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a b s t r a c t

An off-axis optical system with a freeform surface described by Gaussian radial basis functions for a see-
through wide field of view helmet-mounted display (HMD) is presented. By using a freeform surface, an
off-axis see-through HMD system with one tilted freeform combiner and four relay optical lenses is
designed. An off-axis see-through wide field of view HMD systemwith a 100 mm eye relief, 15 mm pupil,
451�321 FOV, and 601 combiner tilt angle is achieved. For the purpose of comparison, two other off-axis
see-through HMDs which have the same specifications, but different surface type of combiner and
different use count of relay lenses are designed too. One of the two contributions in this paper is the
application of radial basis functions to describe optical freeform surface in a wide field of view off-axis
helmet-mounted displays, and the other is a way used to determine a starting point of optimization
quickly while designing.

& 2013 Elsevier B.V. All rights reserved.
1. Introduction

The official history of helmet-mounted display (HMD) starts
almost a century ago, with Albert Bacon Pratt, of Lyndon, Vermont
[1], and the development of HMD opens with this pioneering
exploration and experiment. Design of a HMD involves many
principles such as optical engineering, optical material, optical
coating, electronics, manufacturing technology, ergonomics, etc.
HMD has come a long way from its origin, but more compact
structure and lighter weight are still the goal of designers. To
achieve the above mentioned deign target, researchers have made
unremitting efforts. Besides, there have been many advances in
some ways—light source, optical design and manufacturing, and so
on. With incessant requirements for high performance, more and
more new techniques and new components have been applied to
the design of HMD. Many optical systems for see-through HMD
have been reported in the past few years.

Rolland designed a 601 field of view optical see-through head-
mounted display using off-axis configuration [2]. A breakthrough
in the weight reduction challenge was the work of Chen who
developed a helmet visor display using diffractive optical elements
ll rights reserved.
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(DOE) [3]. BAE Systems has exploited Holographic Optical Wave-
guide technology in Q-SightTM family of scalable Helmet-Mounted
Displays [4]. With the advent of diamond turning technology
which can manufacture polygon and optical freeform surface,
people begin to research new mathematical descriptions of free-
form surface. Examples of freeform surface descriptions include x–
y polynomials [5], Zernike polynomials [6], and φ-polynomials [7].
There is a new way to describe freeform surfaces with radial basis
functions (RBF), a meshless surface description first applied to
optical system design by Cakmakci et al.

Cakmakci et al. in 2008, proposed and implemented a local
optical surface representation as a sum of a linear combination of
basic functions. As a design example, a single surface off-axis
magnifier with a 415 mm eye relief, 3 mm pupil, and 241
diagonal full field of view was designed [8]. Furthermore, they
gave another report that the radial basis function was used to
describe a freeform mirror in a dual-element off-axis magnifier
with a12 mm exit pupil, 15.5 mm eye clearance, and 201 diagonal
full field of view in the same year [9]. Improvement of theory and
promotion of application in this field will benefit a lot for optical
engineering. So, we design a HMD with large field of view, large
pupil size, and long exit pupil relief through the use of freeform
surface described by Gaussian radial basis functions.

In this paper, an off-axis see-through helmet-mounted displays
that is made up of tilted combiner with a radial basis functions
surface representation is achieved. Two other combiners that are
described with a 10th order asphere and a 25th order Zernike

www.sciencedirect.com/science/journal/00304018
www.elsevier.com/locate/optcom
http://dx.doi.org/10.1016/j.optcom.2013.06.054
http://dx.doi.org/10.1016/j.optcom.2013.06.054
http://dx.doi.org/10.1016/j.optcom.2013.06.054
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2013.06.054&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2013.06.054&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2013.06.054&domain=pdf
mailto:gdgxlh@163.com
http://dx.doi.org/10.1016/j.optcom.2013.06.054


H. Li et al. / Optics Communications 309 (2013) 121–126122
polynomial are used for comparison. Each system under compar-
ison has a 100 mm eye relief, 15 mm pupil, a 451�321 FOV, and a
601 combiner tilt angle.
Fig. 1. A Radial Basis Function Network consisting of input nodes, hidden nodes,
and output nodes. μ is stored in the links from the input to hidden layer. s is the
normalization parameter vector of the hidden node activation functions. W
represents the weights of links from the hidden to output layer.
2. Optical freeform surface representation with radial basis
functions

A radial basis function [10] is any function that has a radial
symmetry and typically takes the form:

zðxÞ ¼ ∑
N

i ¼ 1
wiϕ‖ x�Cið Þ‖; ð1Þ

Where wi represents a coefficient in R to be determined, ϕ is a
radial basis function whose form is to be selected, the distance
matrix ‖x�Ci‖ presents a choice on the locations and the spatial
distributions of both the datasites and the basis centers; Ci

represents a point, or a “center” in RT whose position is to be
determined, and ‖:‖ represents the traditional Euclidean norm;
there are N “centers” (N must also be determined). In some cases
this form is augmented by adding a sum of polynomial terms. We
approximate an optical surface Z by taking a linear combination of
basis functions added to a base conic as

Z ¼ cr2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1þ kð Þc2r2

p þ ∑
N

i ¼ 1
wiϕ ‖x�Ci‖ð Þ: ð2Þ

Radial basis functions have typically taken one of the following
forms: linear, cubic, the thin-plate spline, Gaussian, multiquadric
and inverse multiquadric. The Gaussian function has the following
advantages that are: simple mathematical form, radial symmetry,
smoothness and good analyticity of solution. In this paper, we
designed the helmet-mounted display with Gaussian. Let's sup-
pose that the number of input samples which are represented by
Ci is N and the corresponding targets in output space is dN

∑
N

i ¼ 1
w1ϕ‖ x1�Cið Þ‖¼ d1

∑
N

i ¼ 2
w2ϕ‖ x2�Cið Þ‖¼ d2

⋮

∑
N

i ¼ 1
wNϕ‖ xN�Cið Þ‖¼ dN ; ð3Þ

then, the above equations can be rewritten as follows:

ϕ11 ϕ12 ⋯ ϕ1N

ϕ21 ϕ22 ⋯ ϕ2N

⋮ ⋮ ⋮
ϕN1 ϕN2 ⋯ ϕNN

2
66664

3
77775

w1

w2

⋮
wN

2
6664

3
7775¼

d1
d2
⋮
dN

2
66664

3
77775; ð4Þ

where

ϕji ¼ ϕ jjxj�Cijj
� �

; ðj; iÞ ¼ 1;2…N; ð5Þ
let

d¼ ½d1; d2:::dN�T ;
W ¼ ½w1;w2:::wN �T ; ð6Þ
and

Φ¼ ϕjijðj; iÞ ¼ 1;2…N
� �

: ð7Þ
Rewrite Eq. (4) as:

ΦW¼ d: ð8Þ
A Radial Basis Function Network (RBFN) that is used to

represent a freeform optical combiner in this paper consists of
three layers, as shown in Fig. 1. The connection weight vectors of
the input and output layers are denoted as μ and W, respectively.
The first layer consists of the input nodes, which are the x and y
locations along the aperture. The basis functions in the hidden layer
produce a localized response to the input stimulus. The output
nodes form a weighted linear combination of the basis functions
computed by the hidden nodes. The output ϕi of the ith hidden
node, using the Gaussian kernel function as a basis, is given by

ϕi ¼ exp � x�μi
� �T x�μi

� �
2s2i

" #
; i¼ 1;2:::N; ð9Þ

Where x is the input pattern, μi is its input weight vector (i.e. the
center of the Gaussian for node i) and s2i is the normalization
parameter, such that 0≤ϕi≤1 (the closer the input is to the center of
the Gaussian, the larger the response of the node).

According to Fig. 1, the output Z is the resulting surface which
can be represented in matrix form as Eq. (8):

ΦW¼ Z: ð10Þ
3. Design of an off-axis see-through wide field of view HMD
optical system

3.1. Display system specifictions

We designed an off-axis see-through wide field of view HMD
which comprises an image source, a relay group made of optical
elements transparent to the display wavelength, and a catadioptric
combiner that was described with the Gaussian radial basis
functions. A diagonal 0.6′′ (1.55 cm) Emagin Organic Light Emit-
ting Diode (OLED) was selected as the image source, with a
resolution of 800�600 pixels and a 15 μm pixel size. It yields a
Nyquist frequency of 33 cycles/mm. A large exit pupil is important
for a flight HMD, so the user will not lose the image if the HMD
shifts on his head. A value of 15 mm has been deemed to be an
acceptable value for these applications. The eye relief is an obvious
characteristic of our design, using a value of 100 mm. This distance
is sufficient to allow use of corrective spectacles, nuclear, biological
and chemical (NBC) protective masks, and oxygen mask, as well as,
to accommodate the wide variations in head and facial anthro-
pometry. Furthermore, the HMD was optimized for a rectangular
FOV of 451�321 and the bend angle used to fold the light path
back to the relay lens and the image source was chosen to be 601.
Specifications of the optical system are listed in Table 1.
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3.2. Design and optimization

For the purpose of comparison, two other off-axis see-through
WFOV HMD optical systems which had the same specifications as
Table 1 were designed at first.
Table 1
Design specification of the off-axis see-through HMDs.

Parameter Specification

Image source
Microdisplay OLED
Size 0.61′′ (1.55 cm) diagonal
Active area 12.7 mm�9.0 mm
Resolution 800�600 pixels

Relay lens
Configuration Off-axis configuration
Exit pupil diameter 15 mm
Effective focus length 21.31 mm
F-number 1.42
Eye relief 100 mm

Other system parameters
Field of view 451�321
Wavelength range 656–486 nm
Vignetting o10% over entire FOV

Fig. 2. (a) Optical layout of the off-axis HMDs with an aspherical combiner.
(b) Polychromatic MTF plot of the off-axis HMDs.
Layout of the first one is shown Fig. 2(a). The HMDs includes a
combiner that is a 10th order aspherical surface and five relay
lenses consisting of a doublet lens, a positive meniscus lens, a
biconvex lens, and an optical wedge, arranged sequentially from
the combiner to the image source.

The design strategies [11] to correct aberrations of the above
HMDs optical system are as follows: (a) use an aspherical combi-
ner surface shape to reduce bias aberration such as axial coma and
binodal astigmatism; (b) tilt and decenter relay lens group to
reduce perspective distortion, linear and binodal astigmatism;
(c) use a wedge to reduce axial coma introduced by the tilted
combiner; and (d) use a diffractive optical element to achieve the
correction of primary and secondary chromatic aberration, spher-
ochromatism and higher order aberration in highly efficient
manner that allows weight reduction and also improves the color
bandwidth of the HMDs. In this optical system, the second surface
of the biconvex lens is a diffractive surface described as

φðx; yÞ ¼ k 2π
λ ∑

m

i ¼ 1
Aix

jyn;

i¼ 1
2

jþ nð Þ2 þ jþ 3n
h i

; ð11Þ

Where k is the diffracted order, m is the number of polynomial
coefficients in the series and Ai is the coefficient on the ith
polynomial term. According to the given value of i, we can get
Fig. 3. (a) Optical layout of the off-axis HMDs with a combiner described by
Zernike polynomial. (b) Polychromatic MTF plot of the off-axis HMDs.
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the values of j and n.

l¼ f loor
ffiffiffiffiffiffiffiffi
1þ8i

p
�1

2

h i
;

n¼ i�l lþ 1ð Þ=2;
j¼ l�n; ð12Þ

where floor( ) is integral operator. There are 14 terms used in the
diffractive phase surface and it is the same with all the three
designs in our paper.
Fig. 4. (a) The shape of the combiner described with Zernike polynomial surface.
(b) The basis functions are shown. The 2D Gaussians are spaced uniformly with
means centered on an 8�8 grid. (c) The shape of the combiner described with the
Gaussian radial basis functions.
The polychromatic diffraction MTF, plotted against the spatial
frequency in cycles/mm, is shown in Fig. 2(b). From this MTF plot,
a 33 lp/mm spatial frequency is shown that the MTF value at 01
field of view is greater than 0.5 and that is greater than 0.4 for all
field view.
Fig. 6. Distortion grid comparing real and paraxial rays.

Fig. 5. (a) Optical layout of the off-axis HMDs with a combiner described by
Gaussian radial basis functions. (b) Polychromatic MTF plot of the HMDs.



Fig. 7. Comparison of ray aberrations using (a) the aspheric surface, (b) the Zernike polynomial surface, and (c) Linear combination of Gaussians.
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Table 2
Comparison of the average tangential and sagittal MTF values and the number of
relay lens between an asphere, Zernike polynomial, and a linear combination of
Gaussians surface type.

Surface type Average MTF (at 33
cycles/mm)

The number of
relay lens

Asphere 40.8% 5
Zernike polynomial 55.1% 4
Linear combination of Gaussians 67.2% 4
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Another HMDs optical systemwhich comprises a combiner and
four relay lenses consisting of a negative lens, two biconvex lenses,
and an optical wedge, arranged sequentially from the combiner to
the image source is shown in Fig.3(a).

Based on the previous one, this HMDs have the same specifica-
tions as Table 1 too. However, what remains different is that the
surface type of combiner changes from a 10th order asphere to a
25th order Zernike polynomial. The expression for Zernike poly-
nomial is shown as the following:

z¼ cr2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ð1þ kÞc2r2

p þ ∑
N

i ¼ 1
AiZi; ð13Þ

Where z is the sagittal plane, k is the conic constant, c is the
curvature of the surface, and r is the height above the optical axis;
then r2 ¼ x2 þ y2. Ai is the coefficient of the Zernike polynomial.

By changing the surface type, there are sharp differences in the
structure of system between the two optical systems. First, the
number of relay lenses changes from five to four, so the whole
system has become much lighter in weight. Still, the distance
between the combiner and the relay lens group becomes shorter,
so it shortens the entire optical path and makes the HMDs have
compact structure, suitable to the position of barycentre and
convenient wearing. Of particular note is that the biconvex lens
nearest to optical wedge is still a diffractive optical element. The
performance of HMDs has been improved remarkably, which is
shown in Fig. 3(b). By using the Zernike polynomial surface, an
average MTF can achieve more than 50% at 33 line pairs/mm.

Next, we designed the HMDs optical system based on the
design requirements as Table 1, the combiner of which was
described with the Gaussian radial basis functions. We implemen-
ted the radial basis functions as a user-defined type 1 surface in
the optical design software Code Vs (software from Optical
Research Associates, Pasadena, California) as a DLL (dynamically
linked library). It is advisable to use the second HMDs optical
system as the initial configuration when we start to design the
optical system. In this case, we would try a new way to determine
a starting point of optimization quickly. The optimization proce-
dure is as follows. The first step was to get the expression of
Zernike polynomial surface and it contains the specific coeffi-
cients. After getting the coefficients of the first 25 terms in Zernike
polynomial from Code Vs, we divided the aperture of combiner
into xm pieces in x-dimension and yn pieces in y-dimension and
then achieved the shape of the Zernike polynomial surface shown
in fig. 4(a) via a fitting procedure of MATLAB. The second step was
to determine the Gaussian radial basis functions. Specifically, we
determined the input weight vector (i.e. the center of the Gaussian
for nodei) μi and the normalization parameter s2i of Eq. (9). In this
paper, the combiner surface is described by a uniformly spaced
grid of 8�8 2D unit variance Gaussian functions which is shown
in Fig. 4(b). The third step was to obtain the coefficients of the first
64 terms in the Gaussian functions. The Gaussian radial basis
functions approximation to Zernike polynomial solved in step one
was implemented by means of MATLAB, and then we got the
coefficients of the first 64 terms in the Gaussian functions through
least squares algorithm. The fourth step was to write a program in
C++. By using link paths of Code Vs, the edited program was
compiled to the file of DLL that was added into the Code V's
CVUSER subdirectory. The final step was to optimize the HMDs
optical system through the use of the solved coefficients of the
first 64 terms and the file of DLL. According to final optimization
result, we obtain the shape of optical surface described with the
Gaussian radial basis functions via a fitting procedure of MATLAB,
which is shown in fig. 4(c).

The system was optimized by ray tracing from exit pupil to
image source. The optimization constraints included the focal
length, image distortion, and the space between combiner and relay
lens group. The following parameters were set as variables, includ-
ing all the primary curvatures of all the surfaces, the non-rotational
symmetric polynomial coefficients up to y4 describing the diffrac-
tive optical surface, aspheric coefficients, the image plane defocus,
decenter in both Y and Z directions, tilt about the X axis, and the 64
weights for the 8�8 2D Gaussian basis functions.

The layout of the system is shown in Fig. 5(a); Fig. 5(b) shows the
polychromatic diffraction MTF. From the MTF plot, 67% at the spatial
frequency of 33 line pairs/mm is achieved across the full field using
a combiner that is described with the Gaussian radial basis func-
tions. Fig. 6 shows the appearance of a rectilinear grid as viewed
through the HMDs and the maximum distortion is 3.2% at the
bottom left and right corner of the field. Fig. 7 shows the compar-
ison of ray aberration curves using an even aspheric surface, Zernike
polynomial surface, and linear combination of Gaussians surface.
Through Fig. 7(c), we can see that the use of radial basis functions
can effectively reduce high-order off-axis aberration. The compar-
ison of the properties between the linear combination of Gaussians
surface and the other surface types is shown in Table 2.
4. Conclusion

With the introduction of the Gaussian radial basis functions to
describe optical freeform surface, we have shown an off-axis see-
through wide field of view HMDs with a 100 mm eye relief, 15 mm
pupil, 451�321 FOV, and 601 combiner tilt angle. The HMD was
designed, analyzed, and compared to existing shape descriptors
such as asphere and Zernike polynomial in this paper. From the
results of comparison and analysis, we discovered that the use of
linear combination of Gaussians surface on one hand could reduce
the use count of optical element, simplify the structure of optical
system and save weight. On the other hand, it could also get a higher
level of modulation transfer function (MTF) performance. Specifi-
cally, there were one fewer optical element of relay lens group
compared to an asphere and a 12.1% gain at the spatial frequency of
33 line pairs/mm compared to a Zernike polynomial. Furthermore,
we tried a new maneuver to determine a starting point of optimiza-
tion quickly while designing, and the finding suggests that it is
helpful to design such optical system of user-defined surface.
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