdot
separation, the hole states are localized in the QDs and the
electron states are rather delocalized. In TQDs system, the tunnel-
ing can be controlled by placing a gate electrode between the
neighboring dots. In the absence of a gate voltage, the conduction-
band electron levels are out of resonance and the electron
tunneling between the QDs is very weak. In contrast, in the
presence of a gate voltage, the conduction-band electron levels
come close to resonance and the electron tunneling between the
QDs is greatly enhanced. And in the latter case the hole tunneling
can be neglected because of the more off-resonant valence-band
energy levels. Therefore we can give the schematic of the level
configuration of TQDs, as shown in Fig. 1(c). Without the excitation

of the laser, no excitons are inside all QDs, which corresponds to
state j0〉. When a laser field is applied, a direct exciton is created
inside the QD1, condition represented by the state j1〉. Under the
tunneling couplings, the electron can tunnel from QD1 to the QD2,
and from QD2 to QD3. And we denote these indirect excitons as
state j2〉 and state j3〉, respectively.

Under the rotating-wave and the electric-dipole approxi-
mations, and after performing the unitary transformation U ¼
e� iωptðj1〉〈1jþj2〉〈2jþj3〉〈3jÞ, which removes the time-dependent
oscillatory terms, the Hamiltonian under the basis j0〉; j1〉; j2〉; j3〉f g
can be written as (assumption of ℏ¼ 1)

HI ¼

0 �Ωp 0 0
�Ωp δp �T1 0
0 �T1 δp�ω12 �T2

0 0 �T2 δp�ω12�ω23

0
BBBB@

1
CCCCA
: ð1Þ

Here Ωp ¼ μ10 UeUEp is the Rabi frequency of the transition
j0〉-j1〉, with μ10 being the associated dipole transition-matrix
element, e the polarization vector and Ep the electric-field ampli-
tude of the probe laser. And T1 and T2 are the tunneling couplings,
which depend on the barrier characteristics and the external
electric field. δp ¼ ω10�ωp is the detuning of the probe field, with
ωp being the frequency of the probe field and ω10 being the
transition frequency between j1〉 and j0〉 states. ω12 and ω23 are
the energy splitting of state j1〉 and j2〉, and state j2〉 and j3〉,
respectively. Experimentally, ω12 and ω23 can be changed by
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Fig. 1. (a) The schematic of the setup of TQDs. The probe field transmits the QD 1. VB is a bias voltage. (b) The schematic of the band structure of TQDs. (c) The schematic of
the level configuration of TQDs.
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manipulation of the external electric field that changes the
effective confinement potential.

At any time t, the state vector can be written as

jΨ IðtÞ〉¼ a0ðtÞj0〉þa1ðtÞj1〉þa2ðtÞj2〉þa3ðtÞj3〉: ð2Þ
The evolution of the state vector obeys the Schrödinger equation

d
dt

Ψ IðtÞ〉¼ � iHIðtÞ Ψ IðtÞ〉:
���� ð3Þ

Substituting Eq. (1) and Eq. (2) into Eq. (3), and then using the
Weisskopf–Wigner theory [41,42], we can obtain the following
dynamical equations for atomic probability amplitudes in the
interaction picture:

i_a0 ¼ �Ωpa1; ð4aÞ

i_a1 ¼ �Ωpa0�T1a2þðδp� iγ1Þa1; ð4bÞ

i_a2 ¼ �T1a1�T2a3þðδp�ω12� iγ2Þa2; ð4cÞ

i_a3 ¼ �T2a2þðδp�ω12�ω23� iγ3Þa3; ð4dÞ

ja0j2þja1j2þja2j2þja3j2 ¼ 1; ð4eÞ
where γi ¼ 1

2Γi0þγi0
dði¼ 1�3Þ is the typical effective decay rate,

with Γi0 being the radiative decay rate of populations from ji〉-j0〉
and γi0

d being the pure dephasing rates.
In the limit of a weak probe signal, almost all excitons will

remain in state j0〉 and hence we may assume that ja0〉ffi1. Under
this assumption, we can solve Eq. (4) for the steady-state values
of the probability amplitudes, from which one arrives at the
following probe susceptibility

χðδpÞ ¼
Njμ10j2
ε0ℏ

1

Γ1� T1
2Γ3

Γ2Γ3 �T2
2

; ð5Þ

with Γ1 ¼ δp� iγ1, Γ2 ¼ δp�ω12� iγ2, Γ3 ¼ δp�ω12�ω23� iγ3. And
N¼ ðΓ=VÞ is the excitons volume density, with Γ being the optical
confinement factor, V being the volume of the TQDs, ε0 is the
dielectric constant, and μ10 is the associated dipole transition-
matrix element [43].

And for simplicity, we set the absorption cross-section as
[44,45]

σ10 ¼
ω10

c
jμ10j2
ε0ℏγ1

; ð6Þ

where c is the velocity of the light in vacuum. Thus Eq. (5) can be
written as

χðδpÞ ¼Nγ1
c

ω10
σ10

1

Γ1� T1
2Γ3

Γ2Γ3 �T2
2

: ð7Þ

The susceptibility χ can be separated into real ðχ0Þ and imagin-
ary ðχ″Þ parts, which represent the absorption and dispersion of
the medium, respectively.

3. Absorption and dispersion spectrum of TQDs

In this part we plot in Fig. 2 the absorption ðχ″Þ and dispersion
ðχ0Þ spectrum according to Eq. (7) for different parameters. We
point out that the absorption and dispersion spectrum have been
studied in an atomic system with the coupling lasers [7,8]. But
here we use tunneling instead of the coupling lasers and obtain
similar results.

In TQDs, the tunneling coupling T1 and T2 depend on the
barrier characteristics and the external electric field. Energy
splitting ω12 and ω23 can be done by manipulation of the external
electric field that changes the effective confinement potential. In
addition, in this investigation we work in the low temperature

regime, and consider both the population decay rates and the
dephasing rates. The realistic values of the parameters are accord-
ing to Ref. [20] and Refs. therein [46–53]. And for simplicity, all the
parameters are scaled by the decay rate γ1. Though some of
the value of parameters are for DQDs, it can be inferred that the
tunneling, energy splitting and decay rates of TQDs have the same
values with that of DQDs.

First, we short the third QD from the system, which means that
only the tunneling T1 couples to the system. Therefore the electron
can only transfer from QD1 to QD2, creating three-level Λ system.
And in such case, with ω12 ¼ 0, one can obtain two absorption
peaks and one transparency window in the absorption spectrum.
And within the transparency window, a dispersion spectrum
similar to DQDs shows up (Fig. 2(a)). Once the two tunneling
couplings are applied to the system, the electron can tunnel from
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Fig. 2. The absorption spectrum (solid line) and dispersion spectrum (dotted line)
as a function of δp . The parameters are (a) T1 ¼ 3, T2 ¼ 0, ω12 ¼ω23 ¼ 0, (b) T1 ¼ 3,
T2 ¼ 0:5, ω12 ¼ω23 ¼ 0, (c) T1 ¼ 3, T2 ¼ 1:5, ω12 ¼ω23 ¼ 0, (d) T1 ¼ 3, T2 ¼ 0:5,
ω12 ¼ 0, ω23 ¼ 1:5, and (e) T1 ¼ 3, T2 ¼ 0:5, ω12 ¼ 0, ω23 ¼ 3. Other parameters are
γ1 ¼ 1, γ2 ¼ γ3 ¼ 10�3γ1. And all the parameters are scaled by γ1. The three
absorption peaks are numbered with a, b and c.
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QD 1 to QD 2 and then from QD 2 to QD 3, which forms TQDs. In
this case, one extra absorption peak appears in the middle of the
absorption spectrum and the transparency window splits into two
transparency windows. We show these situations for ω12 ¼ ω23 ¼ 0
in Fig. 2(b) and (c), and find that with the larger value of the
tunneling T2, the two transparency windows become further away
from each other, but the linewidth of these two transparency
windows are nearly unchanged. And within the two transparency
windows, the slope of the dispersion is the same, due to the
symmetrical absorption spectrum. Next we show the case of
ω23a0 in Fig. 2(d) and (e). One can see that the absorption
spectrum becomes unsymmetrical, with one transparency win-
dow being much narrower than the other. As the value of ω23 is
increasing, the right transparency window moves farther away
from the center of the spectrum, and the width of this transpar-
ency window is becoming narrower.

So it can be concluded that the tunneling coupling T2 and the
energy splitting ω23 of TQDs can modify the position and the width
of the transparency windows. And with larger value of ω23, the
width of the transparency window becomes narrower. In the area
of the narrower transparency window, much larger dispersion can
be obtained.

In the following part we will give a short expansion for the
above results. First we explain the emersion of two transparency
windows and the controlling of the position of these transparency
windows. With only one tunneling coupling T1, the system is
similar to a DQDs and the appearance of the transparency window
is owning to the dark state induced by the tunneling T1, which can
been written as jΨDark〉¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

Ω2
p þT2

1

p ðT1 0〉�Ωp 2〉Þ
���� under the resonant

coupling. And when tunneling T2 is also applied to the system, this
extra tunneling can make state 2j i split into two dressed levels

j27 〉 with splitting of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4T2

2þω23
2

q
, therefore two Λ type sub-

systems can be created, as shown in Fig. 3(a). In such two Λ type
subsystems, the existence of two distinct dark states
jΨDark7 〉¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ω2
p þT2

17

p ðT17 0〉�Ωp 27 〉Þ
���� is clear, where T17 denote

the tunneling couplings between the state j1〉 and j27 〉. And each
dark state corresponds to a two-photon resonance between the
state j0〉 and j27 〉, and the state j0〉 and j2� 〉, respectively. There-
fore the single transparency window splits into two transparency

windows, which are located at the position of δp ¼ ω23 7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω23

2 þT2
2

p
2

(for ω12 ¼ 0). Therefore the position of the transparency windows
is determined by the value of T2 and ω23.

To understand the narrowing of the transparency window,
we consider the fully dressed state picture for both tunneling
couplings. In this way state j1〉, j2〉 and j3〉 in the bare state can be
replaced by three new dressed states ja〉, jb〉 and jc〉, and these
dressed states decay to the ground state j0〉 with decay rate γa, γb
and γc , respectively. And the expression of the dressed states and

the corresponding decay rates can be written as

ji〉¼ cos φ cos θj1〉þ sin φj2〉þ cos φ sin θj3〉; ði¼ a; b; cÞ ð8aÞ

γi ¼ cos 2φ cos 2θγ1þ sin 2φγ2þ cos 2φ sin 2θγ3; ði¼ a; b; cÞ ð8bÞ

where tan φ¼ AB=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2þB2

p
, tan θ¼ A=B, A¼ λi=T1 and

B¼ ðλi�ω12�ω23Þ=T2. And λi is the eigenvalues of the dressed
level ji〉, giving the relative energy of the dressed sublevels ji〉. We
show the schematic diagram of the dressed states in Fig. 3(b), the
weak probe field couples the transition from state j0〉 to the
dressed state ji〉, and the decay rate from ji〉 to the ground state
is γiði¼ a; b; cÞ. If the frequency of the probe field is chosen such
that it is in resonance with one of the transition j0〉2ji〉, then the
maximal absorption is obtained. Therefore the position of the
absorption peaks is determined by the eigenvalues λiði¼ a; b; cÞ,
and the width of the absorption peaks is determined by the decay
rates γiði¼ a; b; cÞ. (In Fig. 2 we number the three absorption peaks
with a, b and c, which comes from the corresponding transition
j0〉2ji〉.) And the destructive interference between the three
absorptive channels j0〉-ja〉 and j0〉-jb〉, also jb〉2j0〉 and
j0〉-jc〉 can result to two transparency windows, which locate
between these three absorption peaks. And the width of the
transparency windows depend on the linewidth and the position
of the absorption peaks. The wide linewidth and close spaced of
the absorption peaks will result in the narrow transparency
windows.

We show in Fig. 4(a) the eigen energies ðλi; i¼ a; b; cÞ and in
Fig. 4(c) the decay rates γiði¼ a; b; cÞ as a function of T2, and in
Fig. 4(b) the the eigen energies ðλi; i¼ a; b; cÞ and in Fig. 4(d) the
decay rates γiði¼ a; b; cÞas a function of ω23, respectively. From
Fig. 4(a), one can see that for all values of T2, the energy difference
of the three dressed states are large, therefore the three absorption
peaks are widely spaced. As T2 is increasing, the linewidth of the
absorption peak b becomes wider because of the increased value
of γb (Fig. 4(c)). But the larger spacing of the absorption peaks can
still give rise to the wide width of two transparency windows. In
this situation, the steep dispersion within the transparency win-
dows is not possible (Fig. 2(b) and (c)).

With increasing value of ω23, the eigen energie λb is increased,
while the eigen energie λa and λc are nearly unchanged (Fig. 4(b)).
So the two absorption peaks a and b become closer, while the two
absorption peaks b and c become farther. On the other hand, form
Fig. 4(d), with increasing value of ω23, the decay rate γb is
increased dramatically, while the decay rate γa is increased a little
bit. As a result, the linewidth of the absorption peak b becomes
much larger. Therefore, the closer spaced absorption peaks a and b,
and together the larger linewidth of the absorption peak b give rise
to the narrower transparency window between peak a and peak b.
And within the narrower transparency window, the steep disper-
sion profile of the probe field can be obtained (Fig. 2(d) and (e)).

So it can be concluded that the intensity of the tunneling
coupling T2 and the energy splitting ω23 of the TQDs can modify
the position and the linewidth of the absorption peaks, which
are responsible for the controlling of the narrow transparency
windows. And within the narrow transparency windows, steep
dispersion can be obtained.

4. Transmission spectrum of TDQs

In this part we embed the TQDs sample in a ring cavity, as
shown in Fig. 5. We consider the optical cavity of length L with
TQDs sample of length l. Then the cavity transmission can be

1T ±

Pω

1

2−

2+

0

pω

0

a

b

c

cγ bγ aγ

Fig. 3. (a) Dressed state under the coupling of the tunneling T2. (b) Dressed state
under the coupling of the tunneling T1 and T2.
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expressed as [3]

SðωÞ ¼ t2

1þr2κ2�2rκ cos ½ΦðωÞ�; ð9Þ

here t and r denote the transmissivity and the reflectivity of both
the input and the output mirrors with r2þt2 ¼ 1. For simplicity,
we assume that mirror 3 has 100% reflectivity. And ΦðωÞ ¼ ω

cðLþ lχ0Þ
is the total phase shift, which is contributed by the real part ðχ0Þ of
the susceptibility of the TQDs. And κ¼ expð�ω

clχ″Þ is the medium
absorption per round trip, which is caused by the imaginary part
ðχ″Þ of the susceptibility of the TQDs, leading to the attenuation of
the amplification of the probe field.

On inspection of the round-trip phase shift, the pulling equa-
tion representing the resonance frequency of the combined cavity
and medium system is [3]

ωr ¼
1

1þη
ωcþ

η

1þη
ωp; ð10aÞ

η¼ωp
l
2L

∂χ0

∂ωp
: ð10bÞ

Here η defines a frequency-locking or stabilization coefficient,
which is relative to the dispersion of the system. Eq. (10) indicates
that ωr is contributed by two factors, one is the resonance
frequency of the empty cavity ωc , with ωc ¼mc=L (for integer m),
and the other is the probe transition frequency of TQDs. When
EIT is induced in TQDs medium, the probe transition frequency ωp

is close to ω10. Therefore the medium around transparency
window will pull the resonance frequency ωr to its respective
EIT frequency.

Use the same methods in Ref. [3], the width of cavity reso-
nances δω changed by the intracavity medium is

δω¼ 1�rκffiffiffi
κ

p ð1�rÞ
1

1�η
δωc; ð11Þ

where δωc is the empty-cavity linewidth. And ð1�rκÞ= ffiffiffi
κ

p ð1�rÞ
describes an enhancement of the effective cavity and medium
width due to additional losses, while 1=ð1�ηÞ describes the
reduction due to the linear dispersion. When EIT is induced, the
absorption can be negligible ðχ″-0Þ, whereas the dispersion is
large, then Eq. (11) can be simplified as

δω¼ 1
1�η

δωc: ð12Þ

Eq. (12) indicates that the steep dispersion will result in substan-
tial linewidth narrowing of the transmission spectrum closer to
the transparency windows.

According to Eq. (9), we plot the numerical simulation of the
cavity transmission spectrum in Fig. 6 with the same parameters
used in Fig. 2. First we consider the case only with the tunneling
T1. Thus the system is similar to DQDs, and single dark resonance
is established. Therefore one can obtain one broad transmission
peak locating at the position of the transparency window, as
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Fig. 4. (a) The eigen energies of the dressed state λiði¼ a; b; cÞ, and (c) the decay rates γiði¼ a; b; cÞ as a function of T2. (b) The eigen energies of the dressed state λiði¼ a;b; cÞ,
and (d) the decay rates γiði¼ a; b; cÞ as a function of ω23.
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Fig. 5. The schematic of a cavity-TQDs system.
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shown in Fig. 6(a). The dispersion shown in Fig. 2(a) is not large,
which is responsible for the broad linewidth of the transmission
peak. Next we apply both tunneling T1 and T2. In this case, one
transmission peak turns into two transmission peaks because that
double dark resonances are induced by the two tunneling cou-
plings (Fig. 6(b)–(e). For ω12 ¼ ω23 ¼ 0, the transmission spectrum
in Fig. 6(b) and (c) are symmetrical and the linewidth narrowing of
the transmission peaks is not obvious, because that the dispersion
for two tunneling couplings dose not change much compared with
the one for only one tunneling coupling. And with the increased
value of tunneling T2, the two transmission peaks become farther
away from each other, but keep the linewidth nearly unchanged.

Next we show the case for ω23a0 in Fig. 6(d) and (e), and find
that an extranarrow transmission peak can be obtained. The
extranarrow transmission peak is because of the much steeper
slope of the dispersion, which is within the extranarrow transpar-
ency window in Fig. 2(d) and (e). With the increasing value of ω23,
the position of the narrowed transmission peak is moving to the
red frequency side, and the linewidth of the transmission peak is
becoming much narrower. From Fig. 6(b)–(e), the conclusion can

be made that ω23 can not only modify the position of the trans-
mission peak, but also narrow the linewidth of it. The narorowing
of the transmission peak is due to the steep dispersion, which is
resulted from the narrow transparency window.

5. Conclusions

In conclusion, we have proposed a scheme for obtaining a
tunable ultranarrow cavity transmission controlled by tunneling in
TQDs system. In such system, two transparency windows can be
obtained, which is due to the double dark resonances induced
by two tunneling couplings between the dots. By proper tuning
the tunneling and the energy splitting, the transparency window
can be made very narrow, and within the narrow transparency
window steep dispersion can be acquired. Furthermore, when the
sample is embedded in a ring cavity, ultranarrow transmission
peak can be obtained compared with that of DQDs. And the line-
width and the position of this ultranarrow transmission peak can
be controlled by adjusting the energy splitting. Such cavity-
linewidth narrowing is due to the high dispersion and reduced
absorption produced by the tunneling.
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