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Abstract A theoretical model was established in this

paper to analyze the properties of 3.50 and 4.39 nm

PbSe quantum dot-doped liquid-core multi-mode

fiber. This model was applicable to both single- and

multi-mode fiber. The three-level system-based light-

propagation equations and rate equations were used to

calculate the guided spontaneous emission spectra.

Considering the multi-mode in the fiber, the normal-

ized intensity distribution of transversal model was

improved and simplified. The detailed calculating

results were thus obtained and explained using the

above-mentioned model. The redshift of the peak

position and the evolution of the emission power were

observed and analyzed considering the influence of the

fiber length, fiber diameter, doping concentration, and

the pump power. The redshift increased with the

increases of fiber length, fiber diameter, and doping

concentration. The optimal fiber length, fiber diame-

ter, and doping concentration were analyzed and

confirmed, and the related spontaneous emission

power was obtained. Besides, the normalized emission

intensity increased with the increase of pump power in

a nearly linear way. The calculating results fitted well

to the experimental data.

Keywords PbSe �Quantum dots � Liquid-core �
Fiber

Introduction

There has been a rapid development in semiconductor

quantum dots (QDs) because of their unique electrical
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and optical properties. These particles have relatively

narrow emission spectra, a broad spectral absorption

(Lipovskii et al. 1997), and high quantum efficiency

that can reach over 80 % (Du et al. 2002). In addition,

the absorption (Abs) and photoluminescence (PL) of

QDs (such as CdS, CdSe, CdTe, PbS, PbSe, and PbTe)

present strong size-dependent properties which are

different from the corresponding bulk materials due to

the quantum confinement effect (Yu et al. 2003;

Choudhury et al. 2005; Dai et al. 2009) and can be

tuned accurately over a wide band. Among the many

types of semiconductor QDs, PbSe QDs have become

one of the most promising candidates. Their tunable

band gap can cover the whole optical fiber commu-

nication windows due to the large Bohr radius of

46 nm (approximately eight times larger than that of

CdSe (Wise 2000)). Meanwhile, PbSe QDs have

recently shown great potentials in telecommunication

(Steckel et al. 2003), photo detection (McDonald et al.

2005), biomedical imaging (Weissleder 2001; Medi-

ntz et al. 2005), and solar energy conversion (Schaller

and Klimov 2004; Ellingson et al. 2005; Koleilat et al.

2008).

PbSe QD-doped fiber has attracted much attention

in recent years. Watekar et al. (2010) reported linear

and nonlinear optical properties of the PbSe QD-doped

germano-silica glass optical fiber. Hreibi et al. (2011)

obtained emissions at 1,220 nm with a bandwidth of

120 nm by the injection of a 532 nm pump source into

a PbSe QD-doped liquid-core optical fiber. Cheng and

Zhang (2007) simulated PbSe QD-doped optical fiber

theoretically. It is known that when PbSe QDs are

doped into a fiber, the PL spectra of the QD solution

show some different properties due to the limitation of

the optical waveguide, such as the reabsorption-

induced redshift effect and the optimal value of fiber

length, fiber diameter, and doping concentration. It is

important to investigate the theoretical models of QD-

doped fiber to analyze the instinct optical properties.

Cheng and Zhang (2007) have done the theoretical

calculations comprehensively, including the gain,

bandwidth, and noise of PbSe-doped fiber amplifier

based on a three-level system which is applicable to

the single-mode fiber. Though there are several

experimental studies of PbSe QD-doped fiber, few

reports focus on the guided spontaneous emission in

the QD-doped liquid-core multi-mode fiber.

We report in this paper a theoretical model to

simulate and analyze the evolution of the spectra of

QD-doped fiber. The model can be generally applied

to simulate both single- and multi-mode fiber. Besides,

more factors are involved, such as the quantum

efficiency of PbSe QDs, the leakage of the fiber, and

the non-radiative transition from the generation of

multi-exciton. The simulation result was confirmed to

agree well with the experimental data in liquid-core

QD-doped fiber. This research can be a theoretical

basis for the future development of QD-doped multi-

mode fiber amplifiers.

Calculation

The QD-doped liquid-core multi-mode fiber was

fabricated by using a capillary waveguide of silica

dioxide filled with QD solution (PbSe QDs dispersed

in tetrachloroethylene) as shown in Fig. 1. When a

continuous laser source was coupled into the liquid-

core using a convex lens, the QDs in the fiber would be

excited and radiate luminescence. The spectra were

recorded at the end of fiber. The calculations are based

on the ideal theory model in the assumptions of the

straight hollow waveguide, the spherical QD shape,

the monodisperse size distribution of nanoparticle, and

the constant doping concentration. The abs and

emission-induced electron–hole transitions are shown

in Fig. 2a, in which the Eg is the band gap energy and
1Se

1Pe;
1 Sh

1Ph represent the several lowest electron

and hole states (Harbold et al. 2005; Shabaev et al.

2006). When the photon energy absorbed by PbSe

QDs is greater than Eg, the electron in the ground state

can be excited to the excited state, which correspond to
1Sh–1Se(the first exciton abs peak),1Sh–1Pe;

1Ph–1Se,

and 1Ph–1Pe, etc., respectively, then the electron goes

back to the ground state corresponding to1Se–1Sh. It is

Fig. 1 The schematic diagram of PbSe QD-doped liquid-core

fiber. Inset: cross section diagram of liquid-core fiber and its

equivalent step refractive index profile
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noticed that although the transitions of 1Sh–1Pe and
1Ph–1Se gain some oscillator strength, they are still

orders of magnitude weaker than the transitions of
1Sh–1Seand 1Ph–1Pe(Liljeroth et al. 2005), so the level

diagram can be considered as a three-level system as

an approximation shown in Fig. 2b.

Level 1 is the ground state. Level 2 represents the

band gap energy and consists of two-fine levels

corresponding to both the emission peak and the first

abs peak. Level 3 is the higher energy level (Bahram-

pour et al. 2009; Cheng and Zhang 2007). When PbSe

QDs are pumped by a short wavelength light, due to

large abs cross section, QDs are excited to populate the

upper levels 2 and 3 in a probability W12 and W13,

namely the stimulated abs probability. The transition

from level 1 to level 2 corresponds to 1Sh–1Se in

Fig. 2a, the corresponding abs is the first excitonic abs

peak; the transition from level 1 to level 3 corresponds

to1Sh–1Pe;
1Ph–1Se and 1Ph–1Pe in Fig. 2a. The pop-

ulation of level 2 comes back to the ground state by

two channels, one is the emission with a probability

A21, namely the spontaneous emission probability, and

another is a non-radiative transition with a probability

A21
NR, corresponding to the transition of 1Se–1Sh The

energy absorbed by QDs is higher than that the emitted

due to the size distribution (Lifshitz et al. 2006), the

Coulomb interaction between the electron and hole

(An et al. 2007), and the Frank–Condon effect

(Franceschetti 2008) which lead to Stokes shift

(Leitsmann and Bechstedt 2009). The population of

level 3 de-excites to level 2 by the non-radiative

transition with a probability A32
NR, corresponding to the

transition of 1Pe–1Se, and then to the ground state by

the emissive or non-radiative transitions (A21 or A21
NR).

It is worth noticing that when the PbSe QDs/

tetrachloroethylene were filled into a hollow fiber

and excited by a continuous laser, the population of

level 2 can also come back to the ground state by the

emission with a probability W21 as shown in Fig. 2b.

Therefore, the emission can be generated and can

transmit along the liquid-core fiber because of the total

reflection; That is, the mechanism of the guided

spontaneous emission in the liquid-core QD-doped

fiber. It should be noticed that the pump source with a

high power can normally create more than one

excitons per dot and the deactivation of multi e–h

pair states in nanocrystals is dominated by non-

radiative Auger recombination (Klimov 2006) which

is also considered in our theory model.

The rate equations for the three-level system are

employed for the theoretical calculation.

dn1

dt
¼ � W13 þW12ð Þn1 þ W21 þ A21 þ ANR

21

� �
n2

ð1aÞ
dn2

dt
¼ W12n1 � W21 þ A21 þ ANR

21

� �
n2 þ ANR

32 n3

ð1bÞ
dn3

dt
¼ W13n1 � ANR

32 n3 ð1cÞ

nt ¼ n1 þ n2 þ n3 ð1dÞ

where n1, n2, n3, and nt are the population densities of

levels 1, 2, 3, and all the three levels, respectively.

Then, the two following situations are considered in

order to achieve the population distribution in the three

levels.

1) Steady-state approximation ðdni=dt ¼ 0; i ¼
1; 2; 3Þ;

The transition time of particles from level 3 to level

2 is very short, so the probability of non-radiative

transition is much higher than that of the pump, i.e.,

ANR
32 [ [ W13, some research work have also reported

that level 3 has a very short fluorescence lifetime

(s3 ¼ 1=ANR
32 � 6ps (Wehrenberg et al. 2002; Harbold

et al. 2005), s3 is the relaxation time of the transition

from level 3 to level 2). Therefore, the population of

level 3 transits immediately down to level 2, resulting

in the degradation from three-level system to two-

level system.

Fig. 2 a The diagram of energy level in PbSe QDs including

absorption (upward dotted lines), emission (solid line), and non-

radiative transitions (downward dotted lines). b The three-level

structure diagram of PbSe quantum dot
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Therefore, the Eqs. (1a), (1b), and (1c) can be

written as:

n1 ¼ nt

1þW21sR þ sR

sNR
C

� �

1þ sR W21 þW12 þW13 þ C
sNR

� � ð2aÞ

n2 ¼ nt

W13 þW12ð ÞsR

1þ sR W21 þW12 þW13 þ C
sNR

� � ð2bÞ

n3 ¼ nt � n1 � n2 ð2cÞ

where sR = 1/A21 is the lifetime of spontaneous

radiation, sNR is the lifetime of non-radiative emission

and can be written as (Klimov 2006)

sNR ¼ CAn2
eh

� ��1
where neh is the carrier concentration

neh ¼ N=Vð Þ, N is the number of the generated

excitons per QD. Nh i ¼ jpra mp

� �
and

CA ¼ bA D=2ð Þ3, where bA = 2.69 ps-1 nm3 for PbSe

QDs, D is the QD diameter, ra mp

� �
is the abs cross

section of the pump, jp is the pump fluence measured

in photons/cm2, V is the average volume of one QD

particle, and C is the proportion of the non-radiative

and radiative transition.

The probability W21 mð Þ is in proportion to the

emission intensity Ims
r; zð Þ and the emission cross

section re msð Þ (Peterka et al. 2004; Giles and Desurvire

1991); therefore, the probabilities of the emission and

the abs can be given as follows,

W21 r; zð Þ ¼
Xmm

ms¼m1

re msð Þ
hms

pms
zð Þims

rð Þ ð3aÞ

W12 r; zð Þ ¼
Xmm

ms¼m0

ra msð Þ
hms

pms
zð Þims

rð Þ ð3bÞ

W13 r; zð Þ ¼
ra mp

� �

hmp

pmp
zð Þimp

rð Þ ð3cÞ

where h is the Planck constant, ms and mp are

frequencies of spontaneous emission and the pump,

m0 and m1 are the minimal frequencies of the abs and the

emission, and mm represents the maximal one. ims
rð Þ

and imp
rð Þ are the normalized intensity distribution of

transversal model; ra msð Þ and re msð Þ are the abs and

emission cross sections of the spontaneous emission

and can be obtained according to Lambert–Beer’s law

(Dai et al. 2009) and the theory of McCumber

(McCumber 1964). Pms
and Pp represent the power

of spontaneous emission and pump source.

Substituting (3a), (3b), and (3c) in (2a) and (2b), the

relationship between the population distribution of

level 1 and level 2 and the light power in the optical

fiber can be expressed as

The variations of the emission along z-axis can be

explained in four parts,

dPms

dz
¼ dPspon

dz
þ dPsti�emission

dz
þ dPsti�abs

dz
þ dPfiberloss

dz

ð5Þ
The four terms represent the spontaneous emission,

the stimulated emission, the stimulated abs, and the

excess fiber loss, respectively.

dpspon

dz
¼ re msð Þ

ZR

0

ims
rð Þ n2 r; zð Þ mhmsDms½ �2prdr ð6aÞ

n1 ¼ nt

1þ
Pmm

ms¼m1

re msð Þ
hms

sRims
rð ÞPms

zð Þ þ sR

sNR
C

1þ sR

Pmm

ms¼m1

re msð Þ
hms

ims
rð ÞPms

zð Þ þ
Pmm

ms¼m0

ra msð Þ
hms

ims
rð ÞPm zð Þ þ ra mpð Þ

hmp
imp

rð ÞPp zð Þ
� �

þ sR

sNR
C

ð4aÞ

n2 ¼ nt

sR
ra mpð Þ

hmp
imp

rð ÞPp zð Þ þ
Pmm

ms¼m0

ra msð Þ
hms

ims
rð ÞPms

zð Þ
� 	

1þ sR

Pmm

ms¼m1

re msð Þ
hms

ims
rð ÞPms

zð Þ þ
Pmm

ms¼m0

ra msð Þ
hms

ims
rð ÞPms

zð Þ þ ra mpð Þ
hmp

imp
rð ÞPp zð Þ

� �
þ sR

sNR
C

ð4bÞ
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dPsti�emission

dz
¼ re msð Þ

ZR

0

ims
rð Þ n2 r; zð Þ Pms zð Þ½ �2prdr

ð6bÞ

dPsti�abs

dz
¼ �ra msð Þ

ZR

0

ims
rð Þn1 r; zð ÞPms zð Þ2prdr

ð6cÞ
dPfiberloss

dz
¼ �lmPms zð Þ ð6dÞ

Similarly, the variations of the pump light along z-

axis can be expressed as the stimulated abs by QDs and

the excess fiber loss.

dPp

dz
¼ dPabs

dz
þ dPfiberloss

dz
ð7Þ

dPabs

dz
¼ �ra mp

� � Z
R

0

imp
rð Þn1 r; zð ÞPp zð Þ2prdr ð8aÞ

dPfiberloss

dz
¼ �lmPp zð Þ ð8bÞ

Therefore, the power propagation equations that

describe the propagation of spontaneous emission and

pump power in the liquid-core fiber can be given as

dPms zð Þ
dz

¼ re msð Þ
ZR

0

ims
rð Þn2 r; zð Þ Pms zð Þ þ mhmsDms½ �2prdr

� ra msð Þ
ZR

0

ims
rð Þn1 r; zð ÞPms zð Þ2prdr � lmPms zð Þ

ð9aÞ

dPp zð Þ
dz

¼ �ra mp

� � Z
R

0

imp
rð Þn1 r; zð ÞPp zð Þ2prdr

� lmPp zð Þ ð9bÞ

where lm is the excess fiber loss per length, Dms is the

effective noise bandwidth, m is the number of modes,

and R is the radius of fiber core. On the right side of

Eq. 9a, the first term is from the emission, the second

term is from the abs loss, and the last term is from the

excess fiber loss including scattering loss, solution abs,

light escape loss, etc.

The normalized intensity distribution of transversal

model im (r) with a frequency m is improved and

simplified so as to avoid the restriction of single-mode

fiber and is deduced in detail. The distribution of the

emission power along the radial direction satisfies the

zero-order Bessel function and can be expressed as

PsðrjmÞ ¼
J0ðVjÞ
J0ðV1Þ

� �2

Psðr1Þ ð10Þ

where Vj is the normalized frequency and is repre-

sented as

Vj ¼
2p
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

core � n2
clad

q
rj ð11Þ

where ncore and nclad are the refractive indexes of the

core and the clad of the fiber, respectively. The

integral of Eq. (10) can be expressed as

Ps mð Þ ¼
ZR

0

Ps rj; m
� �

rdrdh

¼ Ps r1ð Þ
J0 V1ð Þ½ �2

ZR

0

J0 Vð Þ½ �2rdrdh ð12Þ

The normalized intensity distribution of transversal

model can be written as

i rð Þ ¼
Ps rj; m
� �

Ps mð Þ ¼
J0 Vð Þ½ �2

R
J0 Vð Þ½ �2rdrdh

¼ J0 Vð Þ½ �2

2p
RR

0

J0 Vð Þ½ �2rdr

ð13Þ

Equation (13) can be employed to avoid the

restriction of single-mode fiber. Substituting (4a) and

(4b) in (9a) and (9b), the evolution of the spontaneous

emission power can be achieved under different fiber

lengths, fiber diameters, pump powers, and doping

concentrations.

Results and discussion

Spectral properties of liquid-core fiber can be obtained

and analyzed through the above-mentioned theory

model and formulas considering the influence of some

important factors. PbSe QDs with particle size of

4.39 nm (as shown in Fig. 3b) were prepared accord-

ing to the method reported by Yu et al. (2004). The abs

and PL spectra of PbSe QD solution were the record

for the calculation of the abs and emission cross

J Nanopart Res (2013) 15:2000 Page 5 of 10
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section (Fig. 3a). The abs and emission peaks locate at

1,378 and 1,452 nm, respectively. The refractive

indexes used for the theoretical calculation for nclad

and ncore were 1.45 and 1.505, respectively.

Figure 4a shows the calculated evolution of the

fiber length-dependent spontaneous emission output

power and the pump output power with a doping

concentration of 4 9 1021/m3, fiber diameter of

100 lm, and pump power of 60 mW. A maximum

output of the emission power was confirmed at the

fiber length of 15 cm where the pump output was close

to zero. Figure 4b shows the calculated emission

spectra under different fiber lengths (5–70 cm) when

the parameters are the same as the ones in Fig. 4a.

Figure 4c, d are the normalized fiber length-dependent

spontaneous emission power and peak position,

respectively. It can be seen that: (1) the peak position

shifts to red with the increase of the fiber length and (2)

the optical output power increases with the increase of

the fiber length from 5 to 15 cm and then decreases

when the fiber length is longer than 15 cm, indicating

a maximum of emission intensity at a fiber length of

(a)
Fig. 3 a Absorption and

photoluminescence spectra

of PbSe QDs. b TEM image

of 4.39 nm PbSe QDs
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Fig. 4 a The evolution of

the spontaneous emission

power and pump power with

the fiber length change.

b The calculated emission

spectra under different fiber

lengths (5–70 cm) in which

the directions of the arrows

represent the increase of the

fiber length from 5 to 6, 8,

10, 15, 20, 30, 40, 50, 60,

and 70 cm. c, d The

normalized fiber length-

dependent emission power

and peak position,

respectively
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15 cm. The redshift can be explained primarily by an

overlap between the abs spectrum and the emission

band of the particles (see Fig. 3). The generated

emission by relatively smaller QD particles can be

reabsorbed by the relatively larger QD particles at this

particle contribution and the long light path (up to

75 cm in this study) (although the synthesized PbSe

QDs could be regarded as monodisperse in particle

size, there was still a size distribution of 6 %). Thus,

the emission contribution from the shorter wavelength

will be weakened and the output spectra of fiber shift

to red compared to QD spectra. This is the so-called

reabsorption–emission effect. Longer fiber length

leads to more serious reabsorption–emission, and,

therefore, more redshift. Additionally, when the

optical fiber length reaches a certain value, the pump

light will be completely absorbed and the decreased

population of the upper level induces the reduction of

the spontaneous emission. Therefore, an optimal fiber

length was observed.

Figure 5 shows the variation of fiber diameter-

dependent emission spectra, normalized spontaneous

emission power, and peak position for a 15-cm-long

fiber with a doping concentration of 4 9 1021/m3 and a

pump power of 60 mW. It can be seen that: (1) the peak

position shifts to red with the increase of the fiber

diameter and (2) the output power increases with the

increase of the fiber diameter first and then decreases

when the diameter is larger than 60 lm. Since the

number of PbSe QD particles in large-diameter fiber is

more than that in small-diameter fiber leading to higher

probability of reabsorption-emission, the redshift is

more obvious for large-diameter fiber. Similar to the

fiber length change, when the fiber diameter increases

to a certain value, there are enough QD particles to

absorb the pump light completely and, therefore, the

population of the upper level reduces, which causes the

decrease of the spontaneous emission. Consequently,

an optimal fiber diameter would exist.

Figure 6 shows the calculations for doping con-

centration-dependent emission spectra, normalized

spontaneous emission power, and peak position for a

15-cm fiber with 100 lm diameter and pump power of

60 mW. It can be seen that: (1) the redshift becomes

obvious with the increase of the doping concentration

and (2) there is a maximum of emission and the

corresponding doping concentration is 4 9 1021/m3.

The redshift is related to the above-mentioned reab-

sorption–emission effect. Higher concentration leads

to stronger reabsorption–emission, and hence results

in the larger redshift. When the pump power is fixed,

the maximum population of the upper level is a

constant. Therefore, the total population increases and

the spontaneous emission rises with higher doping

concentration when the QD concentration is not too

high. However, when the QD concentration is higher

than a certain value, the population will not increase

anymore because of the limited pump power. The QD

radiation will be reabsorbed and scattered by the

excess particles, which subsequently induces the

decline of the emission intensity.

Figure 7 depicts the evolution of the pump power-

dependent emission spectra and the normalized spon-

taneous power in a 15-cm fiber with a diameter of

100 lm and a doping concentration of 4 9 1021/m3.

The spontaneous emission increases with the increase

of pump power in a nearly linear way (about 0.0098/

mW) because of the enhanced population of the level 2.

In order to analyze the practicability of this

theoretical model, the experimental results reported

Fig. 5 a The calculated spontaneous emission spectra under

different fiber diameters (10–100 lm) in which the directions of

the arrows represent the increase of the fiber diameter from 30 to

35, 40, 50, 60, 70, 100, 110, 120, 130, and 140 lm. b, c The

normalized fiber diameter-dependent emission power and peak

position, respectively
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by Hreibi et al. (2011) were employed in this work.

The experimental parameters (doping concentration of

1.9 9 1022/m3, fiber diameter of 25 lm, and QD

diameter of 3.5 nm) were adopted for the following

theoretical calculations. Figure 8a shows the calcu-

lated emission spectra at different fiber lengths from 5

to 100 cm under a fixed pump power of 60 mW;

Fig. 8b, c display the normalized fiber length-depen-

dent spontaneous emission power and peak position in

both theory and experiment, respectively. The peak

position shifted to long wavelength with the increase

of the fiber length and the redshift became less for long

fibers, not a simple linear relationship. The normalized

spontaneous emission power increased first and then

Fig. 6 a The calculated spontaneous emission spectra under

different doping concentrations in which the directions of

arrows represent the increase of doping concentration from 1.5

to 2, 2.5, 3, 4, 5, 6, 7, 8, 9, and 10 9 1021/m3. b, c The

normalized doping concentration-dependent emission power

and peak position, respectively

0.0

0.5

1.0

N
o

rm
al

iz
d

 in
te

n
si

ty
 (

a.
u

.)

Wavelength (nm)

increasing

(a)

1360 1440 1520 1600 0 30 60 90
0.0

0.5

1.0

N
o

rm
al

iz
ed

 in
te

n
si

ty
 (

a.
u

.)

Pump power (mW)

(b)
Fig. 7 a The calculated

spontaneous emission

spectra under different

pump powers in which the

direction of the arrow

represents the increase of

pump power from 5 to 10,

20, 30, 40, 50, 60, 70, 80, 90,

and 100 mW. b The

normalized pump power-

dependent emission power

Fig. 8 a The calculated emission spectra under different fiber

lengths, plus (?) represents the experimental results reported by

Hreibi et al. (2011). b The relationship between the normalized

spontaneous emission intensity and the fiber length. c The fiber

length-dependent experimental and theoretical peak positions
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decreased, which led to an optimal fiber length of

20 cm. The calculated results were close to the

experimental data indicating the rationality of the

theoretical model.

Figure 9a is the evolution of the spontaneous

emission spectrum with different pump powers in a

fixed fiber length of 40 cm; Fig. 9b illustrates the

relationship of the normalized spontaneous emission

intensity and the pump power in both theory and

experiment. It is obvious that the normalized emission

intensity increases with the increase of the pump

power in a nearly linear way and both the theoretical

and experimental results are close.

Conclusion

In summary, the theoretical model has been established

in this work to investigate the optical properties of multi-

mode QD-doped fiber. The emission spectra shifted to

long wavelength with the increase of the fiber length,

fiber diameter, and doping concentration. The optimum

of fiber length, fiber diameter, and doping concentration

were achieved separately when other parameters were

fixed. The emission increased with the increase of the

pump power in a nearly linear way (about 0.0098/mW)

in a fiber of 15 cm long and 100 lm diameter with a

doping concentration of 4 9 1021/m3. Finally, the

spectral properties of 3.5 nm PbSe QD-doped liquid-

core fiber were used to confirm the rationality of the

above-mentioned theoretical model. This model can be

employed to analyze the detailed optical performance of

QD-doped fiber, which is applicable to both single- and

multi-mode fiber.
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