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Abstract: In order to research the statistical properties of Gaussian beam
propagation through an arbitrary thickness random phase screen for adaptive
optics and laser communication application in the laboratory, we establish
mathematic models of statistical quantities, which are based on the Rytov
method and the thin phase screen model, involved in the propagation process.
And the analytic results are developed for an arbitrary thickness phase screen
based on the Kolmogorov power spectrum. The comparison between the
arbitrary thickness phase screen and the thin phase screen shows that it is
more suitable for our results to describe the generalized case, especially the
scintillation index.
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1. Introduction

In order to research the statistical properties of Gaussian beam propagation through random
media in the laboratory for AO [1,2] and laser communication applications, the random phase
screen, which is located between optical source and receiver, is usually used to simulate an
extended random medium; therefore it is important to establish the mathematic model of
statistical quantities involved in Gaussian beam propagation through a random phase screen.
Booker et al. [3] show the mathematic model of a plane wave incident on a phase screen which
is centrally located and has the same refractive index spectrum with the extended medium.
Andrews et al. [4-7] apply cross-link propagation method to discuss the mathematic model of
Gaussian beam propagation through a thin phase screen. Mantravadi [8] and Gan et al. [9] use
random phase plates to simulate extended media with different strength, and discuss the
relationship between the turbulence strength and the optical system. Many scholars [10,11]
utilize numerical method to generate random phase screens, based on which simulate Gaussian
beam propagation through atmosphere turbulence.

In this paper, we will, based on the Rytov weak fluctuation method and the thin phase screen
model of Andrews et al. [5], research the statistical property of Gaussian beam propagation
through an arbitrary thickness phase screen, establish the mathematic models of involving
statistical quantities, and develop the analytical results. The application scope of our results will
be discussed based on the comparison between the thin phase screen models and arbitrary
thickness models.

2. Gaussian beam parameters

We assume the transmitted wave is a lowest-order Gaussian beam wave that, also called TEMg,
wave, in the plane of the emitting aperture of the transmitter at z = 0, can be expressed as
[4,12,13]

2=0: Uo(r,O):aOexp(—#—%):aoexp(—%aokrz), €h)
where r = (x° + y*)2, ag = 2/(KWo?) + i/Fq; ao is the optical amplitude, Fo and W, denote the
phase front radius of curvature and beam radius at which the field amplitude falls to 1/e of that
on the beam axis, respectively, and k is the optical wave number. The particular cases Fq = o,
Fo>0, and F¢<0 correspond to collimated, convergent, and divergent beam formats,
respectively. Based on paraxial theory, the free space optical wave in the receiver planeatz =L
is another Gaussian beam described by [4,12]

z=L: Uo(r,L)=%exp[ikL+(—W—g—¥)J=%exp[ikL_%(‘;o(kS)] )

where W and F denote the receiver plane phase front radius of curvature and beam radius,
respectively, and p(L) = 1 + iagL is the propagation parameter.

Figure 1 shows the model of Gaussian beam propagation through an arbitrary thickness
random phase screen, which the input and output plane are fixed and move the phase screen
with thickness d = L, to modulate the phase of optical field. In the paper, all the three beam case,
Fo = o0,Fo>0 and Fy<0,will be contained, and the beam waist appears in the middle of the optical
path. Based on this figure, the nondimensional input plane beam parameters [4-7] are
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Fig. 1. The model of Gaussian beam propagation through a random phase screen
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For mathematical simplification, express W and F as

_R(@5+A5)©-1) "
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As nondimensional input plane beam parameters, introduce the nondimensional parameters
of the front plane and posterior plane of the phase screen and the output plan [4-7]

_ —1+h _2L
Z= I_1 @1 —1+ Fl Al - kWOZ ' (5)

L 2L
=L +L, @=1+7€ A= 7QW' (€)

W =W, /O +A2 F

z=L+L+L, cg=1+5%% A1=ZQMM? )
We can calculate the receiver plane propagation parameter p(L), according to Egs. (5) to (7),
L:(B—iA:f[(@—iA.). 8)
p(L) = I

3. Rytov method

For the model of Gaussian beam propagation through a random phase screen, showed in Fig. 1,
a single phase screen usually can represent weak fluctuation conditions, therefore, the statistical
property will be discussed based on Rytov weak fluctuation method [4,14]. In the weak
fluctuation condition, propagation path L, the optical field can be expressed as:

u (I‘, L) = UO(I', L) EXp[\P(ry L)] = Uo(rl L) eXp[V’l(r! L) +l//2(r, L) +"']v (9)

where Uy(r,L) is the free space Gaussian beam, described in Egs. (2), ¥(r,L) is a complex phase
perturbation due to turbulence, and w;(r,L) and w,(r,L) are the first-order and second-order
complex phase perturbations, respectively. It is known that the first two order complex phase
perturbations can nearly determinate all the long time statistical property, so we just consider
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wi(r,L) and wo(r,L) in this paper. For the case of homogeneous and isotropic extended
turbulence, it has been shown by Andrews and Miller [6,7] that all statistical quantities of
interest for an optical wave in the weak fluctuation regime are based on linear combinations of
the following three second-order moments:

E,(0,0) = («//Z(F, L)+ Ly (r, L)> =—27°k? jOL dz I:Kq)n (x, 2)dk, (10)

E,(1,%,) = (. (5, Ly (1, L))

= 477 [ dz " dwd, (x, z)exp[—w} (11)

<3, {xi- B~ 70T -2iA -0,

E,(f.%)= <l//1(r11 L)y, (1, L)>
=47 [z daexd, (x, 2)exp [~ (- [1-B-) |} (12)

xexp| ~ 2 B, (o [1- @ +iME-20 ),

where r = (ry + 15)/2, p = r1-rp, T = |r], p = |p|, « is the space wave number, ® =1-0, Jo(X) is
the Bessel function of the first kind, the brackets < > denote an ensemble average, and the
asterisk * denotes the complex conjugate field.

3.1 Arbitrary thickness phase screen

As shown in Fig. 1, the Gaussian beam propagates through an arbitrary thickness phase screen,
with thickness d = L,, thus we can assume that random media exist only in [L,, L; + L,] and
change the integral variable:

1-y =&  (0<z<LY <e<brby), (13)

In this paper, our analysis is based on Kolmogorov spectrum,
@ (x)=0.033C k2, (14)

where the refractive-index structure parameter C,? is assumed constant, because the random
media only exit over L; <z < L; + L,, so we can set ®p(x) as:

0.033C2k ™ L <z<L +L,

15
0 others (15)

(Dn(K) :{

where énz denotes the structure constant of the random phase screen, ” is the corresponding
phase screen statistical quantities. Based on these hypothesis and Egs. (10), (11) and (12), we
can obtain the second-order moments of the arbitrary thickness phase screen:
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E,(0,0)=(w,(r, L)+ 3y (r, L)) = —ZﬂZKZLJ:%S dé j:@n(x)dk, (16)
E,(1,1,) = (v (5, Ly (5, L))
:4ﬂ2k2LJ:+L3 dfj:d/cxﬂ)n(zc)exp[—AL’(ngz} 17)

xJ, {K|[1—@§]p - 2iA§r|},

By (. 1,) = (v, (1, L (1, L))
:—47r2k2LJ.jd§J.:dKK(Dn(K)exp{—i"zTchf[l—(:)ﬂ} (18)
xexXp [_ m_,;z,:z J)JO {Kp [1— ©+ iA)f]},

The three second-order moments are very important for the statistical property of the

arbitrary thickness model, for example the mutual coherent function and scintillation index are
both the liner combination of the three moments.

3.2 Rytov Variance of Phase Screen

For comparison, introduce Rytov variation of phase screen as Rytov variance in atmosphere.
The Rytov variance [15] defines as, for extend random media on whole optical path,

2 _q 22ty [* _ K2 (L-2)
0% =877k [ dz[ dm)n(x)[l cos (42 )} -
=1.23C2k% L%,

Changing the integral variable and interval, we can get the Rytov variance for the arbitrary
thickness model:

Lo+ls
L
3

52 =8xkcL [,

© P £
], dm@n(x)[l—cos( L )} (20)
It is clear that the integral in Eq. (20) does not converge for Kolmogorov spectrum, but we
can utilize von Karman spectrum to deduce approximate result, because note that von Karman

spectrum,

exp(—«*/x2)

@, (x) = 0.033C? R
0

(21)

approximates to Kolmogorov spectrum, when xo—0",x,—>0,and xg/x,—0". Based on von
Karman spectrum and using the integral definition of confluent hypergeometric function and
asymptotic formula [4],

U@icix) = o [, exp(-xt *(L+)"**dt (a>0,Re()>0),  (22)

U(aic;x) = 100, Ted yive (X <1), (23)

= T(l+a-c) I'(a)
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and set kg—0" km—>o0,and xelkn—>0", then we can calculate the integral (20):
i = 4.7466an|(% L% Re{i%J.LSLé:%d f;}

—1.23C2K/F L% [(%)y —(i)% }

L

(24)

where = denotes the approximate method. By enforcing the equivalence [5] of Egs. (19) and
(24), one is led to the relation between structure constants

c:=C| (=) -(%)" | 9)

Equations (25) shows that using a phase screen to simulate turbulence depends on the
thickness of the phase screen and distance from the phase screen to receiver. It is not practical
for doing this comparison, however, the phase screen always used indoors, which the
simulation propagation path is shorter than atmosphere propagation path. For the model in Fig.
1, the comparison should be implemented as

ciL =G| () - (5) (26)

where L, is the propagation path in atmosphere, and L is that in the phase screen model. The left
side of Eq. (26) represents the turbulence effects, which are turbulence strength and propagation
path, on optical field, and the right side of Eq. (26) represents simulation effects of the phase
screen.

4, Mutual coherent function

The second order moment of optical filed on receiver plane, known as mutual coherent function
(MCF), is defined as in a weak fluctuation condition,

T, (11, L) = (U (5, LU (n, L))
=U, (1, L)Y, (1, L) exp[2E, (0,0) + E, (1, 1,)] @7)
=r(2)(r11r21L)exp[2E1(010)+Ez(rlnrz)] )

where I',(ry,1,,L) is the MCF in free space

T30, L) = Uy (5, LU, (1, L) = i exp( 25 -2~ p-r), (28)

w 2w?

Normally we don’t calculate 2E;(0,0) + Ex(r; + r,) directly, but make some simplification

Ty (n, 1, L) =T5(n, 1, L) exp[2E,(0,0) + E, (1, 1,)

=I9(r,r,,L) exp[af(rl, L)+07(r, L) -T —1A(r,1,, L)]. 29)

The definitions of variables in right side of Eq. (29) are discussed in [4], and, for a phase
screen with thickness d = L,, they are defined as
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G2(r,L) =3[, (r.1) - E,(0,0)]

Lo+l © 2,2 (30)
=2rkeL [, def dmpn(/c)exp[— Ac'e }[|0(2Argz<)—1],
T = —2E,(0,0)— E,(0,0)
L 22 (31)
= 4n7KeL[," de]] dx@n(x)[l—exp(—#)],
A(rl’ I L) = Ez(rl! r1)+ Ez(r21 rz)_zEZ(rl’ rz)
= 4zeL[, " dgj:dm@n(,c)exp(—“ffz) (32)
x{ 1, (2Ar6x) + 1, (2An6x) 23, [ (1-8¢)p- 2iA§I‘|K:|},
where Iy(x) = Jo(ix) is the modified Bessel function of the first kind.
4.1 Mean irradiance
For identical observation points, r; = r, = r, the MCF determines the mean irradiance
<f(r, L)> =I,(r,rL)= WW(’zexp(—%f) exp[z&f (r,L) —TAJ. (33)

Using integral Egs. (30) and (31) can calculate the mean irradiation. Based on the definition
of Bessel function, ly(X), and the property of Gamma function, I'(x),

& (x/2)F
IO(X)_Z;n!F(n+1) (34)

.[: e St dt = F()% [Re(x) > 0,Re(s) > 0],
we can obtain &7 (r, L)

520 =081sCH LN | (55) - (2) [1- Rz ] (@)
where |F (a;c;x) is the confluent hypergeometric function.
For the integral in Eq. (31), it is not converge for Kolmogorov spectrum, but we can utilize

von Karman spectrum to approximate as the calculation of &2 in Eq. (20),

T =1eaCacrLn| () ()| (36)

L

Thus the mean irradiance for the arbitrary thickness model is
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(100) =5 exp (-2 Jewp| -LoaciLn%| (55" () | ez | @

For the thin phase screen model, the mean irradiance is given in [5]

(10, L)) = -exp(~ 22 Jexp| ~1.9367 (Ady )" | R(-%:1.2) | (38)
where
61 = 2.25C2KE L, L (39)

is the Rytov variance for thin phase screen, and ds; = La/L.

In order to compare the two model, as shown in Fig. 1, the Gaussian beam propagates
through a random phase screen with different thickness and propagation path L = 1m, and move
the phase screen between transmitter and receiver to change the receive plane optical field.
Figure 2 gives the comparison of the mean irradiance for two models, as a function of (kp?/L)*.
We can find out that there are few differences between Eqgs. (37) and (38), even for thick phases
(d/L =0.1,d = 100mm), so the thin phase screen model for the mean irradiance can approximate
to the arbitrary model well.

0.7 Mean Irradance(d=30mm) 07 Mean Irradance(d=50mm) 07 Mean Irradace(d=100mm)

2 1/2 1
. (kp?IL) , p’1)*"? . (1)
0 2 4 6 8 0 2 4 6 8 2 4 6 8
d,=0.87 d,=0.87 d,=0.78 d,=0.87 d,=0.48 d,=0.48 d,=0.24 d,=0.87

Fig. 2. Comparison between mean irradiance of thin phase screen and that of arbitrary thickness
(T: thin phase screen; A: arbitrary thickness phase screen; ds; = La/L)

4.2 Mutual coherent function

Because the MCF of Gaussian beam propagation through an arbitrary thickness phase screen
depends on the position of the two observation points, it is statistically inhomogeneous.
However, it is a function of only the distant of the two points p, when they are central symmetry
about optical axis, r; = -ry,

Fy(p.L) = pexp(-+ 45 exp| =T -3d(p,L) ], (40)

where

Lp+Lg

d(p,L) =8ﬁ2k2LjLT; dgj:dm@n(x)exp(— ALffz){l—Jo[(l—ég)Kp]}. (41)
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It is hard to develop the analytic result for integral (41), but we can simplify it for numerical
calculation. Use the series representation of Bessel function and confluent hypergeometric
function

3400 = nz(;(nll)r((ﬁi);" lpl(a;c;x)::zo% (42)
to deduce Eq. (41),
d(p, L) =8.70C2k*L* A%H, (43)
where
=], enl E { [ o) 1}d4‘. (44)

According to these results, it is easy to get the normalized MCF

y(p,L) _ LA
m =exp [—ET——d(P, L)] (45)

where f“z(O, L) is on axis value of the MCF. [5] gives the normalized MCF for thin phase
screen model:

Llo.L) =exp[ 181 17967 (%)/ } (46)
r,(0,L)

Figure 3 plots the comparison of MCF, which is shown as a function of (kp?/L)"?, for
arbitrary thickness model and thin phase screen model. From the comparison in Fig. 3, the
difference of MCF for two models, Egs. (45) and (46), is not apparent when the phase screen
relative thickness d/L is less than 0.01 (d = 10mm), but it increase as the thickness increasing.
The MCF for thin phase screen approximation is more accurate when the phase screen is near to
the receiver plane than it is in other position. Therefore, it is better to use Eq. (45), MCF for
arbitrary thickness model, to describe the normalized MCF when the relative thickness d/L is
greater than 0.01. As a whole tendency, the MCF decreases as the separation distance p of two
observation points increasing, which means that the further the two observation points separate,
the worse the relativity of the two observation points is. And the weakening of the relativity of
the two points is more severe when the phase screen is close to input plane.

4.3 Modulus of the complex degree of coherent

In addition to obtain the mean irradiance, the MCF can also be used to calculate the loss of
spatial coherence of an initially coherent beam, which can be deduced form the modulus of the
complex degree of coherence (DOC) [4]

|r (11, L)
\/F (1, LI, (5, L) (47)
= exp[—; D(r,,r,, L)],

DOC(r,,r,,L
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1 Normalized MCF(d=1mm) 1 » Normalized MCF(d=10mm)
@ " (b)
- 0.8 5 0.8
S S
£N0.6 ;& 0.6
) 2
< 0.4 < 0.4
) =
0.2 0.2
% 5 5 ;0 ‘ ‘ '
(kPZ/L)llz 0 3 (kpz“_)llz 6 9
1 . Normalized MCF(d=40mm) 1twg, Normalized MCF(d=100mm)
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d,=0.87 —°d,=0.87 d,=0.78 — d=0.78 d,20.48 —" d,=0.48 d,=0.24 —d=0.24

Fig. 3. Comparison between normalized MCF of thin phase screen and that of arbitrary thickness
(T: thin phase screen; A: arbitrary thickness phase screen; d; = La/L)

where D(ry,r,,L) = Re[A(ry,r,,L)] is the wave structure function (WSF). Written as a function of
separation distance p, DOC(p,r,L) and D(p,r,L), the spatial coherence radius p, is defined by
DOC(po,r,L) = 1/e or D(po,r,L) = 2.

For central symmetry observation points, r; = -r,, the WSF for Gaussian beam propagation
through an arbitrary thickness phase screen can be expressed as

Ly+lg
L
L3
L

D(p,L) :8;r2k2L_[

dé[” dwnd, (x) exp(- ALte? ){IO(Apé‘K) -3,[-68)xp]}

=d(p,L)+467 (%, L).
For thin phase screen approximation, the WSF [5] is

(48)

B'(p, L) = 7.0746 (Ad2)” {15 [-op-2t | F (-5 kg—f)} (49)

Based on Eqgs. (48) and (49), we can calculate the DOC by the two methods. Figure 4 plots
the DOC, as a function of 2L,/kW,?, for different thickness phase screen. The DOC, deduced by
thin phase screen approximation, can only approximate the spatial coherent loss when the phase
screen is located near the beam waist, and the further away from beam waist the phase screen is,
the greater the differences between the two models, Egs. (48) and (49), are. For the arbitrary
thickness model, the DOC is near unit when the phase screen is close to beam waist, and it gets
down as the phase screen is far away from beam waist. So the DOC [5] for thin phase screen is
suitable for describing the beam waist coherence, but for describing the coherence of other
position, we should use the DOC for arbitrary thickness model.
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DOC(d=0.5mm) DOC(d=1mm)
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Q o
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2L /KW? 2L /kwW?
1 0 170

Fig. 4. Comparison the DOC of thin and arbitrary thickness phase screen (T: thin phase screen;
A: arbitrary thickness phase screen)

5. Scintillation index

Scintillation index &,%(r,L), one of the most important components of fourth order field moment,
describes the irradiance fluctuation on receiver plane. When the log-amplitude variance is
sufficiently small 012 =1, which is usually valid, the scintillation index [4] is defined as

of(r,L) =exp[4c’(r,L)]-1= 40’ (r,L) = 2Re[E, (r,1) + E(r,1)]. (50)

For mathematic simplification, it is convenient to express the scintillation index as a sum of
radial and longitudinal components, a,,%(r,L) and o;,%(L), in the form [4]

o (L) =0y, (rL)+of (L) =407 (r,.L) + o7, (L). (51)

For phase screen case, &2(r,L) has been given by Eq. (35). oy, (L), the longitudinal

component, is defined as

Lo+l

671 (L) =87k L[ d&[ " diwd, (i) exp[- 2 k] {1 - cos[4-£(1- B} (52)

Based on the property of the Gamma function I'(x) [15]
j: x* (e —e)dx=T(x)(4" —v*)  Re(4)>2,Re(u)>0,Re(v)>0, (53)

and the integral equation [4]
tt

onmdt = X% RV 1+ - BX) Re(u) >0, (54)

we can deduce the longitudinal component &f,, (L)
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Shi(L =4 Tachcl! Re{'e(ﬁ)m R %% @ +in) o |

)" @) ()

So the scintillation index for Gaussian beam propagation through an arbitrary thickness
phase screen is the sum of Egs. (35) and (55)

(55)

G2(r,L) = 467(r, L) + 62 (L)
=3.26C2k 5L VA/[(L“LZ)/—(Ta) }[1— F(-%L2)]

+4.74CH Re{w (o)™ R[5 %% @ +in) =] (56)
5 11/6 5 L \83 8/3

" L@ ] () () )
(r<w)

Taking the thin phase screen approximation, the scintillation index is given in [5]

"/2 ~r2 % [ r2
2(r,L) = 6.45677 (Ad,) (W—)

+3.8767 {[( d, )’ +(1-6d,)* T cos[ arctan(lOds)J—(Ads)%}. (57)

(r<w)

Figure 4 plots the scintillation index, for Gaussian beam propagation through different
thickness phase screens, which relativity thickness d/L are 10~ and 0.01, as a function of the
phase screen position 2L;/kW,?. From Fig. 4, it is clear that there are apparent differences
between the two models, Egs. (56) and (57), even for the thin phase screen, d/L = 10™*. For the
relationship described by Eq. (56), the scintillation index is get down firstly and then increasing,
as the phase screen moving from input plane to output plane, and it obtain the minimum value
when the phase screen is located in beam waist. The scintillation index is in direct proportion to

Scintillation Index (d=10mm)

x 10°* Scintillation Index (d=0.1mm)

0.04
4 A r=0 —ATr=0
——Tr=0 T Tre0
--------- A r=W e A=W
——Tr=w 0.03 ——Trw
3
- 0
= = 0.02
“F 2 e
1 0.00F = W, T,
0

0 0.05 0.1 0.15 0.2

2L, /sz

0.05 0.1 0.15 0.2

2
2L1/kW0

Fig. 5. Comparison of scintillation index with different thickness (T: thin phase screen; A:

arbitrary thickness phase screen)
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the thickness of phase screens when they are located in the same position. The results predicted
by scintillation index model, Eg. (56), are according with those shown by DOC model, Eq. (47),
because the weakening of coherence results in the fluctuation of irradiance as shown in Fig. 4
and Fig. 5.

6. Summary

In this paper, we, based on Rytov method and Andrews et al’s [4—7] works, establish the
mathematic models of statistical quantities for Gaussian beam propagation through an arbitrary
thickness phase screen and developed the analytical results. The comparison between Andrews’
thin phase screen approximation results and our results shows that Andrews’ results are
concision but has its own limitation, and our results are suitable for more generalized case,
though complicate, especially for the scintillation index. For mean irradiance on receiver plane
and the MCF of thin phase screen (d/L < 0.01), the two models have few differences, so both of
them can be used to describe these quantities accurately. But for MCF of thick phase screen,
DOC, and scintillation index, we’d better to utilize the arbitrary thickness phase screen model to
describe them, because the thin phase screen model has intrinsic error due to the approximation.
The paper offers a theory fundamental, for AO and laser communication application research in
laboratory.
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