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a  b  s  t  r  a  c  t

Camera  pose  estimation  is  a  basic  and  crucial  problem  in  computer  vision,  accordingly  a novel  method
is  proposed  for pose  estimation  based  on parabolic  motion  in  our  paper.  Firstly,  the  intersection  of  lines
which  are  the  image  plane  projection  of free-falling  trajectories  in  different  locations  is computed.  Accord-
ing  to the  properties  of  vanishing  point,  the  intersection  is  defined  as  the  vanishing  point  in  gravity
direction.  Secondly,  the  image  plane  projected  curve  of  parabolic  trajectory  is  obtained  by  Sampson
Approximation.  Finally,  the  camera  pose  is  estimated  by  employing  the  projective  geometry  properties
of vanishing  point  and  vanishing  line  implicated  in the  projected  parabola,  provided  that  the  intrinsic
arabolic motion
rojective geometry

parameters  of  camera  are  specified.  The  absolute  Euclidean  distance  of translation  is  obtained  innova-
tively  with  the  known  frame  frequency.  Numerical  simulation  as  well  as practical  experiment  in  this
paper  demonstrates  the  correctness  and  feasibility  of  our  method,  with  the  known  frame  frequency,
as  the  experiment  show  that  compared  with  the  traditional  checkerboard  method  the  mean  errors  of
rotation  axis,  rotation  angle  and  translation  are  respectively  0.017  rad,  0.007  rad  and  11.650  mm  by our
method. It  can  generally  satisfy  the  accuracy  requirements  of  camera.
. Introduction

Camera pose estimation, i.e. the location of camera is to deter-
ine its pose and position through the image obtained by camera.

ts broad application prospect includes vision navigation, robot
ocalization, target identification, photogrammetry, etc. [1–4]. In
he past thirty years, this problem has been lucubrated, thus giving
irth to many methods.

For now, the methods of camera pose estimation are mainly
ivided into two categories: pose estimation with the intrin-
ic parameters of camera specified, and pose estimation with
he intrinsic parameters of camera unspecified. Camera intrinsic
arameters calculation, namely camera calibration, has already
een solved through the endeavor of many researchers. Hence-
orth we assume the pose estimation mentioned in our paper to
e the pose estimation of calibrated camera. Currently, researches
n calibrated camera pose estimation mainly focus on two direc-
ions. One is the Perspective N Points (PnP) problem initiated by

ishler and Bolles [5]. PnP problem can be described as finding the
ose of an object from the image of n points at known location
n it. With the work of many scholars, PnP problem has gradually

∗ Corresponding author. Tel.: +86 431 85152811; fax: +86 431 85152811.
E-mail address: swx@jlu.edu.cn (W.  Shi).

030-4026/$ – see front matter ©  2013 Elsevier GmbH. All rights reserved.
ttp://dx.doi.org/10.1016/j.ijleo.2013.05.074
© 2013 Elsevier GmbH. All rights reserved.

made its progress. The essence of PnP problem is how to determine
the unique solution from the multiple solutions for N < 6, under the
existing constraint condition [6–11]. The other is to estimate cam-
era pose by employing the geometric restrictions of scene such as
coplanar, parallel and orthogonal properties to estimate the cam-
era pose. Typical research has been done by Hartley and Zisserman
[12], where they apply squares and orthogonal parallels in esti-
mating camera pose. In addition, circles and parallels are used in
camera pose estimation in [13–17].

The above methods require the feature point position of objects
or the special relationship of geometric construction to be known.
Due to the effect of earth gravity, any thrown objects shall obey
the law of parabolic motion. After familiarizing ourselves with the
projective geometry properties, we  propose a novel method to esti-
mate camera pose. Firstly, we  assume the object to be in free falling
motion in different locations. By extracting the image plane pro-
jection of free falling motion, we  successfully obtain the vanishing
point in gravity direction. Then we  can obtain the vanishing lines of
the supporting plane of parabola by the projective geometry prop-
erties implicated in the parabola, and finally extract the camera
pose information from vanishing points and vanishing lines, includ-

ing rotation axis, rotation angle and translation. In this paper, we
innovatively obtain the absolute Euclidean distance of translation
with the known frame frequency. Due to its no requirement for
information of objects or geometric elements in the scene, this

dx.doi.org/10.1016/j.ijleo.2013.05.074
http://www.sciencedirect.com/science/journal/00304026
http://www.elsevier.de/ijleo
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2013.05.074&domain=pdf
mailto:swx@jlu.edu.cn
dx.doi.org/10.1016/j.ijleo.2013.05.074
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Fig. 1. The pinhole camera model.

ethod is rather feasible. Meanwhile, this method needs only a
ection of the parabolic trajectories, thus enabling the pose mea-
urement of multiple cameras.

The structure of our paper is arranged as follow: the second
art introduces the theoretical background knowledge of the pose
stimation method in our paper. The third part gives the detailed
lgorithm of pose estimation. The forth part lists the results of the
ynthetic data simulation of our method. The fifth part applies our
lgorithm in estimating binocular measurement system and com-
ares it with the traditional checkerboard method. Eventually, in
he sixth part, we summarized the whole paper.

. Background knowledge

.1. Camera model

The classical pinhole camera model is shown in Fig. 1 [18,19].
c − XcYcZc is the coordinate system of camera, Oc is the optical
enter of camera, the coordinate axes OcXc and OcYc are respectively
arallel to the rows and columns of the image plane, OcZc is the
ptical axis of camera.

The unit vectors of three coordinate axes are respectively: i, j, k.
w − XwYwZw is the built World Coordinate System (WCS), u, v, w
re the unit vectors of the coordinate axes of WCS. If the translation
ector from WCS  to the camera coordinate system is t, the rotation
atrix is R. t is the representation of the origin Ow of WCS  in camera

oordinate system, then the rotation matrix R can be expressed as:

 =

⎡
⎢⎣

ui vi wi

uj vj wj

uk vk wk

⎤
⎥⎦ =

[
cu cv cw

]
(1)

here, cu, cv, cw are respectively the coordinate representations
f the unit vectors of WCS  coordinate axes in camera coordinate
ystem [20,21].

In this model, any point P in the space and its projection m on
amera image plane satisfy the projection formula below:

⎡
⎣

u

v
1

⎤
⎦ = K[R · t]

⎡
⎢⎢⎣

x

y

z

1

⎤
⎥⎥⎦ (2)

here (u, v) is the image coordinate of projective point m, (x,y,z)

s the three-dimensional coordinate of P in WCS, K is the matrix
f camera intrinsic parameters, R, t are respectively the rotation
atrix and translation vector from WCS  to camera coordinate sys-

em.
2013) 6840– 6845 6841

2.2. Results by the calibrated camera

(1) On the image plane of camera, a point m gives a straight line
through the optical center of camera. The direction of ray d
under the measurement in the camera coordinate system is
[12]:

d = K−1m (3)

where m is the coordinate of point m.
(2) A straight line l on the image plane as well as the optical center

of camera determines a plane in the space, to which the direc-
tion of normal line n in the camera coordinate system is [12]:

n = KT I (4)

where l is the equation of the line l.

2.3. The projective geometry of parabola

The properties of vanishing point and vanishing line are widely
applied in the self-calibration of camera [22]. The camera plane
projection of an infinite point on the straight line is the vanishing
point of the line. In fact, all parallel lines and the plane at infinity
intersect at the same infinite point. Therefore, parallel lines have the
same vanishing point, which is only determined by the direction
of lines and unaffected by the position of lines. The image plane
projections of the parallel lines intersect at the same point, i.e. the
vanishing point in the direction of parallel lines. According to Eq.
(3), provided that the intrinsic parameters of camera are known,
the direction of straight line can be determined by the vanishing
point.

In three-dimensional space, parallel planes and the plane at infi-
nite intersect at a common straight line, the image of the straight
line is called the vanishing line of the plane.

Vanishing line, nonrelated to the position of scene plane, only
depends on the normal direction of the scene plane. According to
Eq. (3), provided that the intrinsic parameters of camera are known,
the direction of straight line can be determined by the vanishing
point.

According to the properties of vanishing point and vanishing
line, with the inherent characteristics of the projective geometry of
the parabola, we  have the following conclusions:

(1) The projective curves of parabolas on the image plane have a
mutual intersection, namely the vanishing point in the earth
gravity direction.

(2) At the mutual intersection of the projective curves of parabolas,
the tangent is the vanishing line of the supporting plane of the
parabola.

Proof. Establish a coordinate system on the supporting plane of
parabola as below: set any point on the parabola as the origin, and
the direction of earth gravity as the direction of x-axis, the direction
normal to x-direction is defined as y-direction, as shown in Fig. 2.

We first consider the parabola on the supporting plane 1, and
then the projective geometry of the parabola can be expressed as:

⎡
0 0 d

⎤⎡
x
⎤

[
x y t

]⎣ 0 b e

d e 0

⎦⎣ y

t

⎦ = 0 (5)
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Obviously, an infinite point P(1,0,0) is on this parabola, to which
he tangent at point P is:

 =

⎡
⎣

0 0 d

0 b e

d e 0

⎤
⎦

⎡
⎣

1

0

0

⎤
⎦ =

⎡
⎣

0

0

d

⎤
⎦ (6)

here I is a line at infinity on the plane. Since projection transfor-
ation can sustain the relationship of pole and polar, the projective

urve on the camera plane of the parabola must pass through the
rojection of point P, namely P1. The tangent to the projective curve
t point P1 is the vanishing line of the supporting plane.

It is clear that P1 is the vanishing point of straight line ox.  Simi-
arly, the tangent to the projective curve at point P1 is the vanishing
ine of the supporting plane. Hence we derive that ox||o1x1 and
1 and P2 coincide with each other in that both ox and o1x1 are
he earth gravity direction. Since we adopt two random parabolas
erein, the conclusion (1) and (2) are proved.

. Camera pose estimation

.1. Solving the rotation vector

In camera pose estimation, the WCS  takes an arbitrary point
w on the parabola as the origin, the earth gravity direction is the
irection of xw axis, plane ow − xwyw is the supporting plane where
he parabola is located, yw axis takes the moving direction of the
arabola as the positive direction. The direction of the zw axis in

CS  can be determined by the right-hand coordinate system. As to

etermining the coordinate system of camera, it is similar to that
f the pinhole camera model in Fig. 1. The model of camera pose
stimation is shown in Fig. 3.
2013) 6840– 6845

We  shall divide rotation vector R between two  coordinate sys-
tems into three rows, namely (r1, r2, r3), then r1 is the 3D coordinate
of u1 (the unit vector of gravity direction) in the camera coordinate
system. By Eq. (3), once u1 is determined, we  have:

r1 = ± K−1u1

norm(K−1u1)
(7)

where, vanishing point u1 is the intersection of camera plane
projection of free falling trajectories, norm represents the 2-norm
of vector. By conclusion 2.3 combined with Eq. (4), we  have:

r3 = ± KT (Cu1)

norm(KT (Cu1))
(8)

where C is the matrix of camera plane projection of parabola. In
practical measurement, r1, r3 might not be completely orthogonal,
so we can reevaluate r1, r3 by Singular Value Decomposition (SVD).
Then by the orthogonal properties of the rotation matrix, we have:

r2 = r3 × r1 (9)

Therefore we  obtain four groups of solutions for R, but only two
of them can ensure that the reconstructive 3-D point is located in
front of the camera. Then with the directivity of free falling, only
one solution is satisfactory.

3.2. Absolute Euclidean Metric in the movement

In lack of the Absolute Euclidean Metric information of the scene,
we can barely determine the direction t of the translation vector
between two coordinate systems, namely:

t = K−1v0

norm(K−1v0)
(10)

where, v0 is the camera plane projection of the origin ow of WCS.
According to the reconstruction theory of planar scene, under

the condition that the intrinsic parameters are known, we can fulfill
the similar reconstruction of planar scene by utilizing the solution
R and the direction t of translation vector. That is to say, the metric
unit of the supporting plane of parabola and the Absolute Euclidean
Metric differ by a constant factor. So the Absolute Euclidean dis-
tance between two  points on the supporting plane of parabola is
necessary to upgrade similar reconstruction to Absolute Euclidean
Metric reconstruction. We  hereby solve this scale factor by the
Absolute Euclidean information in parabolic motion.

For objects in parabolic movement with no air resistance, the
well-known dynamical equation along the x-direction is given by:

xn = vx · (n · �t)  + 1
2

g · (n · �t)2 (11)

where xn is the x-direction coordinate of the moving point at time n,
�t is the exposure time interval of camera, vx is the x-direction com-
ponent motion at the origin, g is the gravity acceleration constant,
then we  have:

xn+1 + xn−1 − 2xn = g · �t2 (12)

The above equation described the Absolute Euclidean Metric of
the supporting plane of parabola in that g, �t  are known, thus scale
factor k is calculated as:
k = g  · �t2

x′
n+1 + x′

n−1 − 2x′
n

(13)
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here, x′
n+1, x′

n, x′
n−1 are the coordinates of x at respective times

einstated by unit translation vector. The Absolute Euclidean Metric
f translation vector T is expressed as:

 = k · t (14)

.3. Summary of the camera pose estimation algorithm

1) By allowing movement of free falling in different locations, we
obtain the projective straight lines Li of free falling trajectories.
Due to the measuring error, projective straight lines will not
intersect at one point, we employ the below Eq. (15) to solve
the intersections, and then vanishing point u1 is known.

E = min
∑

i

d2(u1, Li) (15)

where d(u1, Li) is the distance between u1 and straight line Li.
2) By throwing the object, image coordinates at different times are

obtained, the projective parabola C can be evaluated by Samp-
son Approximation. Then we solve r1, r2, r3 by Eqs. (7)–(9) and
thus determine the unique solution of rotation matrix R, based
on the directivity of the reconstruction point of free falling
movement and the fact the construction point is located in front
of the camera.

3) The direction t of the translation vector can be determined by
Eq. (10). Subsequently reconstruction coordinates x′

n+1, x′
n, x′

n−1
are obtained, and then translation vector T is derived by Eq. (14).

What might be an exception is the projection of parabola would
egrade to a straight line when the supporting plane of parabola
asses through the optical center of the camera, which is the van-

shing line of the supporting plane. Hence, we can obtain r3 by Eq.
4) and normalization.

. The simulation with synthetic data

In the numerical simulation, the intrinsic parameters matrix K
f camera is set as:

 =

⎡
⎣

566 0 322

0 674 255

0 0 1

⎤
⎦ (16)

The distortion parameter of the camera lens is 0. Resolution is
024 × 1024. The parabolic equation in WCS, the Rodrigues nota-
ion Rv of rotation matrix from WCS  to camera coordinate system,
nd the translation vector t are respectively:

x = 5000 × tm + 5000 × tm2;

y = 5000 × tm;

z  = 0;

Rv = [−1.7937, −2.0695, −0.4908];

t = [−158.02, −232.71, 705.91];

(17)

here tm is the movement time. If Gauss noise is increased by 0.9
ixel at projective point, the influence curve of image points on the
haft angle error is shown in Fig. 4.

If the number of projective points is 12, the influence curve of
oise on shaft angle error is shown in Fig. 5.

Where, the calculation results of the rotation matrix R are the

ean value of 100 calculation results.
Since vanishing points in the gravity direction are also on the

rojective curve of parabola, the projective points mentioned in
ur paper include the vanishing points in the gravity direction.
Fig. 5. The noise level vs. rotation axis and angle.

The error of rotation axis is calculated by the shaft angle formula,
namely:

Eaxis = arccos(n · ni)

Eangle = abs(� − �i)
(18)

where Eaxis is the error of rotation axis, whose unit is radian (rad);
Eangle is the error of rotation angle, whose unit is also rad. n, �
are respectively the unit rotation axis and the rotation angle, the
relationship between n, � and rotation vector is given by:

� = norm(Rv)

n = Rv
norm(Rv)

(19)

where Rv is the Rodrigues notation of rotation matrix. From the
simulation results, we can conclude:

(1) Five projective points are enough to determine the image plane
projection of parabola, but we recommend adopting more than
10 projective points to reduce the calculation error in practice.

(2) The calculation error sharply increases while the noise of
projective points accumulates. Thus we  shall improve the mea-
suring accuracy of projection points or increase the number of
projective points.

5. Experiments with real images

Binocular vision sensor is widely used in visual measurement
and three-dimensional measurement [23,24]. In our experiment,
we adopt a binocular camera, whose intrinsic parameters are cal-
ibrated by Matlab toolbox. Firstly, we  let the ball do six times free
falling movement. By Eq. (15), the vanishing points of the two cam-
era image planes in the gravity direction are computed.

Then we  throw the ball and let the ball do parabolic motion and
use the algorithm in our paper to estimate the rotation matrices
Rl and Rr of left and right cameras relative to WCS  of parabola.
Translation vectors are Tl and Tr [25]. Then the structure parameters
of binocular camera are expressed as:

R = RrR−1
l

T = Tr − RTl

(20)

where R is the rotation matrix from right camera coordinate sys-

tem to left camera coordinate system. T is the translation vector
between two  camera coordinate systems.

We  repeatedly throw the ball until the sixth time and com-
pute the structure parameters of binocular camera, followed by
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Table 1
Comparison of the two methods.

Methods Rotation vector Eaxis/Eangle (rad) Translation Error (mm)

Chessboard 0.171 −0.748 −0.399 – 709.94 −117.45 203.48 –
Experiment 1 0.195 −0.753 −0.408 0.031/0.009 721.47 −119.53 206.68 12.144
Experiment 2 0.163 −0.756 −0.395 0.015/0.005 712.65 −125.84 202.20 8.906
Experiment 3 0.158 −0.748 −0.407 0.012/0.004 720.18 −112.56 201.52 11.514
Experiment 4 0.161 −0.756 −0.393 0.015/0.004 722.43 −117.03 204.83 12.570
Experiment 5 0.174 −0.740 −0.395 0.016/0.008 719.40 −114.98 206.96 10.380
Experiment 6 0.169 −0.744 −0.376 0.015/0.014 714.14 −107.30 194.19 14.385
Mean  – 0.017/0.007

c
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d
p
4
e

l
s

t
t
v

c

Fig. 6. The photo of experiment.

omparing the structure parameters calculated by our method and
he true value, namely the rotation matrix and translation vector
etermined by traditional checkerboard [26].

In our experiment, two CCD cameras (DMK31BG03.H, pro-
uced in Imaging Source) are adopted to build the experimental
latform. The resolution of camera is 1024 × 768, pixel size is
.65 �m × 4.65 �m,  frame frequency is 60 fps, and the constructed
xperimental platform is shown in Fig. 6.

The images of checkerboard and parabolic ball, collected by
eft and right cameras when calculating structure parameters, are
hown in Fig. 7.

The measured structure parameters are shown in Table 1, where
he mean error of translation vector is the included angle between
he parabolic calculation vector and the checkerboard calculation
ector.
The experimental results show that, the structure parameters
alculated by the method in our paper is approximate to that

Fig. 7. Sample images acquired from the experiment.

[

[

 – 11.650

calculated by Matlab toolbox checkerboard. That is to say, our
method can estimate the parameters of camera pose accurately.

6. Conclusion

According to the exclusive projective geometry properties of
parabolic movement, in this paper we  proposed a novel method
based on parabolic motion to estimate the camera pose.

As we  assume the intrinsic parameters of camera are speci-
fied, letting the object do free falling and parabolic movement is
adequate for us to estimate camera pose is, while no structural
or geometric information of the scene is necessary. Firstly, in our
paper, we introduced the pinhole camera model and the impor-
tant conclusion of calibrated camera, meanwhile demonstrated the
properties of the vanishing point and vanishing line implicated in
the parabolic motion. Secondly, we employ these properties to esti-
mate the parameters of camera pose. And eventually, we proved the
correctness and feasibility of the algorithm by simulation and the
practical application in the pose estimation of binocular camera.
The experimental results show that compared with the traditional
checkerboard method the mean errors of rotation axis and rotation
angle are 0.017 rad and 0.007 rad, respectively. With the known
frame frequency, the mean errors of translation are 11.650 mm.  It
can generally satisfy the accuracy requirements of camera.
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