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Abstract
There is high demand for a tailorable three-dimensional (3D) distribution of focused laser
beams for simultaneous optical manipulation of multiple particles separately distributed in 3D
space. In this letter, accurate control of the 3D distribution of laser beam foci is demonstrated
with an array of customized fractal zone plates (FZPs). The FZPs are designed with a
fractional number of fractal segments, so the focal lengths of the foci can be finely tailored.
The unique focusing properties of the customized FZPs are investigated with both simulations
and experiments. The FZP beams are also found to possess the self-reconstruction property,
which would be useful for constructing 3D optical tweezers.

(Some figures may appear in colour only in the online journal)

1. Introduction

In optical trapping, highly focused laser beams are widely
used to invasively trap micro- and even nano-particles, located
around the focus of a beam. Since conventional optical beams
have controllable optical fields in the imaging planes only,
multiple particles in different planes cannot be manipulated
simultaneously. Although a hologram that is designed by
phase retrieval algorithms can reconstruct different images
in multiple imaging planes, a distortion made by reflection,
refraction, or absorption of a trapped particle would affect the
subsequent propagation of the beam. To trap multiple particles
separately distributed in three-dimensional (3D) space, we
have to generate a beam which has not only tailorable
3D intensity distribution, but also the self-reconstruction

property [1]. Only a few optical beams, such as Bessel
beams and families of propagation-invariant optical beams,
Airy beams, and others [2–6], have been found to have
the self-reconstruction property. The Bessel beams were
used to manipulate multiple particles simultaneously [2],
but positions of trapped particles in 3D space could not
be customized owing to the nature of the non-diffracting
property of the beams. Fractal zone plates (FZPs) [7] have
unique diffraction properties [8–10] and potential applications
in the fields of optical trapping and beam shaping. Apart
from the main focus, many weaker foci, namely major foci,
also appear along the optical axis of an FZP beam. As focal
lengths of multiple foci provided by an FZP are determined
by the structural parameters of the FZP, the axial distances
between the neighboring foci of the beam can be designed
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Figure 1. (a) An example of an array of 3× 3 FZP beams forming cubic-like structure and (b) phase distribution of an array of 3× 3 FZPs
with slightly varying pupil size; (c) and (d) the intensity distributions in the main focal planes of the FZPs with a = 1.15 mm and
a = 1.09 mm, respectively.

beforehand. Although many customized FZPs [11–18] have
been proposed, the number of fractal segments of an FZP
has always been taken as an integer. Thus, the axial distance
between two neighboring foci of an FZP beam can only
be roughly adjusted, and the positions of multiple particles
trapped by the beam would not be precisely controlled. In this
letter we propose a method of generation of an array of FZP
beams with a single phase plate, which comprises an array
of customized FZPs. In the array, the number of segments
forming the fractal structure of an FZP can be fractional and
the structure of each FZP can be tailored, thus light diffraction
distributions both in imaging planes and axial positions can be
precisely controlled. Furthermore, the FZP beams are found
to have the self-reconstruction property. With the unique
diffraction properties, the FZP beam can be employed to
construct 3D optical tweezers, which simultaneously trap
multiple particles distributed separately in 3D space.

2. Design and simulation

An expression for the transmittances of a single FZP can be
found in [7], where the values are always 0 or 1, meaning that
they are opaque or transparent to the incident beam. The focal
length of the main focus of an FZP beam can be expressed by
equation (1) [7–9]

f (a, λ,N, S) = a2
· [λ · (2N − 1)S]−1, (1)

where a is the radius of the FZP, λ the wavelength of the
illuminating light, N the number of segments forming the
fractal structure, and S the fractal stage. Major foci of the
beam are positioned symmetrically around the main focus in

the axial direction under the normalized dimensionless axial
coordinate u = a2

· (2λz)−1 [7–9]. As the wavelength of a
laser beam in beam shaping is usually constant, λ will not
be considered as a variable in our design. S can only be an
integer, and N has been regarded as an integer in the literature.
However, if N changes with the smallest step of 1, the resultant
focal length will still vary significantly. Hence, to finely tune
the focal length of an FZP beam, we will treat N as a fraction.

As phase-only diffractive optical elements have higher
diffraction efficiency than the amplitude-only counterparts,
the transmittance values of 0 and 1 of the FZP will be replaced
with phase steps of 0 and π , respectively [11]. Figure 1(a)
illustrates schematically a cubic-like structure realized by an
array of 3 × 3 FZP beams. The phase distribution of an array
of 3 × 3 FZPs with slightly varying pupil size is shown in
figure 1(b), where black and white represent phase 0 and π ,
respectively. The parameters of the FZPs in figure 1(b) are
S = 3, N = 2, and λ = 532 nm. a is set as 1.15 mm for the
FZPs in the corners and center of the figure, and 1.09 mm
for the FZPs in the other positions. Thus, the resultant axial
distance difference between the main foci of the two FZP
beams is less than 1 mm. Propagations of the FZP beams
in free space are simulated by using the angular spectrum
of the plane wave method. 3D irradiances at the main focal
length, 9.2 mm, for the FZPs with a = 1.15 mm are present in
figure 1(c), and irradiances at the main focal length, 8.3 mm,
for the FZPs with a = 1.09 mm are shown in figure 1(d). It
can be seen that laser beam foci can be made to appear at
alternating positions of the two focal planes.

Figure 2(a) shows an array of 3× 3 FZPs with fractional
N, which increases from 2.0 to 2.8 with an increment of
0.1. Pupils of all the FZPs have the same size. The FZPs
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Figure 2. (a) Phase distribution of 3× 3 FZPs with varying N; (b)–(d) the intensity distributions in the focal planes of the FZPs with
N = 2.0, N = 2.1, and N = 2.5, respectively.

with N = 2.0, 2.1, and 2.2 are arranged from left to right
in the top row, and the remaining FZPs are arranged in the
array in a similar way. Irradiances at the focal planes of
the FZP beams with N = 2.0, N = 2.1, and N = 2.5 are
shown in figures 2(b)–(d), respectively. It is worth mentioning
that the FZPs in figure 2(a) and the reconstructed beams
in figures 2(b)–(d) are not shown in the same orientation.
With simulations we have verified that the focal length of
an FZP beam with fractional N can still be expressed by
equation (1). However, we can observe that an FZP beam
with fractional N has weaker foci than the FZP beams with
an integer of N. In the range of N from 2.0 to 3.0, the
intensity magnitude of the main focus of an FZP beam with
varying N is found to fluctuate with the area ratio, which
is defined as the ratio between the areas of the bright and
dark regions of an FZP. The area ratio of an FZP varies in
a parabolic way with the increase of N. As the FZP with
N = 2.5 has the lowest area ratio whereas the FZP with
N = 2.0 has the highest area ratio that is closest to 1, the
main focus of the FZP beam with N = 2.5 has the lowest
intensity and that of the FZP beam with N = 2.0 has the
highest intensity.

As an FZP comprises many narrow rings, each of which
will generate a Bessel beam during the light propagation,
the rings of different radii will generate a superposition of
Bessel beams with different radial components of the wave
vector. The superposition of interfering Bessel beams has
been proven to be self-reconstructive [3]. Thus, the FZP beam
would possess the self-reconstruction property, too. We will
use simulations to verify the property of the FZP beams.
In the light propagation, an opaque object with a radius of
38.4 µm is placed in the center of the beam at a propagating
distance of 73.8 mm, where a major focus of the FZP beam

is located. The opaque object blocks light passing through
the center of the major focus at a distance of 73.8 mm. The
parameters of the FZP are N = 2, S = 3, and a = 1.15 mm.
Intensity profiles of the obstructed and unobstructed beams
are shown in figures 3(a) and (d) at propagating distances of
z = 78.4 mm, (b) and (e) at z = 87.6 mm, and (c) and (f) at
z = 143 mm, respectively. It can be seen from figure 3 that
although the central part of the major focus is totally blocked
by the opaque object, the obstructed beam still recovers in
several millimeters. The beams shown in figures 3(c) and (f)
look nearly identical, demonstrating that the obstructed beam
is self-reconstructive.

For a further comparison between the light propagations,
cross-sections of the obstructed and unobstructed beams were
sampled with a step of 4.6 mm along the axial direction
and are presented in figure 4, where (a) and (b) represent
the obstructed and unobstructed beams in the propagation,
respectively. For a better view, only the central parts of the
beams are displayed in figure 4, where the vertical size of
the beam is 0.64 mm in diameter, and the horizontal axis
represents a propagating distance which ranges from 46 to
184 mm. A total of 30 intensity cross-sections were sampled.

The opaque object is placed in the center of the sixth
intensity cross-section in figure 4(a). We can observe that
both the obstructed and unobstructed beams are nearly
identical after a short propagating distance. Hence, the FZP
beam possesses the self-reconstruction property. Furthermore,
with the simulations we find that the FZP beams with
fractional N also possesses the self-reconstruction property.
The generation of arrays of the FZP beams can also be
customized with the introduction of spiral phases or a
composition of other forms of FZPs [11, 17]. Thus, the
freedom to achieve the desired 3D distribution of laser foci
would be further enhanced.
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Figure 3. Intensity distributions of the obstructed beam at propagating distances of (a) z = 78.4 mm, (b) z = 87.6 mm, and
(c) z = 143 mm, respectively. Intensity distributions of the unobstructed beam at propagating distances of (d) z = 78.4 mm,
(e) z = 87.6 mm, and (f) z = 143 mm, respectively.

Figure 4. Sampled intensity distributions of (a) the obstructed beam and (b) the unobstructed beam versus the propagating distances. In (a)
the obstacle is placed in the center of the sixth sampled intensity cross-section.

3. Experiment

In the experiments, a 532 nm solid-state laser is used. Firstly,
the laser beam is expanded and collimated by a spatial filter
and a convex lens. Then the laser beam passes through a
polarization cube. A linearly polarized beam refracted from
the cube is incident on a spatial light modulator (SLM)
and reflected. The SLM comprises 1024 × 768 pixels, and
the pixel pitch is 9 µm. Finally, intensities of the reflected
beam from the SLM at different propagating distances are
captured by a CCD beam profiler. The gray-scale image
shown in figure 1(b) is loaded onto the SLM. The loaded
image comprises 3 × 3 FZPs with varying pupil size and
each FZP has 256 × 256 pixels. Figures 5(a)–(f) present the
recorded intensity profiles at estimated propagating distances

of 14 cm, 18 cm, 24 cm, 26 cm, 28 cm, and 31 cm,
respectively. Thus, laser foci appearing at the desired lateral
and axial positions have been realized with the customized
FZPs.

Then the array of FZPs with fractional N, shown
in figure 2(a), is loaded onto the SLM screen. The
captured intensity profiles of the reflected beam at estimated
propagating distances of 12 cm, 19 cm, and 21 cm are
shown in figures 6(a)–(c), respectively. It can be seen that
the beams are focused in turn at different positions in the
array with varying propagating distances. The brightest spots
in the figures appear at the positions of the FZPs with
(a) N = 2.0, (b) N = 2.5, and (c) N = 2.1, respectively.
It can also be observed that the intensities of the focused
spots with fractional N are weaker than those with N =
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Figure 5. (a)–(f) show the captured intensity distributions diffracted by the FZPs in figure 1(b). The propagating distances for (a)–(f) are
about 14 cm, 18 cm, 24 cm, 26 cm, 28 cm, and 31 cm, respectively.

Figure 6. Captured intensity profiles diffracted by the FZPs in figure 2(a). The brightest spots appear at the positions of the FZPs with
(a) N = 2.0, (b) N = 2.5, and (c) N = 2.1, respectively, and the propagating distances are about 15 cm, 19 cm, 21 cm, respectively.

2.0. The experimental results are compatible with the
simulations.

4. Conclusion

To summarize, we have used an array of FZPs with adjustable
structural parameters to generate a 3D distribution of laser
beam foci. The FZPs are designed with fractional structural
parameters and a customized arrangement of positions of the
FZPs in an array. Various 3D distributions of multiple foci
have been demonstrated both in simulations and experiments.
The FZP beam has also been found to possess the
self-reconstruction property. The unique diffraction properties
of the FZP beams would be useful for constructing 3D optical
tweezers.
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